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Abstract  

We analyze the Cournot model of oligopoly when the industry is subject 
to a value added tax (V.A.T) and firms operate with different costs. Those 
differences arise because, e.g. firms compete from different locations (say, 
different countries in the EEC). We show that an increase in the rate of 
V.A.T will always raise the market price (lover output) and decrease the net 
price (this is net of tax). Taxes will also lead to higher concentration, 
with low (high) cost firms increasing (decreasing) their market share. VAT 
will thus hurt allocative efficiency but will enhance productive efficiency. 
Finally, provided cost differences across firms are large enough, low cost 
firms will increase profit, at the expense of high cost competitors. To the 
extend that production cost do not vary significantly across firms, foreign 
competitors will thus loose, and local firms benefit, from an increase in 
VAT. 
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I - INTRODUCTION 

The achievement of a large european market by 1992 has been repeatedly 

advocated. The grand design of a European free market seems however 

threatened by the "ominous silence about tax" (The Economist, (1986)). 

Indeed, the rates of value added tax (V.A.T) vary widely within Europe, both 

across and within industries. For example, Britain raises 4% of G.N.P in 

V.A.T, while France raises 9%. Motor cars are taxed at 14% in Germany and 

33.3% in France. Such differences seem to act as a hidden barrier to trade 

(see Geroski and Jacquemin (1985)) and, it is argued, "nothing would 

encourage success in European business more tellingly than the removal (of 

those differences) that hinder the flow of gonds across the European 

Community" (The Economist, (1986)). Hence, setting uniform rates of V.A.T 

in the E.E.0 is a political objective. However, spart from the compelling 

argument that such reform would lower transaction cost (think of customs 

posts), there is one issue, which has remained largely unnoticed ; changing 

rates of V.A.T will modify industrial conduct. Oligopolists will presumably 

adjust their strategies within the different markets in which they operate. 

Who will gain ? Who will loose ? Are the consumera likely to benefit ? 

These are the questions addressed in the present paper. 

Until recently, the public finance literature has dealt with the polar 

cases of perfect competition and monopoly. Willig (1983) and Brandts (1986) 

have considered taxes with imperfect competition, but their main concern 

lies with optimal taxation. To the best of our knowledge, the incidence of 

taxes on rivalry and profitability has been analysed solely by Katz and 
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Rosen (1983), Seade (1984) and Gual (1986). Seade (1983) was focusing on 

excise taxes, quite different from V.A.T, which is the concern of the 

present paper. Katz and Rosen (1983) use the conjectural variation model of 

oligopoly to show the incidence of proportional taxes on inputs which are 

formally equivalent to V.A.T (see below). They conclude that profit could 

in some circumstances increase, as a result of higher taxes. However, these 

authors do not allow for cost differences across firms, which is a crucial 

element of the present model, with respect to the analysis of intra-EEC 

trade. Finally, Gual (1986) deals with V.A.T but assumes that firms compete 

in a Bertrand fashion. He is mainly concerned with the incidence of taxes 

on equilibrium prices. Nevertheless, he conjectures that profits "are not 

likely" to increase as a result of higher taxes. By contrast, we shall 

focus on a specific industry in which an homogenous commodity is sold by 

Cournot-type oligopolists. We shall assume that firms operate with 

different costs. Those differences are meant to capture an important 

asymetry between national and foreign producers; to the extent that 

production costs do not vary significantly across firms, foreign producers 

will incur larger total costs than local competitors because of 

transportation. In this context, we show that, for a large class of demand 

functions, an increase in V.A.T will lead to an increase in market price but 

a fall in the net price (i.e. net of tax). Allocative efficiency will thus 

be penalised. More importantly, strategic interactions between firms are 

such that low cost (national) firms will experience an increase in market 

share, to the expense of high cost (foreign) producers. Hence, the 

intuition of Geroski and Jacquemin (1985) that V.A.T differentials reduce 

trade is fully supported by the model. In addition, VAT will tend to 



- 4 - 

enhance productive efficieny, with low cost firms producing a larger share 

of total output. 

