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Managerial Decision Rules and the Estimation

of Dynamic Sales Response Models

ABSTRACT

It is well established that aggregated time-series data provide biased estimates of

carryover or inertia effects in dynamic response models. The origin of the bias is a

misspecification due to missing micro series. Recent work in the advertising-sales

response literature suggests using the underlying advertising decision rule to interpolate

the micro series. This incorporation results in reasonable estimates of advertising

carryover. This paper shows that as long as the rules are deterministic, consistent

estimates of carryover (or inertia) can be obtained without knowing the managerial

decision rule on specified predictors (even strategically coherent rules across predictors).

Key Words:	 SALES RESPONSE MODELS; CARRYOVER EFFECTS;

ECONOMETRICS, METHOD-OF-MOMENT ESTIMATION.
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1. Introduction

Accurate measurement of the magnitude and duration of advertising effects on

sales underlies efficient and effective advertising budgeting and timing decisions. Hence,

it is not surprising that considerable efforts have been made to measure these effects.

Although progress is being made, the complexity of advertising response continues to

press our modeling and measurement technology to the limits. Some obstacles seem at

times to be insurmountable. The current attempts to uncover response parameters given

temporally aggregated data are cases in point. (see, e.g., Bass and Leone 1983, Blattberg

and Jeuland 1981, Kanetkar, Weinberg and Weiss 1986, Rao 1986, Srinivasan and Weir

1988, Vanhonacker 1983, 1984, 1987, Weiss, Weinberg and Windal 1983). Estimates

with known statistical properties (which enable statistical inference) are still eluding us.

Temporal aggregation occurs frequently in practice. As researchers often have

little choice over the length of the discrete time periods over which variables are being

measured, the time-series observations available seldom coincide with the discrete time

periods characterising the response phenomenon one is modeling. Indeed (and

particularly at the aggregate cross-sectional level), the latter does not even have an

unequivocal answer (see, e.g., Tellis, Whiteman and Kim 1989). This problem of fit

gives rise to the data interval bias which continues to challenge applied econometricians in

the sales response literature.

The data interval bias recognised and illustrated by Clarke (1976) refers to

biased estimation of the advertising carryover effect in temporally aggregated data. As

has been demonstrated through explicit aggregation (Sasieni 1982, Vanhonacker 1983),

the origin of the bias lies in the fact that the aggregate analog of the disaggregate response

model is a misspecification because micro advertising terms are ignored. A variety of

modeling and/or estimation approaches have been suggested to recover the micro

response parameters (i.e., direct advertising response and carryover), often relying on

either explicit or implicit interpolation of the unobservable micro advertising series. As

recognised by Russell (1988), such interpolation requires knowledge on the micro series

which cannot be recovered from the aggregate discrete observations themselves. For

advertising, the decision rule needs to be known to be able to accurately decompose the

observed moving sums. Moreover, managerial decisions on the input side need to

supplement the aggregated time series on the output or response side.

Despite the additional information contained in the decision rule, Russell (1988)

is only able to derive "reasonable estimates of advertising carryover" (p. 252). Hence,
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we still fall short of deriving estimates with known statistical proporties which would

enable us to quantify the uncertainty of the parameter estimates, incorporate it in

normative decision making, and, hence, prevent suboptional decisions (Aykac et. al.

1989). One objective of this paper is to obtain estimates with known (and desirable)

statistical properties.

Another extension to the existing work is that other predictors, particularly price

in this instance, are incorporated in the response model. So far, focus has been

exclusively on advertising. Although carryover has traditionally been linked to long-term

advertising effects, it is most likely not the only element contributing to this effect. The

impact of price on positioning (Carpenter 1989) and research on price expectations

illustrate ways in which price could become a contributing element to long-term response

effects. More importantly, when decision rules are becoming an inherent part of the

measurement process, one cannot ignore other sales predictors as decision rules are often

coordinated to ensure strategic coherence.

