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Abstract  

A modal with two firms campeting in location and sales is analyzed for the 

case of spatial discrimination. Consumers are uniformly distributed along a 

line segment and have identical dawnward sloping demands. 'No gaines are solved 

and results are campared. In one gaine, fiscs first choose locations and then 

quantity schedules; in the other, the final stage is choice of price schedules. 

Prices and transport costs are lower under Bertrand campetition. Profits are 

higher under Cournot competition for low transport costs, but the reverse 

holds for larger values of these costs. Aggregate welfare is higher in the 

Bertrand carpetition case. In both gaines, firms locate in such a way as to 

minimize their awn transport costs for the sales pattern arising in 

equilibrium, but the equilibrium configurations are quite different. 



I. Introduction  

Spatial discrimination has a long history of research, starting with the 

work of Robinson [1933] and Hoover [1937]. However, study has long been 

confined to the monopoly case. It is only recently that spatial discrimination 

in ologopolistic environnants has received increased attention. TWo types of 

competition have been discussed--Bertrand and Cournot. In the first case, each 

campetitor sets a location-specific delivered price schedule at which it is 

willing to supply consurers. In the second, each firm chooses a location-

specific quantity schedule, letting the market-clearing condition determine 

price at each location. In botte cases, the firms incur transport costs. 

For nonopoly firms undeterred by fear of entry, outcomes under price- and 

quantity-setting policies will be identical. In non-spatial markets, it is 

wellknown that Bertrand and Cournot competition yield different outcomes. 

Grossman [1981] observes that, under Bertrand competition, a rival can dut 

price to capture all of one's market, while under Cournot campetition, a 

rival's output expansion will capture none of one's sales. This obviously 

carries over to the case of a spatial market. Surprisingly, no systematic 

attempt has been made to compare the specific characteristics of Bertrand and 

Cournot equilibria in models of spatial discrimination. 

This paper provides a comparison of the two equilibria in the context of 

a spatial duopoly in which firms first choose locations and then prises or 

quantity schedules. Before presenting our results, we briefly review the 

existing literature. 

The case of price-setting firms has been treated by Lederer and Hurter 

[1986] who proue existence of a two-stage perfect Nash equilibriun with 

inelastic demands. Macleod, Norman and Thisse [1985] have established the 

existence of free entry equilibria under a similar assumption. The shape of the 
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equilibrium delivered price schedules for more general demands has been studied 

by Gee [1985]. Finally, Ebbbs [1986] has used the price discrimination model 

with consumers located on a network to analyze the impact of deregulating 

electricity distribution in the U.S. 

Greenhut and Greenhut [1975] first discussed spatial discrimination by 

quantity-setting firms and derived the profile of the delivered price 

schedule. Anderson and Neven [1986] extend this to more general transport 

cost and demand functions. Weskamp [1985] establishes existence and 

characterizes equilibrium in a model with consumers located at the vertices of 

a network, while Dafermos and Nagurney [1987] look at the asymptotic behavior 

of the equilibrium. This model has been used to describe intra-industry trade 

by Brander [1981] and Phlips and Neven [1985]. It has also been employed in 

several empirical studies; see, e.g., Harker [1987]. 

We assume linear demand functions at ail points of a linear bounded 

space, constant marginal production costs and transport costs which are linear 

in volume and distance. For transport costs low enough such that botte firrs 

always campete on the whole market, we solve the two gaines for the subgame 

perfect Nash equilibria. In addition to existence and uniqueness, we 

establish that: Cournot firms always agglamerate, while Bertrand firns locate 

at distinct locations inside the first and third quartiles; Bertrand delivered 

prices are lower than Cournot for ail consumers; total transport costs are 

lower under Bertrand; welfare is higher under Bertrand; but profits are higher 

under Cournot. 

The latter results confirmand extend previous results of Cheng [1985] 

and Vives [1985] who have obtained similar rankings for given differentiated 

products. Here, in contrast, the comparisons are made using equilibrium 

locations which differ under the two types of campetition. However, for 
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langer transport costs, Bertrand profits become greater than Cournot profits. 