Next, we examine the impact of V.A.T on profits. We show that provided 

cost differences across firms are wide enough, low cost producers will 

actually benefit from an increase in V.A.T. These firms will tend to 

increase output, while high cost (foreign) producers restrict their 

shipment. On the whole, even though the net price unambiguously falls, 

profit will increase. This is to say that countries that will increase 

(decrease) V.A.T towards a uniform target will do so, to the benefit 

(expense) of national producers. To illustrate, we can say that french car 

manufacturers have nothing to gain from common V.A.T rates, while German 

manufacturers do. 

In section I, we set out the model and analyze how prices and market 

shares are affected by a change in V.A.T. In section III, we characterize 

the resulting profits and present in more details the case of a linear 

demand. 
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II - Taxes, market equilibrium and market shares  

Assume that there are n firms (i = 1, ...n) producing an homogenous 

commodity. The aggregate demand for this commodity will be represented by 

the following (inverse) demand curve : 

P a P(Q) 

in which P and Q will denote respectively the price and total quantity sold 

in the market. This demand curve is assumed to meet the following 

conditions : 

P'(Q) <0 	V Q 	 (1) 

P'(Q) + P"(0)0<0 	VO 	(2) 

where 	(") denote first (second) order derivatives with respect to Q. 

These are mild restrictions that will be used later to derive existence of 

an equilibrium. Each firm is endowed with a quadratic cost function Ci, 

written : 

b 2  
C.(q ) = F + c. q. + C1(qi) 	1 1 	2 -i (3) 

in which F is a fixed cost and qi  is the quantity produced (sold) by firm i 

n 
(with Q = E 	q.). We shall also assume that costs are always non 

i=1 

decreasing, so that -bqi  > ci, V qi. What we have in mind is that firms 

z 
operate with similar (constant) marginal cost of production but incur 

different transportation costs. The cost function we use (see (3)) allows 

for increasing (b < 0) as well as decreasing returns (b > 0) to scale in 

transportation. 

Let us assume that the government of one country imposes a tax on value 

added, at rate T. By definition, such tax does not have any incidence on 
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costs (in the EEC, ail taxes paid on inputs are fully rebatted to the 

firms). This levy is thus equivalent to a sales tax on final output. The 

3 
price, net of tax, which is the average revenue to the firms is then 

written : 

P a WiT5 

Each firm is assumed to select output (qi) independently so as to maximise 

the following profit function : 

IL . P(Q) 14. - C.(q.) 	 (4) 

We seek for a Nash equilibrium, i.e. a vector of outputs (qi, 	 , q
n
) 

, s. t. 

ni( 	) 
	> 	

ni(q1'...'qi-ligi'..-'qn) 	
V q., 	V i 

also be an  

by theorem 3 of Novshek (1985). In order to perform meaningful comparative 

statics, one should also check that this equilibrium is unique. This is the 

object of proposition 1. 

Proposition 1. Under the assumptions (1)-(3) above, the Cournot-Nash 

equilibrium is unique. 

Proof:Atanyequilibriumpoint 	first and second order conditions for 

a maximum of (4) should be fulfilled, V i. These conditions are written : 

P(04-PWq.-c.-b q. = 0 	Vi 	(5) 

2 1"(Q) 	b 	P"(Q) qi  < 0 	 Vi 	(6) 
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Rewriting (5)-(6), using the change of variables 

c
i 

= C
i 
(1+T), 	b.

1 
 = b.

1 
 (1+T), 

one obtains : 

P(Q) + P'(Q)  qi  - b qi  = ci 	 (5') 

2 P'(Q) - b + P"(Q) qi  < 0 	 (6') 

Summing (5') across
4 

firms yields : 

n P(Q) + P'(Q) Q - b Q . ne (1+T) 	 (7) 

n 
in which E a E c./n. The right hand side of (7) is a constant. Taking 

1.1 ci 
/n. 

 order derivative of the left hand side with respect to Q, one obtains: 

(n+1) P'(Q) + P"(Q) Q - b 	 (8) 

This expression is unambiguously negative by (6). It follows that the LHS 

of (7) is monotonic decreasing in Q. Consequently, (the RHS of (7) being 

constant) there is a unique Q, and related P(Q), P'(Q), such that (7) holds. 