The contribution of this research is to show that as long as the managerial

decision rules are deterministic, one can get consistent parameter estimates (including the

carryover and/or inertia effects) without knowing the rules. This can be accomplished

through a method-of-moment estimation procedure discussed in Telser (1967). When the

decision rules have a random component, consistent estimates cannot be obtained without

knowing the rules and their likely interaction.
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2. Modeling Framework

The basic sales response model used in this research is a first-order

autoregressive model with explanatory variables specified as

st = X s t_1 + Pat + Y Pt + ut	 (1)

where st denotes sales at time t, at denotes advertising at time t, and P t denotes price at

time t.X, [3, and Y are parameters and ut denotes a random disturbance with the usual

properties E (u t) = 0, E (ut ut-i) = 0 for i 0 and E (ut ut-i) = 62 for i = 0. Throughout

the paper, lower case letters will refer to disaggregate or micro observations where upper

case letters will refer to the corresponding aggregate or macro observations.

Model (1) is the true micro response model whose parameters we will attempt-to

estimate. This specification is similar to a partial adjustment model (e.g., Vanhonacker

1983). It is different from the popular Koyck specification in two ways. First, in

contrast to (1), the disturbances in a Koyck model typically follow a first-order

autoregressive process. Second, the parameter X (typically referred to as the carryover

parameter) measures more than advertising carryover. Parameter X captures the complete

dynamic nature of sales response; hence, it captures any carryover and/or inertia in sales

response.

None of the three variables specified in (1) are observed at the micro level t.

Sales and advertising are available as moving sums (since they are flow variables), or

S t= St + S t _ + St _ 2

and

A t = at + at_t + at-2.

For simplicity of the illustration and without loss of generality, we limit

ourselves to an aggregation level of three (e.g., monthly into quarterly observations).

Accordingly, we observe the moving sums S3, S6, S9,... and A3, A6, A9....

Since price is a stock variable, it is possibly available in the form of a moving

average,

Pt = (Pt 4- Pt - + 131- / 3
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or the most recent micro observation P t = pt •

Accordingly, we have either the moving averages P3, P6, P9,...available or the skip

sample of micro observations p3, p6, p9 etc. Although an important substantive

distinction, the subsequent technical development deals with either case in exactly the

same manner.

Explicit aggregation of model (1) results in

St=XS,-t+fiA,+yPt+U,	 (2)

or, alternatively,

S t = A.3 St _ + (At + At - + X2 At - 2)

+ Y (Pt + Pt - + x2 Pt -

+(ut+xut_i+x2ui_2)
	

(3)

with ut = + 14_1+ - 2.

With the available macro series, neither (2) nor (3) can be estimated straightforwardly as

both representations contain variables which are not directly observed. Even if those

variables were observed, least squares estimation would provide inconsistent estimates

because Ut is serially correlated and St- 1 and Ut are not independent.
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3. Estimation

The method of moment estimation approach advocated here was studied by Telser

(1967) for basic autoregressive processes. It is extended here for basic autoregressive

equations containing either deterministic or stochastic predictor variables. The estimation

approach relies on the autocovariances of the aggregate time-series observations. It is

evident that given the available data, consistent sample estimates of the autocovariances

can be derived. Since rational functions of consistent estimators are themselves

consistent, it seems reasonable to attempt to express the response parameters in (2) as

rational functions of autocovariances.

Deterministic Decision Rules

We focus first on the autocovariances underlying the true micro response model

shown in (1). Consistent with Russell (1988), the assumption is made that the

advertising and pricing decision rules are made at the micro level (i.e., advertising and

price are decided on or revised every period t). This assumption will be discussed

shortly. If the rules are purely deterministic (i.e., there is no random component entering

the rules), Appendix 1 shows that the autocovariance between s t and st_k equals.

Coy (S t , St-k) = Xk C52 [1 /(1-X2)].

