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Abstract

This paper presents an application of the theory of computational complexity to assess the
difficulty of discrete event simulation modeling questions. The problem of verifying structural
properties of such models is shown to be intractable. More specifically, accessibility of states,
ordering of events, ambiguity of model implementations, and execution stalling are shown to
be NP-compiete decision problems. These results imply that it is unlikely that a polyromial-

time algorithm can be devised to verify these structural properties of such models. The
consequences of these assertions cover a wide range of modeling and analysis questions in
simulation. For instance, a general polynomial-time algorithm cannot be constructed to answer
certain questions related to model validation and verification. At best, one can rely on rules of
thumb, heuristics, or problem-specific procedures. In addition, verifying the sufficient
commuting condition that validates the applicability of infinitesimal perturbation analysis is an

NP-complete decision problem, as are questions related to validating certain variance reduction

techniques.
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1. MOTIVATION 

In the study of discrete event dynamic systems (DEDS), the utility of analytical

methods such as Markov chains and queueing theory is limited to relatively simple systems.

Computer simulation is the mort promising experimental technique for the analysis of complex

configurations. Very broadly, a simulation study involves three major, typically overlapping,

activities [Lewis and Orav, 1989]:

1. Sening up the simulation includes identification of objectives, specification of

assumptions, and construction of a model.
2. Running the simulation involves the translation of the model spécification into a

computer executable form and the generation of output in a systematic fashion.

3. Analyzing the output is concerned with the interpretation of the output through

statistical analysis and decision making.

The foregoing discussion shows that simulation modeling is largely an art, and

developing and implementing an error-free simulation model is a difficult task. In fact, Nance

(1981) points out that "simulation still curies the label of an expensive, uncertain problem

solving technique that represents the court of last resort." The apparent ad hoc and complex

reputation of discrete event simulation is due to the lack of a comprehensive modeling

framework (analogous to differential equations for continuous variable dynamic systems) that

facilitates specification and implementation of discrete event models.

A first step in improving the effectiveness of discrete event simulation is to construct "a

model development and management environment in which tools or procedures can be used to

support modeling and analysis" [Overstreet and Nance, 1985]. Efforts to construct such an

environment abound. For instance, Simscript [Markovitz et.al., 1963], Simula [Dahl and

Nygaard, 1967], and GPSS [Gordon, 1961] provide a particular language to support modeling

and simulation. Many simulation languages such as SLAM II [Pritsker, 1986] and SIMAN

[Pegden et. al., 1990] as well as simulators such as XCELL+ [Conway et.al., 1987] and

WITNESS [Gilman and Billingham, 1989] have adopted this pragmatic approach. On the

other hand, Evans et. al. (1967), Zeigler (1976), Nance (1981), Tom (1981), Overstreet

(1982), Schruben (1983), Overstreet and Nance (1985), Nance (1987), Schruben and Yücesan

(1987), Glynn and Iglehart (1988), and Som and Sargent (1989) have introduced various

formalisme for discrete event simulation modeling.
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An important feature of these modeling and analysis platforrns is the support tools they

provide to detect potential problems with model specifications and to assist in the construction

of model implementations. For example, simulation languages provide utilities to detect

structural errors in simulation programs, which operate in an analogous fashion to compilers

for high-level programming languages. Simulators eliminate the need for programming

altogether by providing a set of basic building blocks and allowing the construction of a model

implementation by simply parameterizing these blocks. Various formalisms offer a list of

guidelines in an attempt to pmvide diagnostic tools to verify certain structural properties of

models.

This paper shows that the problem of algorithmically verifying certain structural

properties of discrete event simulation models is an intractable decision problem. More

specifically, four questions associated with simulation modeling and structural analysis

(accessibility of states, ordering of events, ambiguity of model implementations, and execution

stalling) are proven to be NP-complete, hence, intractable problems under the current theory of

computational complexity [Garey and Johnson, 1979]. An important implication of these

results is that it is unlikely that polynomial-time algorithms can be constructed to verify certain

structural properties of models; the diagnostic procedures provided by various formalisms are

either heuristics that only apply to specific problem instances or they are merely rules of thumb

found to work "when applied with case." To our knowledge, this paper represents the first

application of die theory of computational complexity and NP-completeness to assess the

difficulty of various simulation modeling questions.

The paper is organized as follows: Section 2 defines the structural properties of

interest. The intractability results are discussed in Section 3 along with their implications. For

example, the results assert that questions conceming model verification and validation cannot

be answered by a general polynomial-titre algorithm. In addition, the verification of the

"commuting condition" [Glasserman, 1991] that validates the application of infinitesimal

perturbation analysis on discrete event simulation models is an NP-complete decision problem.

The results also indicate that it is unlikely that polynomial-time algorithms can be constructed to

verify the applicability of certain variance reduction techniques. Section 4 surnrnarizes the

results developed in the paper.
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II. DEFINITIONS 

The development of model specifications can be facilitated through the use of software

tools designed to identify potential problems in the model. This paper asserts that certain

properties of model specifications cannot be determined in an absolute sense through an

algorithm. The best one can hope to do is to construct a procedure that is model-specific. In

this section, the concepts associated with the intractability resuits are carefully defined. Some

of the definitions are based on the developments in [Overstreet, 1982] and [Schruben, 1991].