In turn, P(0), P'(Q) are uniquely defined in (5,), which implies that {q,} 

is unique. 
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Even though equilibrium exists and is unique under the conditions 

stated above, one might also require the equilibrium to be stable (in the 

usual sense, see Dixit (1986)) in order to avoid perverse comparative 

statics. This might occur if there are strongly increasing returns to 

scale. In what follows, we shall thus exclude these perverse cases by 

assuming that the following conditions for stability are met : 

P'(Q) 	b < 0 	 (9) 

and 

P'(Q) + P"(Q) - b < 0 	 (9') 

This last condition is slightly stronger than (3). It is however weaker 

than the concavity assumption on demand (P"(Q) <0), which is fairly standard 

in the literature. Basically, we allow demand to be convex, but not 'too 

convex'. 

Let us now investigate the incidence of an increase in the tax rate on 

the equilibrium total quantity and prices. 

Proposition 2. Under the assumptions above, an increase in the tax rate will 

always lead to (i) a fall in the total quantity produced, (ii) a rise in the 

market price and (iii) a fall in the net price. 

Proof : Totally differentiating the first order conditions (as given in (5)) 

and adding up (across firms) the resulting expressions, one obtains5 : 

(P'(Q) - b) dQ + P"(Q) Q dQ + n P'(Q) dQ - [nE + b Q] dT = 0 	(10) 

Consequently, 

dQ 
	 ne + b Q 

dit = 	
(n+1)P'(Q) - b + P"(Q)Q 
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The numerator of (11) is positive (by (3)). The denominator is negative (by 

(6)), so that (11) is negative. This completes the proof for part (i) of 

proposition 2. Part (ii) follows directly (with P'(Q) < 0). 

d P 
Next, a-T  is written = 

d P 	 d0 a-T 	[ P'(Q) aT  (1+T) - P(Q) ] [1+T]
2 

P'(Q) [nE(1+T) + b Q] - P(Q) [(n+1)P'(Q) + P(Q)b - P(0)P"(0)01 

(1+T)
2 

[P'(Q) (n+1) - b + P"(Q) Q] 

P'[-nP(Q) + nE(1+T) + bal - P(Q) [P'(Q) + P"(Q)Q - b] 
(12) 

(1+T)
2 

[P'(Q) (n+1) - b + P"(Q) Q 

The denominator in (12) is negative by (6). The first and second term of 

the numerator are both positive by (7) and (9'), respectively. 

Consequently, (12) < 0, so that the net price falls as the rate of tax 

increases. 

These results provide a first insight into the incidence of VAT, with 

respect to the market equilibrium ; as a result of taxation, consumers will 

be worse off, in the restricted sense that consumer surplus will fall (Q 

decreases). Total revenue in the industry will also be reduced (both Q and 

P fall). The same effects would actually both obtain in monopoly and 

perfect competition (with b = 0) so that our results appear as an extension 

of these polar cases. The main focus of this paper is however the incidence 

of taxes on rivalry and profitability. We first look at the distribution of 

market shares, with S. qi  / Q denoting the market share of firm i. 
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Proposition 3. As the tax rate increases, the firms with cost below (above) 

average will increase (decrease) their market share. This is, V i s.t. ci.  

d Si<   
C, a-r.

A 
> 0. 

Proof : First (i) we derive explicitly the distribution of market shares in 

equilibrium, Si  V i, and subsequently (ii) analyse how they change in 

dS
i 

response to a rase in tax (aT- V i). 