The corresponding aggregated time series provide (see Appendix 2)

Coy (St, St-k) - 1(- . 62 11/(1 - X2 )1(X -2+ X-I + 1) (1 + X +X2)

which is consistent with covariance generating functions discussed in Telser (1967) and

Tiao and Wei (1976). From (4) and (5), it is evident that

Coy (S i, Sc_k) = [Cov (st, st-k )] (X-2+ X 1 + 1) (1 + X. + X
2

)

which is an expression which can be generalised to any k and/or any level of temporal

aggregation.

(4)

(5)

Given the available observations S3, S6 , ..., etc, a consistent estimate of the

sample covariances Coy (S t S t_3), and Cov (St St_6) can be obtained as
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COv (St St . = I (Si 0+ - (Sit -
1=1

with g = (1/N) I Si t.
t . 1

As is evident from (5), these covariances satisfy the following difference equation

Coy (St S t_6) + q Coy (St St-3) = 0
	

(6)

Substituting the corresponding expressions from (5), we obtain that

q _

Moreover, substituting the sample covariance estimates into (6), a consistent estimate of
parameter X equals

= (-C) 1 /3 = [Coy (S t St-6 )/ COv (St St-3)11/3.

Substituting this estimate in (2), we obtain

ScASt_I=PAt+YPt+Ut 	 (7)

which can be estimated using a generalised least squares (GLS) estimator to obtain

consistent estimates of (3 and y. A consistent estimate for cs 2 can be obtained from

;32 = Var (IA) / 3	 (8)

using the estimated residuals in (7).

Stochastic Decision Rules 

If the decision rules contain a random component, the derivations are slightly
different. For illustrative purposes, we consider the case where the price and advertising
decision rule are first-order autoregressive. This is the case studied by Russell (1988);
furthermore, univariate time-series analysis on advertising and price series often identifies
an AR (1) process. Moreover, we assume
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at =0at4 +et

with E (et) = 0, E (e t et.) = 0 for i 0, and E (et et_i) = eri for i = 0, and

Pt = pt_i + !It

with E(1.4) = 0, E (1-14 144) = 0 for i 0, and E 	 = era for i = O.

Given that

Coy (at, at-k) .0k 
ai [ 1	 02)]

and

COV (Pt, Pt-k) = ek	 [1/ (1 - 02)1

Appendix 1 shows that when the decision rules are independent (there is no coordination

between advertising and pricing decisions ; technically, the autoregressive processes on

micro advertising and micro prices are independent), and the absolute value of the

autoregressive parameter of the advertising and price series are each larger than the

autoregressive parameter of the sales series (i.e., 181> X and 10 > X), then the

autocovariance of the micro sales series equals

coy (so St-k) = (P2 Ok 6q)1 (1 - 02) (1 - X 0) (1 - X/0)

+ (-y2 Ok c5,2,)/(1 - 02) (1 - 0) (1 -A/O)

+ Ot,k a2) / (1 - X2).	 (9)

The first term on the right hand side refers to the implied autocovariances of the

advertising series, the second term refers to the implied autocovariances of the price

series, and the third term (which equals (4)) refers to the autoregressive process of the

sales series themselves. As one would expect, if the decision rules were coordinated, an

additional term would appear on the right hand side of (9) which would relate to the

coordination of the pricing and advertising decisions at the micro level.

Using result (9), Appendix 2 shows that the autocovariance of the macro sales

series equals
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ok

Coy (St, St-k) 

R2	
ue(0 2

+0
-1

+1)(1+0+02)[1/(1-A, 0)(1- /0)]
(1-Ø7-)

ek (5112 ces- + e-' + (1 + e + (92){ 1 / (1 - A. 49)(1 -De)]
(1 -

X.1`g2_ (x 2 	+ 1) (1 + X +A.2)	 (10)
(1-2+,2)

which is a function of eight parameters (i.e., 13, 0, oi, e, cr4, X, and 452). It is

evident from this expression that the approach suggested above given deterministic
decision rules can no longer be followed.