This reversai of a standard result in industrial organization shows that 

spatial discrimination adds new facets to oligopoly problems. 

The paper is organized as foliows. Section II treats quantity setting 

firms; Section III analyzes price-setting firms. Section IV compares 

equilibria of the two gaines. In Section V, we present conclusions and discuss 

some extensions. 

II. Quantity Competition  

With the exception of dropping use of f.o.b. (mill) pricing by the firms, 

our framework is similar to that of Hotelling [1929]. Two firms choose 

locations alang a line segment of unit length and then sell a homogenous 

product to consumers who are distributed uniformly along the line segment. 

Production involves constant marginal costs and transport costs are linear in 

distance and quantity. Each consumer has a linear demand function for the 

product. The standard inelastic demand assomption cannot be retained because 

the quantity-setting =del would yield corner solutions. 

We dente the firms as 1 and 2 and describe the firms' locations a and b by 

their distance fram the left and right endpoints of the market respectively. 

Firm 1 is aIways assumed to lie to the left of firm 2. A consumer's location is 

indexed by x e [0,1]. A consumer's demand function is given by q(x) = 1 - p(x) 

where p(x) is the lover delivered price offered to consumers at x. For quantity 

setting firms, it will be convenient to work with the inverse demand function 

sine Cournot competition assumes prices at any location x to be determined by 

market clearing. The inverse demand function is p(x) = 1 - q(x) where q(x) is 

the total quantity offered to consumers at that point, q(x) = qi(x) + q2(x) with 

subscripts denoting firms. 
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As is common in location irodels, we restrict ourselves to subgame perfect 

Nash equilibria with locations chosen first and then quantities. This permits 

us to solve the gaine by backward induction, first solving for quantities given 

locations and then determining the equilibrium locations. 

II.1 The Quantity Equilibrium  

In the second stage, for fixed locations a and b, each firm chooses a 

quantity schedule qi(x.) for x c [0,1] to mai mite  profit given its rival's 

scheduleqj  .(x). The contribution to profits of units sold by firm 1 is 

p(x) - cla - xl, uhere c is the unit transport cost and-production costs are 

normalized to zero; for firm 2, this is p(x) - cil - b - xl. Profits for each 

firm are: 

1 
ffiEcii(x), q2(x), a, b] =of [1 - ql(x) - q2(x) - cla - xl]qi(x)dx 

and 
1 

Tr2[qi(x), q2(x), a, b] = f [1 - qi(x) - q2(x) - cil - b - xl]q2(x)dx. 
0 

Inspection of these expressions reveals that we can break down the problem 

into a subproblem at each location. Because of the assumption of constant 

marginal (production and transport) costs, a firm's quantity decision at a 

particular location has no effect on actions at other locations. The 

possibility of arbitrage by consumers limits the slopes of delivered price 

schedules, but this contraint never binds in equilibrium. As a result, at 

each location, we seek a Cournot equilibriumbetwen firms having 

non-identical transport costs. 
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PROPOSITION 1 

Let 0 < c e 1/2. Then there exists a unique Nash equilibrium in quantity  

schedules which is given by  1,2  

1 - 2cla - xl + c 11 - b - xl qi(x;a, b) - 	
3 

1 - 2c11 - b - x1 + c la - xl  
q2(x;a, b) - 	 3 

Firthermare, the resulting delivered price schedule  is 

1 + cla - xl + cll - b - xl  
p (K;a, b) - 

3 

Proof: 	Direct computation of the Cournot equilibrium yields (1) and (2). 

Moreover, c 1/2 is the least stringent sufficient condition assuming that qi 
* 

and q2  exceed zero for ail x c [0,1] and ail a, b such that a + b e 1. 	QED  

Inspection of (3) demonstrates that there are no arbitrage opportunities. 