(i) It is convenient to rewrite the first order conditions (5'), using 

S
i 
 a q

i 
 /Q and the elasticity 1 3 (P'(Q)/P(Q)) Q. One obtains : 

P(Q) [1 + n Si] = nè(1+T) + b qi 	 V i 	 (13) 

Summing the equations in (13) across firms, in order to derive P(Q) yields : 

... 
P(Q) [n + Il = nè(1+T) + b Q 

nè(1+T) + b Q 

fil + 11). 	
(14) 

	

or P(Q) - 	  

Using (14) to substitute for P(Q), (13) is written : 

PIC(1+T) + b Q 1 	 -  
	  [1+11Sl.]=ci+b 

1  
q. 	 V i 

fil + 1)  

which, after some manipulations, yields : 

(c. - è) + (c, 1 - b Q)/n 

	

S. = 	
i 	 i 
	 V i 	(15) 

1 

From (15), it is apparent that low (high) cost firms will have relatively 

large (small) market shares in equilibrium. 

Il c-  - b Q 



(ii) Taking the derivative of (15) with respect to T, one obtains : 

d S
i 
	

K 

[n  E - b012 

ci  an 
 b d'a - b0) - (ci - 	n 	 be)] 

in which K 	[(fi- aT  - fi aT)Oic - 

dS. 
1 

and sgn aT- = sgn K. 

an an 
Expanding terms, with aT 	ai" aT' K is rewritten : 

_ (n + 	n)dO 	dl 
K 	(ci  - c) 	 aT  [b - () P(Q)] (16) 

d0 
The second term in (16) is positive by the first order conditions (14). aT  < 

an 
0, by proposition 2. As for the last term, expanding u)., one obtains : 

an 	 [
m
(0)1

2 
Q [b 	P(0)] 	b 	[P'(Q) + P"(0) Ql + --y 

which is unambiguously positive by the stability condition (9'). Hence, it 

dSi 	 dS. 
follows that (since sgn 	= sgn k), sgn aT- 	- sgn (ci  - E). 

< - 
Consequently, dSi < 0 as c > c. 

Hence, not only do low cost firms enjoy (relatively) large market 

shares, but the more so, the higher the tax rate. This is in contrast with 

the results put forward by Seade (1985) ; he shows that, with linear demand 

and costs, an excise tax might actually lead to an increase in the market 

share of high cost firms. This result is obtained because an excise tax 

will tend to reduce the relative cost differentials among firms (by adding a 

constant across the board). As a consequence, excise taxes can lead to a 
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loss of productive efficiency. By contrast, a VAT, or equivalently, a 

proportional tax on inputs, enhances productive efficiency ; low cost firms 

will always increase their market share and the average production cost in 

the market will fall. Hence, it seems that VAT not only avoids distortions 

due to cascade taxation but also has the virtue of enhancing productive 

efficiency, as compared to excise taxes. This second property of VAT could 

also be exploited in differents contexts, involving competitors with 

different costs. This will typically occur, for example, in declining 

industries as argued by Ghemawat and Nalebuff (1986). These authors analyse 

different policy instruments that would increase productive efficiency in 

such industries. They show that subsidies targetted to the more efficient 

competitors will be effective in increasing productive efficiency. Our 

results suggest that VAT will have exactly the same effect. 

Proposition 3 also gives support to the intuition by Geroski and 

Jacquemin (1985) that VAT differentials in the EEC act as a barrier to 

trade. Our results suggest that a country which imposes a relatively high 

VAT penalises foreign firms and favours local firms, with respect to sales. 

Ceteribus paribus, imports will be impeded in countries with high VAT. It 

is worth emphasising however that foreign firms are not directly 

discriminated against. This is the interplay between a constraint common to 

all firms (the tax) and the strategic interaction between firms that yields 

a relative disadvantage to foreign firms. As a corollary, it also follows 

that (relative) high rates of taxes act as an import barrier. However, it 

remains to see whether this policy is rational, i.e. whether high taxes 

effectively increase the profitability of local firms. At the outset, 

increasing profits should corne as a surprise because it will requise local 
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firms to increase output (and not only market share) to compensate for the 

fall in the net price. This topic is tackled in the ensuing section. 

III - Taxes and profitability  

In what follows, we shall restrict the model somewhat by assuming that 

demand is concave (P"(Q) < 0, V Q) and that marginal cost is constant (b 

0). We obtain the following proposition. 