To derive the consistent estimates defined implicitly, the following approach is

suggested. Given the knowledge of the decision rules, consistent estimates of 0 and 0

can be obtained using (6) with sample autocovariance estimates from, respectively, the
macro advertising series and the macro price series and the macro price series, as

0 = [Cov (At At- 6 )/ Cov (At At-3)11/3

and

0 = [Coy (Pt Pt-6) / Coy (Pt Pt-3)]1/3.

The corresponding sample residuals (which are linear combinations of consistent

estimates of the corresponding parameters) can be used to estimate and a?,

consistently.

Although with these estimates four autocovariance equations could be derived
using (10), the nonlinearities make it difficult (if not, impossible) to uniquely recover the
implicit consistant estimates. Therefore, an iterative procedure is suggested which will
recover those estimates efficiently. Using the macro sales series S t , an initial X estimate

can be derived from the sample autocovariances using expression (6). With this initial

value, parameters O. 7, and ol can be estimated using equation (7) as suggested above.
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These estimates are substituted into the sample autovariance equation based on (10) and a

new value for 7t is derived. This process is then continued until the estimates converge to

the consistent estimates implied by expression (10).

At each iteration, the new value for A, can be derived solving a polynomial of

degree seven,

- A.6 x C3 + X5 (y c3 - a l - b i ) - X4 [x	 c3 + c6 - (1/8 + e)	 - (1/0 + 0) b1]

3 	 2 ,_
+ A, tx C6 + c3 - a l - b 1 ) -	 c6 - az -

+ [x c 6 - (1/8 + 8) a2 - (1/0 +	 bz]

- [c6 - a2 - b] = 0

where x = 1/8 + e + 1/0 + 0, y = 2 + 1/80 + 0/8 + 0/0 + 80,

_ 132 03 cyi (0 -2 + 0-1
+ 1) (02 + + 1) (1 - 02)

a2 =[32 06 szq (0-2 + 0- 1 ÷ 1 ) (02 + 0 +	 / (1 - 192),

=y2 03 6µ(0 2 +0 1 + 1)(02 +O+ 1)/(1 -02),

b2 =72 06 ai2, (0 -2 + 0-1 + 1)(82 + + 1) / (1 - 82),

c3 and c6 denote, respectively, the third and sixth order sample autocovariances on the
3

macro sales series. This polynomial is derived from the expression (c6 - A c3) which, in

contrast to the development above for deterministic decision rules, is not equal to zero.

Given that we only include real roots confined to the open intervals

0 < X <101 and 0 < X < 49, it should be straightforward to numerically evaluate a X

value. In case of multiple roots, they should all be pursued for possible convergence.

These results illustrate the complexity involved in obtaining consistent parameter

estimates when decision rules contain a random component. Our development only

focused on uncoordinated first-order autoregressive decision rules with restrictions on the

magnitude of the autoregressive parameters as X < 	 lei. Any relaxation of these

assumptions would make consistent estimation of all parameters very difficult (if not
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impossible) using the suggested method-of-moments estimation approach even with

known decision rules. This is in sharp contrast to the simplicity of the results given a

deterministic decision rule. Hence, the relevant question at this point is whether or not

managerial decision rules are deterministic. If they are, we need not worry about the

extensive complications induced by randomness.
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4. Decision Rules Versus Spending Patterns

Although managerial decision rules generally specify possible changes or

adjustments for events whose likelihood of occurrence cannot be accessed with certainty

at the time of decision, they are fundamentally deterministic. The literature on advertising

budgetting decisions, advertising spending (i.e., distribution over time) decisions, and

pricing decisions specifies a large number of rules being used in practice. They can be

quite different, but they all share the common characteristic that they are deterministic.