When cansumers are outside the two firms, delivered prices rise by two-thirds 

of the additianal transport cost. When consumers are located between the two 

firms, they pay the saine price, p
*  = 1 + c(1

3
- b - a). The critical value 

c = 1/2 is easily interpretated. The sonopoly price at a firm's location is k, 

and the other firm finds it profitable to ship the product to its rival's 

location as long as its transport costs are smaller than k. 'nus c e 

maures that no firm serves a positive market segment nonopolistically, even 

if the firme are at maximum distance, i.e., the endpoints. 

(1)  

(2)  

(3)  
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11.2 The Location Equilibrtum: 

Given the equilibrium quantity schedules, in the first stage each firm 

chooses a location to maximize profits given its rival's location. Formally, a 
* * 

Nash location equilibrium is a pair (aC, bc) such that 3  

* * * 	* 	* 
ni(ac, bc) a ni(a, bc) V a c [0,1] s.t. a+ bc  e 1 

* * * 	* 
and ni(ac, bc) k ¶2(1 - bc, 1 - a) V a e [0,1] s.t. a + bc  > 1, 

* * * 	* * 
w2(ac, bc) k n2(ac, b) V b e [0,1] s.t. aC + b e 1 

* * * 
and w2(aC, bc) k ¶1(1 - b, 1 - ac) 	V b e [0,1] s.t. ac  + b > 1 

* 
where profits ni(a, b) and n2(a, b) are as follows: 

ffi(a, b) = f [p (x;a, b) - cla - xl]ql(x;a, b)dx 

and n2(a, b) = f [p (x;a, b) - cil - b - x!]q2(x;a b)dx. 

Clearly, if a e 1/2 and b e 1/2, no firm prefers to locate on the other Bide of 

its rival. 

PROPOSITION 2. 

If 0 < c 5 1/2, then there exists a unique two-stage perfect Nash  

equilibrium. The locations are: 

* * 
ac  = bc  = 1/2 

* * 
and qi(x; a, b) and q2(x; a, b) are given by (1) and (2). 

Proof:  See the appendix. 
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Thus, with spatial discrimination and quantity campetition, agglomération 

occurs (see also Anderson and Neven (1986)). Since each firm's sales are 

distributed symmetrically around the market center, each firm is located so as 

to ninimize transportation costs associated with its sales pattern. No benefits 

from differentiated locations are therefore obtained. 

III. Price Campetition  

The standard nxdel of price discrimination has a firm offering a price 

schedule to custamers at a set of locations where the firm is willing to deliver 

the product. For a rtenopolist, there will be no difference between choosing a 

quantity or a price schedule, but these differ for duopolists. Here we again 

analyze a two-stage perfect Nash equilibrium where duopolists first choose 

locations and then choose price schedules. As with quantity campetition, the 

gainé is solved by backward induction. The assomptions are Chose of Section II. 

Of course, vie now use the demand function q(x) = 1 - p(x), not the inverse 

demand function. 

III.1 The Price Equilibrium 

For fixed locations, each firm chooses a price schedule to maximize 

profits given its rival's price schedule. Consumers at x buy from the firm 

charging the lower delivered price. When delivered prices are equal, the firm 

with lower transport costs provides the good to the consumers.
4 

Unless the 

fines locate at the same place, the set of consumers for whcm transport costs 

are equal is of masure zero in equilibrium. Finally, it is assumed that the 

delivered price at x cannot be made smaller than the unit transport cost to 

x.5 

As trader quantity competition, the price problem can be solved at each 

location separately sine there are no linkages between sales at different 
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points. The problem is therefore to find the Bertrand equilibrium for firms 

having different costs. 

PROPOSITION 3. 

Let 0 < c e 1/2. Then there exists a unique Nash equilibrium delivered  

price schedule which is given by  

pi(x;a, b) = p2(x;a, b) = Max[cix - ai, cil - b - xi). 	 (4) 

Fbrthermore, the resulting quantity schedule is  

q (x;a, b) = 1 - c Max{lx - ai, il - b - xi}. 

