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Abstract  

Equilibrium in Hotelling's model of spatial competition is examined with n 
firms, instead of just two. We explore the set of transportation cost 
functions for which a unique price equilibrium is guaranteed. It is shown 
that for almost any strictly convex transportation cost function outside be 
quadratic, profit functions will not be concave. Hence, existence and 
especially uniqueness of equilibrium can hardly be derivered in general 
ternis. 
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I - INTRODUCTION 

In this note, we assess existence of equilibrium in Hotellings' model 

of spatial competitionn for n firm and strictly convex transport costs. 

Hotelling's (1929) model of spatial competition was of two firms, 

located on a (bounded) linear market and competing by setting F.O.B. prices. 

Consumers are evenly spread over this market and buy an unit of the 

homogenous commodity produced by the firms. They patronize the firm for 

which delivered price (namely the sum of mill price and transport cost) is 

lowest. Consumers thus bear the transport cost, which is assumed to be 

linear in distance. Hotelling computed the prices that both firms would set 

in a (Nash) equilibrium for any location. Moreover, he claimed that if 

firms select their location contingent on these equilibrium prices, they 

will both move to the centre. Hence, the so-called principle of minimum 

differentiation. 

d'Aspremont et al. (1979) subsequently found that a key calculation in 

Hotelling's paper was incorrect. They showed that, as a result, there was 

no price equilibrium when firms are close to one another. Location 

tendencies contingent on equilibrium prices could thus not be derived, since 

such equilibrium prices did not always exist. As shown by d'Aspremont et 

al., a price equiliprium can still be restored if one assumes quadratic, 

instead of linear, transportation costs. However, a result opposite to 

Hotelling vin then obtain; firms tend to move apart as far as possible. 

This result is intriguing. It is worth trying to assess its 

generality, given the wide applicability of the model. As is well known, it 

doesn't merely represent location problems in a geographical space but 
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arouses much interest as a paradigm of product differentiation (see eg. 

Archibald, Eaton and Lipsey (1986)). 

Keeping the assumption of a two-stage game (i.e. that firms select 

locations contingent on equilibrium prices), sensitivity of the results to 

the shape of the transportation cost function has also been challenged; 

Anderson (1986) and Gabszewicz and Thisse (1986) have shown that a 

combination between linear and quadratic forms does not help in restoring a 

price equilibrium. Economides (1986) considers functions of the form de  

with 1 < a < 2 (where d is a distance). He shows that a price equilibrium 

exist for some range of a, and that firms will then move apart but not 

always as for as possible. In this note, we try to assess whether existing 

resuits on locations tendencies could be further extended to strictly convex 

transport costs. Specifically, we shall examine whether sufficient 

conditions for a unique price equilibrium can be guaranteed. As mentionned 

above, existence of a price equilibrium is a prerequisite to the location 

analysis. In addition, uniqueness of equilibrium is also necessary since 

location tendencies cannot be derived without reference to single, uniquely 

defined equilibrium prices (for any location). Finally, our emphasis on 

sufficient conditions is justified by the fact that we are considering a 

fairly general class of transport cost functions. 

It is well known that quasi-concavity of profit functions will 

guarantee existence of equilibrium. Uniqueness will follow if, in addition 

any profit function is a contraction. Unfortunately this last requirement 

is difficult to check and accordingly hardly used in oligopoly theory. 
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Uniqueness can nonetheless be easily characterised if profit function are 

concave; Rosen (1965) provides a sufficient condition (strict diagonal 

concavity) for this purpose which is easy to check. In what follows, we 

shall thus focus on the concavity of profit functions. It will be shown 

that strictly convex transport costs (subject to same minor additional 

conditions) will lead to concave profits if and only if this function is 

exactly quadratic. For any functional form outside the quadratic, there 

will be some convex segment in the profit functions. This suggests that 

general results on Hotelling's competition will be hard to coure by. 

In section II, we set out the model and characterise demand 

functions. Concavity of profits is dealt with in section III. 

II - Aggregate demand  

Consider a linear bounded market [0,1]. There are n firms (i.1,...,n) 

located at x.
1 	 1 

c [0,1], 	1,...,n, with x. < x., V j > i and 

X e (x1,.., x
n
), 	X

- 	
(x1,..., x. 	x.

1 	
x ). 