Decision "rules" such as "shooting from the hip", "pulling numbers out of the air", "seat-

of-the-pants" approach, etc. might signal potential inherent randomness, but they merely

reflect uncertainty on which rule to use instead of "rolling the dice". If decision rules are

deterministic, why then even consider possible randomness? The reason is that in this

research, deterministic versus stochastic has to be evaluated within the adopted discrete

time framework. What might be fundamentally deterministic might be stochastic (or

appear to be stochastic) within the discrete time framework and, hence, might have to be

treated as such.

The discrete time periods over which decision rules are modeled in this research

are defined by the periods over which macro observations are available. In other words,

the discrete time nature of anything modeled in the sales response process is defined by

the observed periodicity of the data. This raises an issue which is interesting and

important in this research: what happens when the discrete time periods for which

observations are available are different from the discrete time periods over which tactical

decisions are made ? For example, the true response process develops at the monthly

level, observations on sales, advertising, and price are available on a quarterly level, and

advertising and pricing decisions are made on a semi-annual basis.

Managerial decisions on advertising and pricing are likely to be made every

planning cycle (with options to revise in between ). If the macro observations are for

shorter time intervals, the corresponding macro advertising series will be observations

from spending patterns (e.g., cumulative billings) rather than the advertising decision

rule. As pricing over time is more rigid and not constantly adjusted, the character of the

underlying decision rule made over longer time periods will continue to prevail. For

advertising, the issue is different particularly if the macro series are moving sums of

monetary expenditures or actual billings. Relative to the underlying decision rules,

advertising spending might look random. This is important for this research as the

development above suggests that the model capturing the series at the discrete level of
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observation is more important than the decision rule itself. It is that model which has to

be judged deterministic or stochastic.

If the discrete time periods for which observations are available coincide with the

planning cycle of the decisions, the results obtained above can be straightforwardly

applied. The model of the decision variable series would be deterministic, in which

instance the actual rules and their possible coordination don't need to be known to derive

consistent parameter estimates. If the discrete time periods do not coincide, then one has

to investigate whether or not the macro series on the decision variables contain a random

component or not. Price series might move systematically with adjustments in specific

time periods, a deterministic pattern which does not offer any particular difficulties.

Advertising series, however, might exhibit some randomness. In this instance, the

spending rule would have to be modeled accurately to enable consistant parameter

estimation. As discussed above in a specific case, estimates with such properties can be

obtained although with some difficulty.
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5. Discussion and Conclusion

This paper discussed a method-of-moment estimation approach which can provide

consistent estimates of all parameters in a dynamic response model (including the

carryover or inertia parameter). In contrast to other approaches recently suggested in the

literature, the approach does not need to know the exact managerial decision rules

governing the sales predictors as long as these are deterministic. This is a rather

powerful result as (a) it does not require the researcher to go beyond the macro

observations available, and (b) estimates are obtained with known statistical properties.

These known properties enable statistical inference which is important if the results will

be incorporated into a normative framework.

The statistical property established is consistency. Although a desirable property,

it is an asymptotic property. Hence, given finite samples in practice the question arises of

how good the estimator is given a limited number of sample observations. This is a

question which as yet has not been addressed but should provide a fruitful avenue for

future research.

The research in this paper also illustrates the complexity in deriving consistent

parameter estimates when decision rules are stochastic. As discussed, it is not unrealistic

for some sales predictors to appear to be random at the discrete time level of observation

even though the decision rule is fundamentally deterministic. Although it is possible to

derive consistent estimates in special cases as shown, this might well be the arena where

approaches such as the one developed recently by Russell (1988) can justifiably be used,

albeit with resulting estimates which do not enable statistical inference. In this light,

efforts should be directed towards expanding these methods to more comprehensive

response models as these approaches are currently confined to advertising-sales

relationships.
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Appendix 1: Autocovariance of st

The basic response model in (1) equals

st=Xst-t+Pat+YPt+ut

with E (ut) = 0 for all t, and

E (ut ut_i) = 0 for i 0

= 02 for i = 0.