Proof: 	As c e 1/2, the monopoly price is never less than transport cost from 

one firm to the other. The result then follaws from a standard Bertrand 

argument at each point x. 

Again, arbitrage cannot make consumers better off: the difference 

between delivered prices between any ma points is always less than or equal 

to the cost of transport. 

111.2 The Location Equilibrium: 

We now consider the location equilibrium when firme anticipate the 

equilibrium price schedule. Profits for firm 1 are 

Hi(a, b) =0f [pl(x) - clx - 	- pi(x)]dx 

a 
= f [c(1 - a - b)][1 - c(1 - b - x)]dx 
0 

X 
+ f [c(1 + a - b - 2x)][1 - c(1 - b - x)]dx 
a 
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where x = 1 	b, and profits for firm 2 are 

1  
n2(a, b) =_f [pi(x) - cil - b - xl][1 - p2(x)]cbc 

1-b 
f 	[c(2x - 1 - a + b)][1 - c(x - a)]dx 

1 
+ f [c(1 - a - b)][1 - c(x - a)]dx. 
1- 

* 	
Io 

* 
For these nl  and ,r2, the definition of a Nash location equilihrium (aB, bB) is 

identical to that given in 11.2. 

PROPOSITION 4. 

If 0 < c 3, then there exists a unique perfect Nash equilibrium. The 

locations are: 

* 	* 10c - 8 + /(10c - 8)2  + 24(4 - 3c)c  
aB = bB 	 24c (5) 

* 	* 
and pl(x;a, b) and p2(x;a, b) are given by (4). 

Proof: See the appendix. 

Thus, with spatial discrimination and price competition, agglomération 

never occurs. This should mot be surprising since, for a = 1 - b, the 

equilibrium price schedules are pi(x) = p2(x) = cla - xl and profits equal 

zero. Bertrand competitors must differentiate their location to earn positive 

profits. As all; > 3/4, firme locate symmetrically inside the firsts and third 

quartiles, but very close to them.6 So there is mot maximal differentiation. 

Furthermore, since the derivative of firm 1(2)'s profit function with respect 
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to its location shows that, for x = 1/2, 	is the nedian of its sales 
* * 

distribution over the interval [0,1/2]([1/2,1]), aB(bB) is the location that 

minirdzes the transport cost associated with the sales pattern of firm 1 (2) 

over [0,1/2] ([1/2,1]). 

IV. Comparison of Equilibria  

In the case of fixed product characteristics, Vives [1985] and Cheng 

[1985] have established that equilibrium prises for substitutes are higher in 

the Cournot case Chan in the Bertrand case. Here, in a spatial nodel, even 

though firms choose different locations, each consumer still pays a higher  

price in the Cournot equilibrium. Let pc(x) = p
* 
 (x; aC, bc) and pB(x) = pi(x; 

* * 
aB, bB). 

PROPOSITION 5. 

For all x c [0,1], we have p(x) > p
B
(x). 

Proof: 	Let x E [0,1/2]. The corresponding price equilibria tender Cournot and 

Bertrand are 

pC(x) = 1 + c(1 - 2x)  
3 	and p

B
(x) = c(1 - bB  - x). 

It is therefore sufficient to show that p
c
(0) > p

B(0). We have 

+ c 	* 
p
c
(0) = 1 	c(1 - bB) --->p

B  (0), where the intermediate inequality holds sine 

c = 1/2. See Figure 1. 	 QED  

Under both Cournot and Bertrand, firms select locations that mininize 

their respective transport costs. However, firms end up with very different 

equilibrium locations: Cournot campetitors locate mach less efficiently. 

Indeed, as long as c e 1/2, the equilibrium results in complete overlapping - 
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every location is served by both firms. Because firms are established at the 

market center, overlapping generates no additional costs, but no gains from 

dispersed locations accrue. On the other band, the equilibrium yields 

distinct locations and disjoint market areas under price campetition. 

