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In the mean-variance capital asset pricing model (CAPM), nonmono-
tonicity of preferences may lead to satiation, and short-selling as well as
satiation may lead to non-existence of equilibrium. This paper identifies
several sets of sufficient conditions for equilibrium to exist. The nature of
the central conditions is to impose bounds on the investors' degree of risk
aversion, as measured by the marginal rate of substitution between mean
and standard deviation of return. These bounds do not need to hold glob-
ally but only in a relevant range of portfolios or combinations of mean and
standard deviation. Journal of Economic Litterature Classification Num-
bers: 021, 026, 521.
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1 Introduction
This paper presents sufficient conditions for existence of equilibrium in
the two-period mean-variance capital asset pricing model (CAPM). The
analysis includes the classical version of the CAPM with a riskless asset,
as developed by Sharpe [16], Lintner [8] and Mossin [10], as well as the
CAPM with risky assets only, which was introduced by Black [3] and has
been much used in empirical work under the name the "zero-beta" or "two-
factor" CAPM.

The main conclusions of the CAPM are the separation theorem and the
"beta" pricing relation. The paper does not focus on deriving these results
but is concerned with existence of the kind of equilibria where they hold.
Both results require unrestricted short-selling (and borrowing, if there is a
riskless asset). If unlimited short-selling and borrowing is allowed, then the
investors' choice sets ("consumption sets") are unbounded below.

Hart [6] pointed out that unboundedness of choice sets may lead to
non-existence of existence of general equilibrium. He identified a set of suf-
ficient conditions for existence of equilibrium in an expected-utility model
with unrestricted short-selling but with bounded and non-negative return
distributions. Thus, Hart's model does not allow for the case of normal
distributions.

Satiation is possible in the mean-variance model because preferences
may not be monotone, cf. Nielsen [11]. In CAPM with a riskless asset,
satiation is not a problem; but when there is no riskless asset, the possibility
of satiation sometimes leads to non-existence of general equilibrium. This
is demonstrated in Nielsen [13].

To derive sufficient conditions for existence of equilibrium in CAPM,
we rely on an abstract existence result of Nielsen [12], which allows for
satiation as well as unbounded choice sets.

When there is a riskless asset, each of the following two conditions is
sufficient to guarantee the existence of a general equilibrium: 1) all investors
agree on the expected returns to all assets; 2) each investor's risk aversion
(measured by the marginal rate of substitution between mean and standard
deviation of return) goes to infinity as the standard deviation of his portfolio
return goes to infinity (Proposition 2).

When there is no riskless asset, there exists a general equilibrium if the
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investors agree on all expected returns and all investors' risk aversion is
everywhere less than the maximum amount of mean per unit of standard
deviation available in the market (Proposition 3). The assumption about
risk aversion serves to rule out satiation completely. It can be weakened
considerably.

Satiation may occur at levels of mean and standard deviation so large
as to be irrelevant for the process of establishing an equilibrium. There is a
"relevant range" of portfolios and a corresponding range of combinations of
mean and standard deviation of return, such that the shape of preferences
outside that range does not matter. Specifically the relevant range of allo-
cations is the "individually rational" allocations, which are allocations that
are consistent with the total supply of assets and are preferred to the initial
allocation by all investors. For each investor, the relevant range of portfo-
lios is those portfolios that form part of individually rational allocations.
They are called "Pareto attainable portfolios." To ensure the existence
of a general equilibrium, it is enough that there is no satiation at Pareto
attainable portfolios.

Using this idea, we can relax the condition that risk aversion is small ev-
erywhere so that satiation is ruled out entirely. It turns out to be sufficient
that risk aversion is small at one particular point (a particular combination
of standard deviation and mean of return). When there is no riskless asset,
there exists a general equilibrium if the investors agree on all expected re-
turns and each investors' risk aversion at one particular point is less than
the maximum mean per unit of standard deviation (Proposition 4). This
bound on risk aversion at a particular point is consistent with satiation but
it implies that there is not satiation at a Pareto attainable portfolio.

The conditions for existence of equilibrium derived here are sufficient
but not necessary. In special cases, such as when utility is linear in mean
and variance, or when the market portfolio happens to maximize the ratio
of mean to standard deviation across all portfolios, it is possible to find
conditions that are both necessary and sufficient for existence. See Propo-
sitions 3 and 8 of Nielsen [13].