Accordingly,

st k = X St-k-1+ Oat- k+ YPt- k+Ut_k.

Through successive substitution, it is easily shown that

st = [at + at_i + X2 at - 2 + ..-] + Y[Pt + X Pt-1 + X2 Pt -2 +

+	 + 1.1 (4 + X2 Ut-2 +

and

St - k = 13 [ a t-k + X at - k -1 + X2 at -k -2 +

+ Y [Pt - k X Pt - k 1 + X2 Pt - k - 2 +

[Ut-k X Ut - k	 4--1 	 X2	 - k - 2 +
	

(1-2)

If a t and p t are deterministic, then

E (st) = f3 [at + X at -1 + X2 at- 2 4- --] + Y{Pt + X Pt - + X2 Pt - 2 + •-•

and

E (st	 = 13 [at -k X at - k +	 at  
ik 2 +	 Y{ Pt k X Pt - k - 1 + X2 Pt - k - 2 + -1.
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Since Coy (st, s t _ k) = E [st - E(st)][st -k E (St - a,

the covariance equals

COV (St, St - = E [(u t + ut + 
2 

Ut - 2 ••• + k Ut - k	
+1ut k	 )

(ll t k X U t - k - 1 + X2 Ut - k - 2 + 	 )

which for infinite successive substitution can be expressed compactly as

Coy (s t, s, k) = X.1( 452 [1/(1 - A,2)]	 (1-3)

since 12 I < 1 or micro sales follow a stable autoregressive process.

If at and Pt are stochastic (i.e., the advertising and pricing decision rules contain-a

random element), the autocovariance structure is more complex. For illustrative purposes

and consistent with Russell (1988, p. 260), we consider a stable first-order

autoregressive process as the advertising and pricing decision rule. Moreover,
at = 0 at - + et

with I 0 I < 1, E (e t) = 0, E (e t, et _ i) = 0 for i 0,

E (et et _ i) = ai for i = 0, and E (u t Et _ t) = 0 for all i., and

Pt= e Pt-i + lit

with 101 < I, E (P-t) = 0, E (lit - i) = 0 for i	 E	 - J =

for i = 0, and E (u t, _ ) = 0 for all i.-

The independence of the decision rules implies that

E	 € - = 0 for all i and all t.

With infinite successive substitution and taking steps similar to the ones shown

above for the micro sales series, we obtain

Coy (a t, at _ k) = E (at at _ k) = Ok Oi [1 / (1 - 02)]
	

(1-4)
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and

Cov (Pt, Pt - it) = E (Pt Pt - k) = ek	 /(1 - e2)].

With these expressions we can now derive the autocovariances of the micro sales series.

s t = R [at + Xat _ I +	 at _ 2 + 	  + X•k at-k

k
+ [Pt + X Pt - + 

2 
Pt - 2 +	 A Pt - k + A'

k+1
 Pt - k -1 +---1

+ [U t + U t _1 + X2 U t _2 + + Xk U t _ k+ Xk	 Ut k _ +

and

st - k = [at _ k + X at - k _ +2L2 a t - k _ 2 +

+ 7[Pt - k A-Pt - k -1+ X2 Pt - k -2 + ••-]

+ [U t -k + X U t -k -1 + X2 U t -k -2 + ••• 1.

Given the independence in error terms in the respective processes, we can focus

on each of the terms separately in computing Coy (st, s t _ k) = E (st st _ Considering

the advertising terms, we have

is [at at _ k + Xat at _ k _1 + X
2 

at at _ k . 2 + X3 at a t _ k _ 3 + . .

+ A.at	 at _ k + X2at _ 1 at _ k - 1 + A.,3 at _ 1 at _ k -2 + X4at	 at _ k - 3+ •••

+A at _ 2 at _k + 3 at _ 2 at _ k - + 4 at_ 2 at_k _2+a,sat_ 2 at_ k_3+...