1" 	 1" 1-1' +1" n 

Ail firms produce the same homogenous commodity at constant marginal cost 

(zero, without loss of generality). Pi  and Hi  viii denote respectively the 

price and profit of firm i, with P E (P
1 	

P 
n
) and 
"  

E (P
1
,.. .,P. 

-1' 
 P. 
 1' 

 ...,P
n
). Consumers are uniformly distributed over 

+ 

the market and have a rectangular demand (with arbitrary large reservation 
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prices). Each consumer will then buy one unit of the homogenous commodity 

from the firm for which delivered price is lowest. We assume that transport 

costs L(d) are increasing and strictly convex in distance (L' > 0, L" > 0), 

with L'(0) = 0, where ' and " denote first and second order derivatives. D. 
i 

will denote the aggregate demand faced by firm i, with Di  m D.
1 
 (X, P). Let 

 

us derive and characterise this aggregate demand. 

Property 1 : The aggregate demand faced by firm i, Di, can be described as a 

connected set of consumers (as depicted by their location). 

Let us defineœ 
	

as the consumer indifferent
2 

between patronising firm i 
i;j 

.7 
and firm j, when these firms charge respectively 	

1 
. , is such 

that : 

P
i
+L(Ix.--a.1)---1).--L( 1x

J  
. - Œ 	.1 ) = 0 

1 	10 	J 	14J 
(1) 

Since (1) is continuous and twice differentiable, in ail arguments, one can 

find an implicit functioneid 
	1 
= a.

:j 
 (Pi, P., x

i 
 , x

j 
 ) verifying (1). In 

3  

addition this function will be continuous and has continuous partial 

derivatives. 

Next, since L'(.) > 0, it follows that, for j > i, V x > < 
 cej4i

,  

131. 4-1(1x.1-xl) > < P. + L(1x. - xl)  J 	J 

so that ail consumers to the right (left) ofœ 
	

with patronise j(i). 
i;i 
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Mmilarly,ifj<i,Vx5a,Pi 
	1 
+L(Ix.-xl) < P, + L(Ix„ - xl). 

So that ail consumers to the left (right) of a.
1;j 

 will patronise j(i). 

It follows that the demand faced by any firm can be expressed as a connected 

set of consumers. 

Next, define 4
i
Ej>i 

1:434j 

as the set of marginal consumers defined for firm i, with respect to the 

firms on its right hand side. The marginal consumer which is closest to xi  

is then defined as: 

ai 	min Vii, j E argmin 4. 
J 

< i } 

a E max e.
1 
 , j E argmax e . 

SinceU(.)>0,itiseasytoverifythatVk,s.t.aiocs 
1  
land 	> 

œi;k 

a
i' 

V x 	[a
i'  
.. 

ai 	
[ , 

;k 

P j  + L(Ix j 	xl) < Pi  + L(Ixi  - xl) < Pk  + L(Ixk- xl) 

Hence, even though consumers in the range ]&
i' 1 

a.;k [ would prefer to 

patronise i, as compared to k, those consumers will still prefer to 

patronise j (being to the right of ici). &i  is thus the upper bound to the 

set of consumer going to i. 
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Similarly, for the left hand side of firm i; V k, s.t t 
t 

and 
ei;k 

aioc  <aVxtla.
;k 
 ,a 

i
[ , 

1  

< P
i 
+ L(Ix.

1 
 - XI) < P

k 
+ L(Ix

k 	
xl). 

So that a i, is the loyer bound to the set of consumer buying from i. The 

aggregate demand can thus be written as: 

D.
1
(P , X ) 	max 0, min 	& - max 	a 	 (2) 

ie which of course (see (1)), &
i 
and a i, 	functions of (P , X). 

We now proceed to characterise this demand function. 

Property 2. The aggregate demand faced by any firm is continuous and monotic 

decreasing. 

For anyP-4 ,X,definei5.--sup 	D.(P,X) > g 
 

For any Pi  > Pi, from 1 will thus meet no demand. Assume, without loss of 

generality, that for Pi , Xi) firm i has two neighbours meeting 

positive demand, say firm h and j, on the left and right hand side 

respectively. Hence, as long as Pi  is such that h and j have positive 

demand, (i.e., s.t a1 
;h- 
	0 ) 	 M p Œ. = Œ. 