Proposition 4. For any tax rate, number of firms and distribution of costs 

(ci,...,cn), s.t. P(Q) (n+1) / 2né < 1, there is a range of cost for which a 

firm operating with a cost in this range will increase profits following a 

rise in tax. This is, V T, V n, V (c
1 	

c
n
), s.t. P(Q) (n+1) / 2nE < 1, ] 
" 

d11.(c ) 

Éps.t.Vc.e[0, 	
i 

> O. 

The proof of this proposition is relegated to the appendix. Let us 

however briefly characterise the circumstances in which profits of low cost 

firms will rise. As expressed in the conditions of proposition 4, the net 

price should be fairly close to the average cost (approximately twice as 

high). Profitability in the industry as a whole should thus be low and this 

will occur, e.g., with a high taxe rate and a large number of similar firms. 

Typically, a mass of firms with costs around the average will enable firms 

with cost significantly lover than average to increase profits. The 

intuition behind this result is that low cost firms viii then increase 

output enough to compensate for the decrease in net price. In order to 
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clarify these issues, we shall now develop the model explicitly for the case 

of a linear demand. 

Proposition 5. Assume that demand is linear (with P(Q) = A - B Q). Any 

firm with cost below c = (nE - A)/(n+1) will increase output and profits 

following a rase in tax. This is, V T, V n, V (c1,...,cn), s.t. ne > A , ] 

dfli(c) 

	

(nc - A)/(n+1), s.t. V c
i 

c [0, Ch 	 > O. 

Proof : Routine calculations yield individual outputs as well as the total 

quantity and the net price in equilibrium : 

A + (nE - (n+l)ci) (1+T) 

B .11+17 

(A - E(1+T))  
---13(171715 

P 	
A + nE 

So that equilibrium profits can be computed as : 

1  

	

(1+T)  D2 3  (1+T) 	r  A + nE(1+T) 	
2 

H. = c
i
(n+1)J 

B(n+1) 
 

	

B(n+1) 
	(1+T) 

in which D > O. Taking first order derivative of this expression with 

respect to T, one obtains ; 

dR. 

aT - 
D 	r -A +  nE(1+T) 

c(n+1)] 
B(n+1)

2 1- 	U+T) 

qi  = 
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Developing D yields a quadratic form in ci. Deriving the roots of this 

equation, we obtain that : 

i 
0 for c

i 
	(ne ± A) / (n+1). 

dR
i 

Next, it is easy to check that du  > 0 for ci  < c and ci  > (nE + A)/(n+1). 

However, any firm with cost in this second region will incur a loss rince 

precisely P = (nE + A)/(n+1). Hence, only the first region of cost, ci  < ; 

will yield positive equilibrium output and increasing profits with respect 

to the tax rate. 

Intuition as to why profits of low cost firms might increase, can be 

gained by analysing the function (dfli  / dT) in some details (see figure 1). 

This function has a minimum for c, = ne / (n+1) and crosses the horizontal 

■•■ 

axis fcn.  c.= (nE ± A)/(n+1). Besides, it is easy to check that a firm will 

increase output iff its cost is below (nE)/(n+1) and will increase market 

share iff its cost is below average (see proposition 3). The firms can then 

be sorted out into four categories. First, firms with cost below c will 

increase output sufficiently to compensate for the drop in net price (see 

proposition 5). Their profit will increase. Second, the firms will larger 

cost, but such that c < ci  < nc/(n+1), will still increase output, not 

enough however to overcome the decrease in price. Their profit viii fail. 

Third, the firms with cost such that nE/(n+1) < c, < E will increase market 
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share, but not output. Of course, their profit falls. Finally, for the 

firms with cost above average, market share, and hence profit, will fall. 

Next, it is also apparent from this analysis that the range of costs 

for which profit will increase, will be larger, the larger is Z. In turn, 

increases with C. More importantly, for a given average E, the range [0, CI 

will be relatively large, the Gloser is ne to A. This is to say that the 

net price should be fairly close to the average cost. As before (with 

general demand), low cost firms are likely to increase profits if there is a 

large number of firms with cost around the average. 