X•k + I+a,	 at - k-1+

+A. at k at _ k +	 at k at k _1+	
+2

A-	 at k at k - 2+ 
k+3

a E _ k at  k ' • _ 3+

,k	 ,k+2	 k+3	 k+4
+ A at -k -1 at -k+ A	 at-k-1 at -k-1 +	 at -k-1 at -k-2 + A	 at -k-I at -k -3 + –]
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which, taking expectations, given (1-4) and ignoring the term 02 
for a moment, can be

expressed as

6c:[0k + x 0k + 1 + x2ok +2 + x3 ok +3 +...

( 1 - 02)

+ (si[x ok 1 + x2 ok+ x3 ok +1+ x40k +2+

(1-0)

	

6E 	 2	 -2	 3	 -1	 4 k	 5 k+ 1
c X 

0k 
+X 

0k 
+X 0 +X	 +...

(1 - 02)

+  62c  [xk + xk +10 + xk + 2 02+ xk + 3 0 3 +

(1 - 02)

	

6F 	 k+1 -I	 k+2	 k+3

	

c	 X,	 0 +	 +	 + kk + 4 02	 .
( 1 - 02)

Dividing each term in brackets by its first component (i.e. taking the first component

outside the brackets), each term in brackets becomes a series in x 0 which given infinite

successive substitution can be condensed to [1/ (1 - X 0)].

Moreover, we obtain for the advertising terms

2 	 6E
	 61 	 [0k+ x ok - 1 4.	 ok - 2 ...	 + 1 0- 1+....]

(1 - 0`) (1 - X 0)

or

_(32 62 01 1/(1- 02)] [1/(1- 0)[ 1 + fl3 1 + X2 0- 2 + ...]

which for IVO < 1 can be written compactly as

01([11(1 - 02)][1/ (1 - 0)] [1/ (1 - A/0)].
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Note that the simplification requires the absolute value of the autoregressive parameter of

the micro advertising series to be larger than the autoregressive parameter of the micro

sales series (i.e., 101 > X).

The price terms in E (s t s t_ k) can be summarised in a similar fashion. Following

an identical approach, they can be shown to result in

y2 cit2L 8k[1/(1 - ©2)J [1/(1- 0411(1 - ve)i.

given 0 >X. Moreover, the autocovariances in the micro sales series equal

E (st St - k) = 132 (32 0k [1/(1 - 02)] [1/(1 - X 0 ] [it - 2t/0)]

+ 1 6121 ek [1/(1 - 02)] [1/(1 - 0)1[1/( 1 - X10)]

+ Xk 62 [1/(1 - X2)].
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Appendix 2 : Autocovariance of St

From (2), we have

S t = St _ + At + Pt + Ut

which after successive substitution results in

S t = [3 (At + X At _ 1 + X2 At - 2 + X3 At -3+ ---)

+ 7 (Pt + X Pt - + X
2 

Pt - 2+ X
3 

Pt - 3 + ---) +

U t + Ut -	 Ut _ 3+ ... + X I(	 _ k + Xk + 1 Ut k 1+ ...+ A.2 Ut - 2 + X3

and, likewise,

S t _ k = 13 (At _k + X A t _ k _ + X.2 At _ k - 2 + X3 A t - k - 3 + ---)

+ (Pt - k + X Pt - k - 1 + X
2 

Pt k - 2 + X
3 

Pt - k - 3 + ---)

+	 _ k + X	 _ k _ + X2 Ut - k - 2 + A-3 U t - k -3+ --•

If at and p t (and, hence, A t and Pt are deterministic)

Coy (S t, S t _ = E [S t - E (St)] [St - k - E (S t _ k)] equals

Cov (S t, S t _ k) = E [Ut + 2$,	 _ + A.2 Ut _ 2 +	 +	 Ut _ k + A.k + 1 Ut k _ 1+...]

[U t _ k + X	 _ k _ + X2 Ut - k - 2 + •••].