1;h
- 
 n;h-1 

> 0, a
j;j+1 	cei;j 	 1 	1;3 

a = a
i;h 

 and (2) can be written as : 



dL( lx - «I ) 

> 0 and 
d& 	 dâ 

< 0 

_ 8  - 

	

Di - 1 
- a. - a

i 	 (3) 

As shown above, 
1  

a.
0 	 1j 

is continuous in P., P., so that D
i' as expressed in 

(3) is continuous in Pi. It vin also be monotonie decreasing in Pi. By 

implicit differentiation, one obtains: 

ace 	 r  - dL( lxi  - &I 	) 	dL( lx. - &I ) 1  -1 
.   + 	3  J 	 (4) 

ap. 	 cfic 	 d& 
1 

8a 

	

, 	
1 

- dL( Ixh  - al ) 	dL( lx. - al ) 
1 -I 

I   

	

= L 	  + 	  J 	 (5) 
ap
i 	

da 	 da 

	

8D
i 	

8a 	8a _ 
and 	 - 	  

	

3F. 	aP 	8P. 

	

1 	
i 	

1 

in which -
8
"- < 0 since, ei  

for x
i 
< & < x. 

3/ 

- 	dL( 'xi  - &l ) 	dL( lxi  - &I ) 

for a > x , 	  > 	  > 0 
i 	da 	 da 

dL( lxi - al ) 	dL( Ix.
3 
 - -c-cl ) -  

for a < X.
1
, 	  , 	  < 0, 

d& 	 d& 
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I CIL( lxi  - iel ) I 	1 dL( lxi  - &I )1 

< but I 	  

1 

< 

1 

	  1 	by L" > 0. 

I 	die 	 d& 	I 

da 

Similarly 	api 	 > 0 since, 

for xh 
 < a < xi'  - 

dL( lxi  - 

a« 

al ) dL( lxh  - al ) 

< 0, 	  
da 

> o. 

 

	

dL( lxi  - al ) 	dL( lxh  - al ) 

for a< x
h 	

< 0 	but  	, 	  ' 	da 	 da  

	

dL( lxi  - a
1 'I 
	I dL( lxh  - al )1 

	  I 	< 	I 	 I 	by L">0. 
da 	1 	I 	da 	I 

dL( lxh  - al ) 	dL( lxi  - al ) 

for a> x
i 
  > 	  > 0 ' 	dot 	 da 

3D
i  

Hence, it follows that  	< 0. 
aP
i 

So far, we have restricted ourselves to the range of prices P
i 
 < 

Pi(P-i, 	if X ) s.t. firm h and j are active, i.e., have positive demand. 
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However, as P. édecreases
cti;i 
	Œ. increases (and 	decreases). For some 

1  

value of P
JO 

(a
i;h

) 0.11 be as (small) as 
j0+1 (h;h-1

) so that firm 

j(h) will be priced out. 

When say, firm j is priced out, the demand on the right hand side of 

firm i, is defined by its marginal consumer with respect to the next active 

firm
' ai;j+1 

(= a i). However, it is easy to check
3 
that wheneverai;j = 

necessarily 	=
j;j+1 

=
id+1' 

so that there is no jump in this 
ajd+1'  

demand function. When firm j is priced out, firm i does not gain a finite 

number of consumers. Clearly, the same reasoning applies to firm h, when 

œ
i;h = eith;h-1. The case of other firms being priced out, if Pi  decreases 

further, can also be handled in the same way. It follows that Di  vin be 

continuousinP.,over its whole range (contrary to Hotelling's original 

model with linear transport costs). Still, we will show next that when a 

neighbour is actually priced out, there will a kink in the demand function. 

Property 3 The aggregate demand Di  will exhibit at most n-1 kinks. If it 

is piecewise concave, it will be concave. 

The shape of the demand function for the right hand side of firm i is 

given by (4) when firm j is viable. (It is continuous in that range). If 

firm j is priced out, for some price Pi  the shape of this function becomes 

(assuming that j+1 is active) ; 



r-dL( Ixi  - &I ) 	dL( Ixj+1  - al ) 1-1 

t, 	da 	 da 
	 (6) 

Simply by comparison of (4)  - (6), it follows that, 

a 
lim 	 < lim 

P
i 

4 F1.+ 	ai' 	
P.
1 
 4 

pi-
ap
i 

 

Hence the demand function has a kink for P
i = 

Pi and becomes steeper. 

This is to stay that the shape of the demand function when firm 

competes with firm j  is lover than when it competes with firm j+1. The kink 

that occurs in the demand function when firm j  is priced out, will then be 

convex to the origin. 