Observe that the particular sources of possible non-existence that are
present in the CAPM do not arise in some other models of incomplete
markets, such as those of Balasko and Cass [2] and several papers cited
therein.
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A recent paper, Allingham [1], discusses existence of equilibrium with
positive prices in the CAPM. Allingham's main result does not seem to
be comparable to the results reported here, in the sense that neither is a
special case of the other.

The plan of the paper is this: Section 2 sets up the model and states the
abstract existence result. Section 3 discusses the existence of equilibrium
in CAPM.
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2 Prerequisites
This section explores the conditions for existence of equilibrium in the two-
period mean-variance CAPM.

There are n assets. A portfolio is represented by a n-vector x, where
the j'th entry indicates the number of shares of the j'th asset included in
the portfolio. Short-selling is allowed, so that the number x; of shares of
asset j held in a portfolio may be negative.

There are m investors i = 1, ,m. All investors have choice set at",

which means that there are no short sales constraints. Each summarizes
his beliefs about the total (gross) returns per share of the assets in a mean
vector k and a covariance matrix Il i . These may, in general, differ across
investors, as for example in Lintner [9], Gonedes [5], and Rabinovitch and
Owen [15]. The mean return to a portfolio x according to i's beliefs is
x' I?, and the standard deviation is o,(x) = (x'Sl ix) 112 . At times, it will be
assumed that the investors agree on the expected returns or the variances
and covariances, in which case we write k =	 = St, and a,(x) a(x).

A portfolio x is riskless (as judged by investor i) if crj (x) = 0. It will
be assumed that either there is no riskless asset or else the first asset is
riskless while the remaining assets are risky. More specifically, in the first
case (no riskless asset), it is assumed that the full covariance matrices 1,
are positive definite. In the second case (where the first asset is riskless),
the total return to the first (riskless) asset is assumed to be positive, and
the covariance matrices of returns to the remaining assets are assumed to
be positive definite. These assumptions imply that there are no redundant
assets or portfolios: All portfolios e	 0 have (o-i(e),e'llt)	 (0,0) for all i.

Investor i has a utility function Ui(a, it) which is a function of the stan-
dard deviation and mean of total portfolio return. It is defined for o > 0
and for all values of ft.

Assumption 1 Ui is continuous, strictly decreasing in a, strictly increas-
ing in p., and quasi-concave.

The assumption implies that Ui is strongly quasi-concave. which means that
if (a, ti) and (a', pi ) are points with Ui (a l , p') > 1: 7;(a. p ). then

U,( t ( cr,i1 ) + ( 1 - t )( cri ,P 1 )) > tr,(a,,u)



for all t with 0 < t < 1. At times, Ili will be assumed to be concave.
The investor's utility function for portfolios is

Vi (z) = Ui(cri(x),x`Ri).

It is quasi-concave (in fact, strongly quasi-concave) and continuously dif-
ferentiable. If Ui is concave, then so is V,.

Mean-variance behavior is consistent with expected utility maximization
with general utility functions if the total returns follow the distributions
described by Chamberlain [4] and Owen and Rabinovitch [14], which include
the normal distributions. In the present paper, mean-variance behavior is
treated not as a special case of expected utility maximization but as an
alternative, normal distributions being a special case of both.

Concavity of Ui is a stronger assumption than convexity of the induced
preferences in (cr, /2)-space. For example, concavity of U i implies that all
the indifference curves in (cr, p)-space have the same asymptotic slope at
large values of cr. Kannai [7] discusses the assumptions involved in rep-
resenting a preference relation by a concave utility function. If results
from expected utility based on normal distributions and a risk averse von
Neumann–Morgenstern utility function, then Ui is concave.

As discussed in Nielsen [11], Vi may not be monotone, and it may exhibit
satiation if there is no riskless asset. Satiation refers to the situation where
Vi has an unconstrained global maximum at some portfolio x. Such a
maximum is called a satiation portfolio for i.

An allocation is an m-tuple (xi ) = (x 1 , , en ) consisting of a portfolio
x i for each i. The investors are endowed with an initial portfolio allocation
(w i ). The market portfolio w = E i co' indicates the total number of shares
available of each asset. An attainable allocation is an allocation (xi ) such
that Ei = cv.

A general equilibrium is a pair (p, (x i )), where p 0 is a price system (a
k-vector) and (x i ) is an attainable allocation, such that for each i, p'x' <
p'w', and if y' is a portfolio with p'yi < p'w', then Vi (yi ) < Vi (s i ). The
initial allocation (w') is exogenously given, while the asset price vector p
and the equilibrium portfolio allocation (x') are endogenous.