IV - Conclusion  

In this paper, we have analysed the incidence of VAT on rivalry and 

profits. This topic is closely related to the ongoing objective of setting 

uniform VAT rates across the EEC. We show that when VAT is raised, total 

output and the average revenue to the firms will fall. Hence, as expected, 

VAT will have a negative impact on allocative efficiency. However, low cost 

firms will also increase their market share, when VAT is raised, to the 

expense of high cost firms. This property is very appealing because 

productive efficiency will then be enhanced. Hence, VAT has a double virtue 

: first, as usually acknowledged, VAT avoids distortions due to cascade 

taxation. Second, VAT will improve productive efficiency, in contrast with 

excise taxation that might penalise efficieny (see Seade(1984)). This 

second property also suggests that VAT could be a welfare improving barrier 

to entry : von Weizsâcker (1980) shows that (with linear demand and 

quadratic cost) there will be insufficient barriers to entry because the 
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zero profit equilibrium will involve too many Cournot players, producing 

each too small an output. Our results suggest that imposing a VAT viii 

reduce the number of firms, increase production of efficient firms and drive 

inefficient firms out of business. Hence, at least with respect to the 

number of firms and productive efficiency, welfare will be improved. It 

remains to be seen in further research whether the subsequent welfare 

reducing fall in total output (which could be marginal for some distribution 

of costs) will compensate this positive effect. 

Finally, our results also suggest an extension of the recent work by 

Salop and Scheffman (1983). These authors show that it will in the interest 

of an incumbent to raise the cost of a potential entrant. This will shift 

the reaction function of the potential rival in the event of entry, to the 

benefit of the incumbent. Our results extend this idea by showing that it 

might be in the incumbent's interest to impose a cost, or more generally a 

constraint, sot merely to the entrant, but also to itself, or the industry 

as a whole. Provided there is a cost asymmetry to start with, or provided 

the constraint affects the incumbent and the entrant in different ways, 

imposing a common constraint will raise the profit of the incumbent and 

lover the profit of the potential rival in the event of entry. 
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FOOTNOTES 

(1) - Allocation efficiency refers to the total amount of output. it 

usually entails pricing at marginal cost. Technical efficiency, by 

contrast, refers to the average production cost; it is maximized when 

a given output is produced at the minimum average cost. 

(2) - The assumption of constant marginal cost of production enables us to 

focus on one country only. With non linear costs, firms strategies in 

the various markets (EEC countries) will be interdependent. 

(3) - This formulation implies that firms quote the net price (P) and charge 

the tax when transaction takes place. It seems that this is the 

prevalent system in the EEC. Alternatively, the firms could quote the 

market price and pay the tax on that base (in such case P = P(1-T)). 

Both formulation do however yield identical results. 

(4) - We assume implicitly that there is an interior solution to each firm's 

maximization problem. Allowing for corner solutions (at qi  = 0, for 

some i) would not affect the proof; in such case, (7) is obtained by 

summation across active firms. Permutations of active and non-active 

firms at different equilibrium points is then ruled out by the fact 

that equilibrium quantities are always strictly monotonic decreasing 

Ln c. (see (5')). 

(5) - Since we are looking at changes around the equilibrium, the values of 

all variable should have an a *. We shall however drop this 

superscript since there is no ambiguity. 
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Appendix  

This appendix provides the proof of proposition 4 which goes along the 

following fines. 

(i) First, we derive the equilibrium profits Vi. (ii) Second, we take the 

dfli  
derivative of the profit functions with respect to the tax rate; i.e. aT-, 

<Mi  
Vi. (iii) Third, we analyse how du  varies with ci, holding E constant. We 

dU. E n 
show that aT- (ci) is monotonic decreasing for ci  < 	and monotonic 

increasing for ci  > c. (iv) Finally, we show that aTl (ci  = 0) > 0 provided 

n + 1  P(Q) 
	 < 1. It follows that when this condition is met, by the 

2n-c- 

dni  
continuity of au, there is a finite range of cost below some 

d 
ni  

c, s.t. 	ci 	[0, cif, dT- (c.) > O. 