Clearly, the same reasoning  can be held if Pi  is further reduced and 

additional firms are priced out, and applies equally well to the left hand 

side of the market. Since, for any (P, X i), at most (n-1) firms can be 

priced out, it follows that there will be at most (n-1)  kinks in the demand 

function. All these kinks will be convex to the origin and the shape of the 

demand function is continuous for any number of viable firms (see (4)  - 

(6)). Consequently, if the demand function is piecewise concave, it will be 

concave. In what follows, we check whether the demand function is indeed 

precise concave. We concentrate on a given number of firms and assume 
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without loss of generality that firm 1+1 and i-1 are viable (a
1,1+1= ai' 

i;i-i =-` i)•  

Property 4 The aggregate demand Di  will be concave if and only if transport 

costs are quadratic. 

We concentrate on a price range such that i+1, i-1 are viable. The 

demand function D. . = Im.1  - a i will be concave iff, -  

2 	 2_ 
- a 	 a « 

 

< o, 

 

< o. 

  

2 	 2 
BP 	 aP

i 

Differentiating (4) - (5), with respect to Pi  are obtains : 

2_ 
8 a 	r d

2 
 L( lx. - &I ) 	d

2 

L( 1 x1+1 - &I ) 1 	r a& 1 
3 

(7) 
2 	 _2 	 _2 

8P. 	L 	da 	 da 	 J L aP. J 2 

1 
2 	 2 	

1 	

2 	

1 
L( 	

3 
- cS a 	r d L( lx. 	- al 	d ) 	 lx. - al ) 1 	r ace -1 -  
	 . 	 (8) 

2 	 2 
8P.

2 	
L 	Sa 	 Sa 	J 	L aP1 J 

Take, for illustration, the right hand side of the market. (The left hand 

side can be dealt with in a similar way). 



2 	 2 
a L( lxill  - &I ) 	8 L( lxi  - «I ) 

	  > 	  

S.& 
	

8& 

2  
8 a 

_ 

----- > 0 
	

because 
2 

(SP
i 
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It is clear that if L" . 0, demand will be piecewise linear, hence 

concave. Quadratic transport costs will thus yield concave demand. In 

addition L" = 0 vin. hold only for the quadratic foret (within the class of 

functions considered here). 

If L" = 0, and L'" > 0, by inspection of (7), it follows that : 

V & < (xi  + x
i+1
) /2 , 

2 

— 	 a 
V a > (x

i 
+ x

i+1
) /2
' 

< 0, for a = (xi+ xi+1) /2, 

2_ 
3 a 
	- 0 

 

2 
aP. 

1 

2 
api  

If on the other band, L"' < 0, one obtains : 

2 _ 	 2 _ 

— 	 a ci 	 — 	 8 a 
, 	(x1 	

) 
/2, 	 > 0 V a < (x

i 
 + x

1+1
) /2
'   

 < 0 V a > (x
1  + x 1+1 	' 

2 	 2 
api 	 ap

i 

2 
a 

for a = (xi  + 
xi+1) 

 /2, 	 = 0 

2 
ap. 

1 
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2 

Consequently, if L" 	
a a 

0, we can always find some a such that --7- > 0, which 
aPi  

implies a convex segment in the demand function. Demand will thus be 

concave iff the transport costs are quadratic. 

Of course, profits might still be concave, even when demand is locally 

convex. We now turn to this question. 

III - Concavity of profits  

Assuming constant marginal cost (zero, without loss of generality), 

the profit function of firm i is written: 

i 
P
i 
 D. 	 (10) 

As shown above, the demand function will present at most (n-1) kinks. 

These kinks will show up in the profit function but, as can easily be 

checked, they will also be convex to the origin. In other words, the 

analysis above will hold for the profit function: if the profit function can 

be shown to be concave, for any fixed number of active firms, it 0.11 be 

concave on the whole. Pecewise concavity will ensure global concavity. 

Hence, we will examine the concavity of profits, in between two kinks. 

Property 5 If the transportation cost function is quadratic, profits will 

be concave. 
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The proof of this property is straightforward; when transportation 

costs are quadratic, demand vill be concave (property 4). Consequently, 

profits will also be concave and existence of equilibrium is ensured. 

For the class of function considered here, the quadratic form only 

will ensure that L" = constant. We now concentrate on the functions such 

that L"' > O. 	The symetric case in which L"' < 0, can be dealt with in 

a similar way. 