Bertrand competitors locate very close to the first and third quartiles and, 

hence, the average distance fram each supplier to its customers is much 

smaller than in the Cournot case. With no overlapping, the quartiles are the 

socially optimal locations. This requires a symmetric distribution of sales 

around x = 1/4 and x = 3/4. Because price rises uniformly fram the market 

boundary, firms would sell more in the in-between region than in their 

hinterlands. This leads them to locate Gloser to the center. (Recall that 

Bertrand competitors locate at precisely the points which ndnimize transport 

costs given their respective sales.) 

In spite of the fact that Bertrand firms sell more at each point (price 

is lower), an even stronger result holds: the dispersed locations of the 

Bertrand firms make total transport costs lower under Bertrand than Cournot. 

Total transport costs for Cournot firms located identically at 1/2 equal 

1 
TC(x) = 

0
f clk - xl[1 1 + 2cp - xl  ]dx = c 	- 	. 

Total transport costs for Bertrand firms located symmetrically at a = b are 

1/2 
TB(a, c) = 2 

0
f cla - x1(1 - c(1 - a - x)]dx 

2 3a
2
c 4a

3
c 1 a c ac + 	+ -   "2—  "3— 	"2. 	"2—  1 • 
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These expressions are difficult to compare analytically when a is replaced by 

aB(c), as given by (5). A series of computations have therefore been 

undertaken for different values of c in [0,]. They ail indicate that 

_R * 
TC(C) > T-(aB(c),c). 

As aggregatewelfare is equal to total surplus minus total transport 

costs, Proposition 5 and the result above imply that aggregate welfare is  

higher under Bertrand than Cournot. 

It remains to compare profits. Clearly, the local revenue function is 

concave in price. Since both pC(x) and pB(x) lies on the upward sloping part 

of this function, higher prices under Cournot are sufficient to establish 

higher revenues for the Cournot ccmpetitors. However, because they also incur 

higher costs, a direct calculation must be made to compare profits. Total 

revenue for both Cournot firms equals 

1 + 2c11/2 - xi
] dx  = la « (3-  + fg 	î ) • RC(c) = f

1 1 + 2cp - xi  [1 

For Bertrand firms, total revenue is 

RB(a, c) =2 j c(1 - a - x)[1 - c(1 - a - x)]dx 
0 

3 	7c 3ac 2 = 	 12- +--- -ac). 

Aggregate profits for Cournot and Bertrand firms are 

2 IrC(c)  RC(c) - TC(c) 
 n- 

 lor  - 

wB(a, c) RB(a,  c) - TB(a, c) c 	_ .5ric 	2a2c  _ 2a2 8a3c ) 
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A change in transport costs has differing impacts on profits: Bertrand  

profits rise with c, but Cournot profits fall as c increases. Thus, for 

quantity-setting firms, distance does not act as a barrier to competition 

which allows firme to buildup higher profits. Since the firme locate 

together, an increase in costs does not create more differentiation as it does 

in the Bertrand case. 

V. Extensions  

We have obtained the equilibrium configurations for 0 < c 5 1/2. For c > 

1/2, at least some location pairs give rise to the nearer finm's nonopoly price 

being less than the more distant firm's transport cost, which implies that the 

equilibrium schedule given in Propositions 1 and 3 do not remain valid. In 

the must extnane case, for c e 4, firms locate at the first and third 

quartiles and sell at the monopoly price in their entire market areas. Price 

and quantity stratégies yield identical outcomes. 

For intermediate values of c, two types of difficulties in deriving 

equilibria arise: either the roots of the equations used in Propositions 2 

and 4 are no longer relevant; or, for at least some location pairs, firms sell 

at monopoly prices and profit functions ni  and r2  are différent from those 

used in the preceding analysis. In the Cournot case, for c > 1, the second 

order condition for a maximum is violated at a = b = 1/2, so that the 

agglomération result no longer applies. For c > 1, Cournot firms prefer to 

mye apart to lower the costs of serving their markets. In the Bertrand case, 

given aB(c), monopoly price regions exist for c > 0.9.7 Below this level, 

camputation by grid search establishes that the solution in proposition 4 

remains the equilibrium. 