The possibility of satiation and the unboundedness of the investors'
choice sets may lead to non-existence of a general equilibrium in this model,
cf. Nielsen [13]. In an abstract model which includes the mean-variance
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model as a special case, Nielsen [12] has identified two conditions that
are jointly sufficient for existence. We shall apply those conditions to the
mean-variance model below.

A portfolio e is a direction of improvement for investor i at w i if Vi (w i d-
te) > Vi (co i ) for all t > 0.

Condition 1 Positive semi-independence of directions of improvement: If
for each i, ei is a direction of improvement for investor i at co i , and if
E i e' = 0, then ei = 0 for all i.

In order to state the second condition, we need to define "Pareto attain-
able portfolios." An allocation is individually rational if it is attainable and
Pareto dominates the initial allocation. Let A denote the set of individually
rational allocations, i.e.,

A = {(x i ) : E i xi = E i , x i E X i , Vi (xj) Vi (wi ) for all

Say a portfolio x is Pareto attainable for investor i if it is part of some
allocation in A, i.e., it belongs to the set

= {x : x = xi for some (x l , , en ) E A} .

Condition 2 Non-satiation at Pareto attainable portfolios: If x belongs to
Ai then there exists y such that Vi (y) > Vi(x).

In the mean-variance model without a riskless asset, the assumption of non-
satiation will usually be violated. Condition 2 is weaker, because it assumes
non-satiation only at Pareto attainable portfolios, and it works well in the
mean-variance model. Here is the main result from Nielsen [12].

Theorem 1 Under Conditions 1 and 2, there exists a general equilibrium.

3 Existence in CAPM
The plan is to apply Theorem 1 to the mean-variance model. The first
step will be to interpret Conditions 1 and 2 in terms of means, variances,
covariances, and the investors' preferences for mean and variance of return
as reflected in the utility functions
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Let 5,(o, it) denote the slope of investor i's indifference curve in (a, 14)-
space at (o, p). To define it formally, note that for each value b of U„ there
is a unique function 4, defined on an interval of the form [0, s), 0 < s < oo,
such that the graph of 4 is the indifference curve Ile (a, p) = b:

{(cr, it) :Ui (cr,p,) = b). = {(a,Ib(cr)) : 0 _< a < s}

This follows from Assumption 1. The function 4 is convex, so it has a well
defined derivative from the right. Set

Si (cr,	 = Ib (a)

where b = Ili (a,p). If	 happens to be continuously differentiable with
> 0, then

Si(cr,I1)	 --U.:,(17,12)/U:„(cr,it)

Consider investor i's indifference curve in (a, p)-space through the stan-
dard deviation and mean (ai (co i ), co' k) of his initial endowment portfolio.
Let denote the limiting slope of this indifference curve at large values of
a or p:

ai = sup{Si(cr,p) : Ui(a,p) =

The limiting slope « 1 is non-negative or or plus infinity. When Eli is con-
cave, all the investor's indifference curves in (a, Ft)-space have the same
asymptotic slope ai at large values of o- or For more details, see Nielsen
[11]

For any portfolio e 0, let a i (e) denote the amount of mean per unit
of standard deviation of return to e according to investor i's beliefs. That
is, cr i (e) = e' I cri (e) if cri (e) > 0; a i (e) = oo if ai (e) = 0 and ek > 0; and
ct i (e) = —oo if ai (e) = 0 and ef' < 0.

We can characterize the directions of improvement for i at cei in terms
of the shape of Eli like this: a portfolio e 0 is a direction of improvement
for i at co i if and only if cti (e) > ai.

Proposition 1 Interpretation of Condition I.

1. Condition 1 is equivalent to the following: If for each e' is a portfolio
with a i (e i ) > ai (or	 = 0), and if	 = 0, then e'	 = 0 for all i.
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2. If the investors agree on all expected returns, then Condition 1 holds.