(i) From the first-order conditions (setting b = 0), individual market 

shares are written : 

- P(Q) 
S. 
1 

Fi(o)Q 
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Hence, any difference in market shares between say, firm i and k is 

expressed as : 

= S + 
i 

1"(Q)Q 

1 
with S.(E) = i 

(from (15)), (Al) can be transformed as 

1 + 
ck - C.  

 Sk  - ii 	
F'(0)0 

The profit function (V i) can then be written : 

c
i
(c

i 	
-E) 

11. = (P(Q) - ci)  SM = (P(Q) - c.) 9  + -.1)-(Q2  (c - c) 	 , Vi (A2) 
1 	1 	 1 	P-qQ5 i 	

15'(Q) 

(ii) taking the derivative of (A2), with respect to T, one obtains : 

d 	 f)-(Q)-c
i  ni 	dO r  

dT = dT ' 	n 	+ P'(Q) 
Q  + c.- ] 

P(Q) Q 	(F(Q)-ci) F"(Q) dQ 	(c.-é)c 
1 	i  

	  (ci-c) 	 (A3) 

(1+T)n 	[P'(Q)] 
 

dT 	P'(Q) 

(iii) We investigate the shape of (A3) with respect to ci, holding E 

d2  II. 
constant. We compute -aT-h7  from (A3): 

ck - ci  
(Al) 

d
2
H. 	dQ n-1 (F(Q)-ci)F"(Q) F"(Q) 	 2c.-E 
1 	 1 

n-ac. - 	[ 	 - 	2 	+ 
	2  (ci-E)] 

1 	dT 	n 	[1"(0] 	[P'(Q)] 

(A4) 

P'(Q) 
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Replacing 	by its value, as given by (ii), we obtain : 

Url-IMFq012 +F"(0 11 	- F(0)1 2(c
i
-c) 

sgn [A4] = sgn [ 	
2   ] 	ic 	]  
(1"(Q)(n+1) + P"(Q) Q] 	1"(0)è 

which after some manipulation yields : 

d 
2ffi-2

2
H
i 

sgn [ 	:- ]= sgn 	- [P'(Q)]2 2[né - ci(n+1)] 
u. 

- P"(Q) [- F(Q)0(2ci- ê) + ne (2ci- C) - en F(Q)] } 	 (A5) 

Adding and substracting n [ci  - P'(0)qi] é P"(Q) in (A5), and using (5), one 

obtains : 

2 
d 

sgn [ = sgn 	- [P'(Q)]
2 

2 (né - ci(n+1)) 
u. uLi  

	

- P"(Q) (- F'(Q) Q [2ci  - é (1+Sin)] + en (ci- ê))} 	 (A6) 

Simply by inspection of (A6), it follows that : 

1 	
dfl 

- if ci  > E, with Si  < -h-, (A6) > 0, so that ar  is monotonie increasing in 

c., for this range. 

dfl. 
ên 	 1 

- if ci  < 	 1-1  with Si  > , (A6) < 0 and --- is monotonie decreasing in ci. 
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dR. 
(iv) Finally, we compute dT1  (ci. 0) : 

aT1  (ci  = 0) = e
+ aT [ P(Q) P'(Q)Q  E 	PQ)0 	

- 
n 	 - 

(u721.171  + P(Q)P"(Q) E clQ  UT 
[A7] 

dQ 
Developing aT, as given by (11), and rearranging terms in [A7], it follows 

that : 

d 
sgn Ri  (ci = 0) 	- sgn E P(Q)Pn(Q)

2
(n-1)  + P(Q)PMPT)  [ 2 - 	] 

[P(Q)] n 	n [P(Q)] 

P(Q) 	(n+1)  
+ P(Q) [ 	 2 0 	 [A8] 

n c 

The expression within brackets in the RHS of [A8] will be unambiguously 

negative provided P(Q) (n+1)< 2. Consequently, if this condition is met, 
n 

dR. 

aT (c = 0) > 0 and proposition 5 follows. 
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