Analytic comparison of Irc(c) and n
B 
 [aB(c),c] proves difficult. 

Computation of profits in both equilibria reveals that Cournot profits are  
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greater than Bertrand profits for law levels of transport cost. Homever, for  

values of c between approximately 0.72 and 0.9, Bertrand profits exceed  

Cournot profits. Thus, there is no unambiguous ranking of profits for ail 

levels of transport cost. The reason for the reversai in the ranking of 

profits is that Cournot firms, which agglamerate in the center, bear the 

higher transport costs, while, due to market segmentation, Bertrand firms 

choose locations which enimize transport costs given the distribution of 

demand. It remains true that welfare is higher under Bertrand canpetition in 

this range because prices to ail consumers and transport costs are lover than 

under Cournot competition. 

Singh and Vives [1984] find, with fixed products which are substitutes, 

that firms prefer quantity-setting to price-setting policies. If firms first 

choose price-setting or quantity-setting before choosing locations, this 

result will not hold for ail levels of transport cost. 

For c > 4, only local =impolies are equilibria in the two-stage gaine. 

For these cost levels, Bertrand and Cournot profits are therefore equal. 

Thus, it canot always be true that Bertrand profits always rise and Cournot  

profits always fall with increases in c. In other words, the process is net 

monotonie in c. For small c, Cournot profits exceed those in Bertrand 

equilibria. As c increases, the difference between the profit levels becomes 

negative. For c > 4, the difference is zero. So it must be the case that the 

difference (in absolute value) decreases for c between 1 and 4. An analytic 

solution appears extremely cumbersome, if not impossible. Further computation 

should be undertaken to determine the behavior of the profit furetions for 

intermediate levels of transport costs. In the Cournot case, for c > 1, the 

second order condition for a maximin is violated at a = b = 1/2, so that the 
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agglomération result no longer applies. For c > 1, Cournot firms prefer to 

nove spart to lover the costs of serving their markets. 

It is worthwhile noting that, in the Bertrand case, the general structure 

of the equilibrium price schedules is robust to changes in demand and 

transport costs, although the non rital solutions change. Duopolists will 

always charge the minimum of the manopoly price and the rival's delivery cost 

at any location. FUrthermore, if the rival's cost is lover than the nonopoly 

price, the firms still locate so as to minimize their own transport costs (the 

derivative of the profit fonction ri  with respect to location still equals 

minus the derivative of firm i's total transport costs). The equilibrium 

locations (if they exist!) lie away from the center, but inside the first and 

third quartiles because prices are lover between the firms. In the Cournot 

case, the existence of equilibrium quantity schedules can be established for 

varying demand and transport cost conditions (see Anderson and Neven [1986]). 

If the whole market is served by both firms, then agglomération still occurs 

provided that profits at each point are concave in price and transport costs 

are convex in distance. 



16 

APPIEMIX 

Proof of Proposition 2: We have 

1 
ni(a, b) = f [p (iga, b) - cla - xilqi(x;a, b)dx 

0 

=  { [(1 - 2c(a - x) + c(1 - b - x)l2dx 
0 

1-b 
+ f 	[(1 - 2c(x - a) + c(1 - b - x)l2dx 
a 

1 
+ f [(1 - 2c(x - a) + c(x + b - 1)12dx 	. 
1-b 

Thus, 

DR
1
(a' b) 4c 	a (1- dx 

1-b 
+ f 	(1 - 2c(x - a) + c(1 - b - x))dx 
a 

1 
+ f (1 - 2c(x - a) + c(x + b - 1))dx 
1-b 

= .;eP- ( - 2a + ca2  - 2ca(1 - b) + c(1 - b)2  

+ 1 - + 2ac - c(1 - b) ) . 