The profit function will be concave iff its second derivative is 

negative. This derivative is written: 

2 	 _ 
8 H

i 	
r a& 	ace 1 	 r a

2 
 oc 	a

2 

 

	 - 2 	 + P. 
1 

2 
3P

i 	
L api 	8Pi 	 L 	aP

i 	
3P1. 

2 _ 	 2 
a& 	 &al 	r 	8a 	8 a 1 

. 	2   + P
i 	

2 	 + P.  	 (11) 

L 	ap
i 	 J 	L 	ap

i 	
8P

i 
J 

Each term in (11) describes one sub-market. As shown above, either term 

could be positive or negative. Since demands from each sub-market are 

contingent on different prices, we can concentrate on one side only (and 

2 
a n. 

extend the result by symetry). The first term in (9) say 	refers to 
a P. 

1 

the right hand sub-market, that we focus on. 
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Property 6 (i) For any convex transportation cost function s.t L"' > 0, 

2 
a R. 

L"(0) = 0, L"(d) > 0, Vd > 0, 1 P-i, X, Pi  such that : ---1 > 0. 
a Pi  

(ii) if L" is bounded from below, by some strictly positive number k, k = 

inf L"(d), for any strictly convex transportation cost function s.t L'"> 0, 

2 
a /I. 

L"'(0)= k' > k, 1 P-i, X, Pi, s.t. ---1 > O. 
a P. 1 

	

2_ 	 2 
a a& 	8 	 a n2 

Proof : Using (6) - (7) to expand ---- and ---- in (11), 	 is written 

	

2 	 2 
api 
	

aP
i 
	 api  

_ - 
a

2 
B. 	r acg 1

3 
 f 	ra

2 
 Loxi  - &I) 	8

2 
 L(Ixi+1  - &I)1 	r8a 1 

2
1 

7-- 	-  	P. 	7 	 I 	+ 2 --- 	(12) 
ap. 	L ai). J 	L 1 1. 	6-c-c 	 8-c-it 	J 	L 61) J 	J 1 	 1 	 i 

We wish to show that (12) > 0, for some P-i, X, P
1' 	

V X , one can always 

choose P-1, s.t Pi  = 2. Hence, noticing that -1
d
H
a  
- < 0 (property 2), (12) ori  

will have the sign opposite to (fixing Pi=2); 

2 	 2 
a L(Ixi  - &I) 	a L(I 	- &I) 	r-avlx. - i(1) 	avixto  - &I)1

2 
xiil 	

1 
	  + 	  + 	  (13) 

2 	 _ 2 
am 	 ace 	 L a« 	 a« acc 

_ 
 J 
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To simplify the exposition, set z E 1Xi  - âl, y a lxi+1  - tel. Also, 

L'(d)1 x, will denote the derivative of the transportation cost function 

estimated at x (and similarly for second and third derivatives). Using this 

change of notation (13) is re-written: 

2 
L"(d)

1 z 
- L"(d)

1 Y 	
+ [ - L'(d)

1 z
14 	 (13') - '(d)

1 Y 
 ] 

Hence we wish to find some (y,z) such that (13) < O. We pick z = 0 and 

developping the second term in (13'), one obtains (recalling that L'(d)
1 0 

 = 

0); 

2 
L"(d)

1 0 
 - 1."(d)

1 Y 
 + [ 1./(d)

1 Y
] 	 (14) 

The problem now reduces to finding some y s.t (14) < O. Since L'(d)
1 0 

= 0, 

2 
one can find some y (small enough) such that [ L'(d)

1 Y
] 	> L'(d)

1
. 

The following equation (15) will thus imply (14) 

L"(d)
1 0 

 - L"(d)
1 Y 

 + L'(d)
1 Y 	

(15) 

Taking second order Mac Laurin expansion of the last two terms, one 

obtains: 

L'(d)
1 Y 	

L'(d)
1 0 

 + L"(d)
1 0 

y 
	

(16) 
 

= 	 (17) L"(d)
1 Y 	

L"(d) 1 0 + L'''(d)
1 0 
 y 

First notice that if L"(d)1 
0 	

0, (15) reduces to -L"(d)
1 Y 

+ L'(d)
1

. 