3. If ai = oo for all i, then Condition 1 holds.

PROOF: (1): The direction ei is a direction of improvement for i at wi if
and only if .ai (ei ) > or ei = 0. If e' is a direction of improvement for i at
w' and eiR' = 0, then ei is riskless since Ui is strictly decreasing in a, and
hence ei = 0 because there are no redundant portfolios. (2): Suppose that
for each i, ei is a portfolio with ai (ei ) > and suppose that E i e' = 0.
Then el? > 0 for all i, and Ei eif = 0, so that e ift = 0 for all i. (3):
Suppose ei is a portfolio with a i (e i ) > 00 or ei = 0 for each i and Ei = 0.
Then c i (e i ) = 0 for all i. This implies that either e' = 0 (if there is no
riskless asset) or ei is a non-negative multiple of the first asset (if the first
asset is riskless). Since Ei = 0, it follows that ei = 0 for all i. q

If there is a riskless asset, then there is no satiation, and Condition 2
holds. Hence, the following proposition is a direct consequence of Theo-
rem 1 and Proposition 1.

Proposition 2 Existence of equilibrium in CAPM with a riskless asset.
Suppose the first asset is riskless.

1. If the investors agree on all expected returns, then a general equilib-
rium exists.

2. If at = oo for all investors, then a general equilibrium exists.

Note that the investors do not need to agree on the covariance matrix of
returns to the risky assets in (1) of Proposition 2. An equilibrium will exist
if they agree on the expected returns. If they all have ai = oo, then they
do not even need to agree on the expected returns, according to (2) of the
proposition.

If there is no riskless asset, then there may be satiation. Even so, it may
be that there is no satiation at Pareto attainable portfolios. We shall now
identify some conditions on the exogenous parameters of the model which
will ensure either that there is no satiation or that there is no satiation at
Pareto attainable portfolios.

Suppose there is no riskless asset. The portfolios e 0 that maximize
cti (e), the ratio of mean to standard deviation (as judged by investor i), are
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the portfolios e =	 t > 0 (assuming fii	 0); and the value of the
ratio is ct i (e) =	 where

Bi =

If Bi <	 then i has a global satiation point. For example, if a i = oo,
then there has to be a satiation point. Let

ai = sup Si(cr,
( 4 44)

This is the supremum of slopes over all the investor's indifference curves,
whereas ai is the supremum along the particular indifference curve through
the endowment point. So, a i > Cit i , and a i = ii i if Ui is concave. If firi >

then i has no satiation point, except in the exceptional situation where
some indifference curve coincides with the half-line : o > 0}
in (o,µ)-space from some point on. These remarks, together with (2) of
Proposition 1, prove the following result.

Proposition 3 Existence of equilibrium in CAPM without a riskless asset.
Assume that the investors agree on all expected returns and that all assets
are risky. If Arki > ay for all i, then there exists a general equilibrium.

The intuition behind the proposition is that if the amount of mean per
unit of standard deviation of return available is sufficiently large, and if
every investor's risk aversion is small enough, then there is no satiation
problem. When the investors agree on the expected returns, short-selling
does not cause a problem with existence of equilibrium either.

It is possible to relax the assumption in Proposition 3 considerably and
still have non-satiation at Pareto attainable portfolios. If the investors
agree on all expected returns, let

EM = w're

denote the expected total return to the market portfolio w.

Proposition 4 Existence of equilibrium in CAP11 without a riskless asset.
Assume that the investors agree on all expected returns and that all assets
are risky. If

Ui(o-i(w ),co l le)> U,(0.0)
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and
S'i(Em /V713:,Em) < A

for all i, then Condition 2 holds and there exists a general equilibrium.

PROOF: Note that Vi (wi ) > V•(0) for all i implies wi > 0 for all i, so
that EM =	 = E,	 > 0. Let (x') be an individually rational port-
folio. Then Vi (x i ) >	 > I;(0) and, consequently, x i > 0 for all i.
Since E i	 = EM , it follows that x'R < EM for all i. If i has a satia-
tion portfolio, then it has the form s i = for some t > 0 such that
Si(t-VT3i ,tBi ) > NIEL Since Si(r .17Bi ,rBi ) < Al."–Bi for r = Em/Bi , it must
be the case that t > Em/Bi , so that si .1?=tBi > Em> x'R. Consequently,
si 0 x'. Hence, Condition 2 holds. It follows from Theorem 1 and (2) of
Proposition 1 that there exists a general equilibrium. q

Note that the assumptions of Proposition 3 imply all the assumptions
of Proposition 4 except for the inequality Ui (cri (ul,wt R)> Ui (0, 0).

The conditions for existence of equilibrium in Propositions 3 and 4 are
sufficient but not necessary. Nielsen [13] has derived necessary and sufficient
conditions in two special cases. One is the case where utility is linear in
mean and variance of return. The other is the case where the market
portfolio maximizes the ratio of mean to standard deviation of return across
portfolios.
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