17 

an1(a' b) The solution to aa 	= 0 is the solution to the quadratic equation in 

brackets: 

a,ct(b) 	2(1 -ebc) ± 4-E  1 4(bc - 1)2  - 4c[c(1 - b)2  + 1 - 	bc] 

+ 	U. T LU) 	 T LU) 

1 	 1 	-2 	1 If b = 7  then ac(b) = - + ✓ -ê— + —. - F 	1 - + (-E  - 1) 2 

	

1 	 2 3 1 

	

= -c- 	+ 1  - 1), that is -E  - 7  or -- . 

Since c e 1/2, only 1/2 lies in [0,1] and is therefore the relevant root. The 

second order condition for a maximum is satisfied everywhere on the relevant 

2 * 
D n1(a' b) -8c damain sinceâa2 	= -g- [(1 - c) + c(1 - b - a)] is strictly negative 

for c 2  and, a + b e 1. 

Uniqueness is shawn by an analysis of the positions of the reaction 

functions: in the admissible regions of a, b, and c, both are strictly 

decreasing; and one is everywhere steeper Chan the other, pence they intersect 

at most once. 

Proof of Proposition 4: We have 

a 
n1(a' b) =0 f [c(1 - b - x) - c(a - x)][1 - c(1 - b - x)]dx 

X 
+ f [c(1 - b - x) - c(x - a)][1 - c(1 - b - x)]dx 
a 
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By Leibnitz' Rule, 

311
1 	

a 
= - c f (1 - c(1 - b) + cx)dx + c f (1 - c(1 - b) + cx)dx aa 	0 	 a 

= c f (1 - c(1 - b)) (i - 2a) ca2 cic2  I 

and 

2* a 
me=c 	3 . 3c7-  c   _ 7  + 	- b) - 2ca + x < 0 since c e 
ae 

* 
ani 

For the symmetric equilibrium, = and so e- = 0 requires aB to be the 

solution of 

[1 - c(1 - a)] 	- 2a] - ca2  + î = 0 

Or 

*10c - 8 + /(10c - 8)2  + 24(4 - 3c)c aB  - 	 24c 

sine only the positive root gives a solution in [0,1]. 

Finally, notice that uniqueness may be shows by proving that bath reaction 

fonctions are strictly increasing in the regions of a, b, and c and that one is 

everywhere steeper than the other, so that they intersect at nost once. 
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Footnotes  

1. Uniqueness is true up to modification of the equilibrium schedules on a 
zero measurement set. The same applies to Proposition 3. 

2. Existence and uniqueness can be established for langer values of c, but 
the resulting equilibrium schedules are no longer given by (1) and (2). 
(See Anderson and Neven [1986]). The reasan for choosing c e 1/21.71.11 
beccom clear later an and results for c > 1/2 are discussed in Section V. 
The same comment applies to Proposition 3. 

3. The reversai of the subscripts is necessary because the functional forms 
of profits depend on firm 1 lying to the left of firm 2. 

4. If.another assignent rule is used when firms charge identical prises 
(e.g., fifty-fifty), the nearer firm can reduce its price by c and secure 
the corresponding markets. 

5. Lederer and Hurter [1986] show how this assomption can be relaxed without 
affecting the results. 

6. L'Hopital's rule establishes that lim aB  = k. Mbreover, it can be shown 
c+0 

that 
daB
-1--> 0 for 0 < c e 1/2. Finally, a simple camputation yields ac 

aB  = 0.2704 for c = 
1 + caB  

7. At x = 0, the monopoly price for firm 1 is 	while the cost for firm 

1 + caB 2 to deliver there is c(1 - aB). Thus, ---2—< c(1 - aB) and (5) imply 

1 - 2c + 3c [ 10c - 8 + «10c - 8)2  + 24c(4 - 3c) ) <0. 24c 

This holds only if -8c2  - 64c + 64 < 0, i.e., c < 0.9. 
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