Since

Ut _ k Ut k + Ut - k - 1 + Ut - k -2,

Ut - k - 1 = Ut - k - + Ut - k - 2 + Ut - k - 3,

and
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Ut k -2 = Ut -k -2 + Ut -k . 3 + Ut -k -4,

the covariance can be written as

Coy (Se, St-1) = E [lit+XUt-1	 Alt-2(ut.k.. 2 + ut-k*1+ ut-k)

	k 1	 k
+ A (U t - k + 1 + Ut - k + Ut -k - 1) +	 (Ut -k + U t - k - 1+ U t - k -2)

21. k + I+ (Ut - k - 1 + Ut•k - 2 +Ut k - 3) + •-•]

[(lt  k + Ut - k _1 + U t - k -2 ) +	 k - 1 + Ut - k - 2 + Ut - k - 3 )

+X

2

 (Ut - k - 2 + U t-k - 3 ± U t - k - 4) +.•-• 1.

Given that E (ti t u t _ t) = 0 for i # 0, we obtain

COV (S t, S t - k) = (X
k - 2 + Xk -1 + Xk) 62

+ (x + 1) (xk - 1 + xk + Xk +1 ) 01

+ (x2 + x + 1) (x.k + xk +1 + xk +2 ) cy2

	

1-2	 1-3	 / -4/-2	 1-3	 1-4
+(X	 +X	 +A. )(X	 +)t,	 + X ) cr

2 +

or, alternatively,

Coy (S t, S t _ = Xk (X.- 2 + X - 1 + 1) 62

+Xk(X+1)(X11-1+2)62

+,( 2 +X+ 1) (1 + + X.2) ct2

or
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Coy (s t, s t _ ir) .x" 2 ( 1+ x + x2)02

k 1
k	 + 1)(1+ X -0.2)

+ xk (x2 + + (1 + + x2)02

Ak +1 (x2 4. .4_ 1) (1 + + x2) a2

More compactly

Coy (S t, S t - k) = 02 [(1 k x2) (xk - 2 + xk -l + xi)]

++(1++22)2Ok xk + 2 + x.k + 4 +

= 02 {(1 x+ x2 ) (xlc - 2 + xk - 1 +

+ ( 1 x X2) 2(Xk (1 - 262))

=  X1(02 (1 +A.+ X.2)(X-2+X-1+1) 	 (2-1)
(1 - X2)

which is consistent with the autocovariance generating functions discussed in Telser

(1967) and Tiao and Wei (1976). Given (1-3) and (2-1), it is clear that

- 2	 I
Coy (St, St - =[ Coy (St, St -	 (X + X- + 1) ( X

2 
+ X.+ 1)

which establishes the relationship between the autocovariances of the macro and micro

advertising series. Analogous results are relied upon in Tellis and Whiteman (1989).

If at and Pt (and, hence, At and Pt) are non-deterministic (i.e., contain a random

element), the results are more complex. Following up on the independent first-order

autoregressive processes discussed in Appendix 1, it is evident from the above results

that

2
- 

Coy (At, At _k)	
ap

=	 (0 2 + 0 + 1) (1 + 0 + 0
2

)
(1 - 02)

and
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2

Coy 	P	 =_C:2
0.)  (9- 2 8-

+ 
1 
+ 1) (1 + ©+ 8

2
).

O2

With these autocovariances and an approach similar to the one followed in Appendix 1

for the micro series, it can be shown that

Coy (s e, s e _ k) = 132 
0k '1 (0-2 + la- 1 + 1)(1+ + 02) [1/ (1 - X 0)] { 1/ ( 1 - V25)]

(1 - 02)

+  
2©

k `'4 (9 - 2 + e- + (1 + + 02) [1/( 1 - x 9 )] [ito - xte)]
- 02)

xic 62 ot: 2 +x-1 +	 x+ A.2).	 ( 2 - 2)A.)

Remember that this concise representation implies that X <101 and X <
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