This expression is unambiguously negative using (16)-(17) (and L"'> 0). It 

follows that there are some values of y, close to zero, i.e. when firms are 



- 18 - 

close to another, such that profits will be convex. This completes the 

proof for part (i) of property 6. 

As for the part (ii) notice that L"(0) = k (since L"'> 0). Using 

(16)-(17), (15) is then written : 

(K - K')y 

which is negative for (K' > K) and part (ii) follows directly. 

The message of property 6 is straightforward; any convex 

transportation cost function, for which L"(0) . 0, outside the quadratic 

will yield a convex segment in the profit function when firm are close to 

one another. If on the other hand, the second derivative is bounded away 

from zero, any transportation cost function which increases fast enough 

(L"'(0) = k' > k) will aiso yield a convex segment in the same 

circumstances, i.e. when firms are close. 

At this stage, it is worth trying to describe why this convexity 

occurs and assess the restriction that transportation cost functions 

increase "fast enough" (L"'(0) = k' > k if L"(0) = k). We take these 

questions in turn. 

As mentionned above, a convex segment will appear in the profit 

function when firm are located close to one another, and when the price of 

firm i is "relatively high" (i.e. when a 	is close to xi, with L"'> 0). 

We know (see above) that there is always a turning point in demand when 
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a
i = 

(x
i 
+ 	)/2, i.e., when the marginal consumer is midway between the 

firms. When firms get Gloser, the demand around that point gets very steep 

(see (6)), "very" convex on one side and "very" concave on the other (see 

(7)). As a result of this pronounced convexity in demand, profits vin also 

be convex. Besides, this problem doesn't occur with the quadratic form 

because it leads to linear demand. This suggest that for functional firms 

close enough to the quadratic, the demand function, will be approximately 

linear. The convexity in demand (and profits) will then presumably arise in 

a limited range and could be innocuous. Still, unless this presumption can 

be substantianted, existence of equilibrium remains an open question, which 

cannot be addressed using concavity arguments. 

It is also worth trying to assess the restriction that we impose on 

the class of transportation cost function, namely that these functions 

should increase "fast enough" (point (ii) of property 6). In general, it 

doesn't seem that a condition on the lover bound to a derivative should be 

very restrictive. As a benchmark to assess this question more precisely, 

one can check whether the functional form de  (used eg. by Economides (1986) 

vin meet our requirement. Economides dealt with the case in which 1 < a < 

2, and showed that profits are not concave for these values of a. It is 

easy to check
6 

that our analysis will apply to the cases such that a > 2. 

Hence, it seems, at least on this basis, that our restriction is not unduly 

strong. 
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Conclusion  

In this note, we try to assess whether Hotelling's model of spatial 

competition can be analysed in general terms, namely for a general class of 

transportation cost function. We focus on the concavity of profits because 

this property will guarantee existence of a price equilibrium and, more 

importantiy, allow for a characterisation of equilibrium uniqueness (which 

is necessary if one seeks a two stage location-price equilibrium). We show 

that outside the quadratic form, strictly convex transportation cost 

functions will generally yield non-concave profits. Hence, a fairly general 

characterisation of competition in price and location, will be hard to 

derive in this model. Further analysis will presumably have to rely on 

specific arguments. 

This result can also be seem in a somewhat wider prospective; Roberts 

and Sonnenschein (1977) suggest that non concavity of profits is a generic 

problem in models of imperfect competition and question the applicability of 

those model in a general equilibrium framework. Clearly, the analysis 

presented here points to yet another example in which non concavity of 

profit is a generic problem. 
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Footnote  

1. Specific formulation of firms' conjectures can however restore 

equilibrium (see Novshek (1980)). 

2. It is easy to verify that a.. is uniquely defined (by the strict 
1;3 

convexity of L(.)). 

3. Writing the equations defining 
a.1;3 

 a. . 	
and cei0+1 

., 	 , this follows 
3;3+1  

directly. 

4. The transportation cost function considered here is actually strictly 

convex everywhere, except at 0 (L"(0) = 0, L"(d) > 0, V d > 0) 

5. The case in which L"'< 0, yields symetric results; if L"(0) = 0, there 

will always be a convex segment in the profit function. If L"(0) = k, a 

sufficient condition for this to happen is IL'"(0)1 = k' > k. Convexity 

occurs also when firms are close. 
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6.  The case 2 < a < 3 is straightforward. For a > 3, one has to consider an 

additional term in the series (16) - (17) and the result follows 

directly. 
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