A model specification is a representation of the system under study, reflecting the

objectives of the study and the assumptions of the analysis. A model specification could be in

the form of a Generalized Semi-Markov Process (GSMP) [Shedler, 1987 or Glynn and

Iglehart, 1988] or a Simulation Graph Model [Schruben and Yticesan, 1987].

A model implementation is a translation of the model specification into a computer

executable form. This could be a Simula [Dahl and Nygaard, 1967] or a high-level language

(such as C or Pascal) program. To summarize, a model specification defines what a model

does while a model implementation defines how the behavior is to be achieved [Overstreet and

Nance, 1985].

The state of a system is a complete description of the system. A description of the state

of a discrete event system includes values for all of its numerical attributes as well as any

schedule it may have for the future. Changes in the state are called events.

Within a GSMP representation, the system undergoes a state transition when an event

associated with the occupied state occurs. Each of the several possible events associated with a

state may trigger the next transition. Each event has its own distribution for determining the

next state. At each transition, new events may be scheduled and docks indicating the time until

these events are scheduled to occur are set through an independent mechanism. If a scheduled

event does not trigger a transition, but is associated with the next state, its dock continues to

run. If such an event is not associated with the next state, it is canceled and its dock is tumed

off.

Within a Simulation Graph Model representation, the execution of a model

implementation is described in detail by Schruben and Yücesan [1987] and by Som and

Sargent [1991]. The common element in these representations is that the modeled system

evolves through different states where the transitions from one state to the next are triggered by

the occurrence of events. An independent (stochastic) mechanism detennines the time until the
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next event occurrence.

With these building blocks, it is now possible to define the structural properties of

interest. These properties are defined here informally to provide some intuition about the types

of questions we are posing. In the next section, however, the verification questions are stated

formally as decision problems and proved to be NP-complete.

A state, S, is said to be accessible if there exists a finite sequence of events whose

execution leads into S. Two events, A and B, are said to be order-independent if the execution

of event A followed immediately by event B leads into the sanie state as the execution of event

B followed immediately by event A, provided that the executions of both AB and BA are valid.

Two implementations of a model specification are called ambiguous if the same sequence of

events executed on the two implementations lead to two different States. A model

implementation is said to stall if there exists a fmite sequence of events whose execution leads

into a state where the termination condition is not satisfied and die events list is empty.

The theory of computational complexity provides a well-defined framework to assess

the tractability of decision problems. Decision problems in the class NP are those problems for

which a potential solution can be verified in polynomial time in the size of the problem

instance. The complete problems for this class (that is, NP-complete problems) are the hardest

problems in NP such that, if one such problem muid be solved in polynomial tirn ..!, rhen all

problems in NP could be solved in polynomial time. For a comprehensive description of the

theory of computational complexity, see Garey and Johnson [1979].

In the next section, the four verification questions are shown to be NP-complete

decision problems, and the implications for modeling are discussed. To our knowledge, the

formai treatment exhibited in this paper has not been previously attempted. Prior work of

Overstreet (1982), and Overstreet and Nance (1985), within the formalism of condition

specifications, shows that certain decision problems can be reduced to the Halting Problem

[Hoperoft and Ullman, 1979], and, thus, classifies them as undecidable decision problems.

Yücesan (1989) presents analogous results within the context of Simulation Graph Models.

Similar work has been done on Petri Nets [Peterson, 1977]. Tom (1981) applied some of

these results in the context of simulation modeling. This paper, however, differs from the

above references in that the restricted definitions of accessibility, ordering, ambiguity, and

stalling adopted here enable us to classify these decision problems as décidable but intractahle .
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1H. RESIJLTS AND IMPLICATIONS 

It is necessary to distinguish between two different causes of intractability. The first

one, which is the focus of this paper, is that the decision problem is so diffïcult that a

prohibitive amount of time is needed to discover a solution. The second one is that the solution

itself is so extensive that the length of the expression required to describe it is prohibitive. As

Garey and Johnson point out [1979, p.11]: "intractability of this sort is by no means

insignificant, and it is important to recognize it when it occurs. However, in most cases, its

existence is apparent from the problem definition. In fact, this type of intractability can be

regarded as a signal Mat Me problem is not defined realistically, because we are asking for

more information than we could ever hope to use."

In all the proofs, therefore, it is assumed that the space required to represent a discrete

event simulation model implementation is of size n. This is simply the number of tape cells on

a Turing machine needed for the representation of an implementation of the model and has no

(direct) relationship with the number of possible states in the model. A model can be

represented by a program of size n, yet there can be a countably infinite number of states. On

the other hand, the space needed to represent a particular state is assumed to be a polynomial

function of n, or simply 0(p 1 (n)). Analogously, an event, which is assumed to be encoded in

O(p3 (n)), can be executed in polynomial time, or simply O(p2(n)).

The verification questions are now stated as decision problems. In these definitions,

the notation "F0P 1 E2....Ek S" denotes that the execution of the sequence of events Eo, E1,

E2,..,Ek leads to state S. Also note that E0, the initialization event, is assumed to establish the

initial state of the model implementation at the start of execution.

ACCESSIBILITY

Instance: A discrete event simulation model implementation,

An initial event, E0,
A state, S,
A non-negative, finite integer, M.

	Question: Does there exist a sequence of events E 1 , E2 ,	 Em, with m < M, such that the

execution of the sequence yields

E0E 1 E2...Em S,

while E0E I E2...Ei	 S' S for i=1,2,.., m-1?
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The first theorem asserts that it is highly unlikely that a polynomial-time algorithm can

be devised to determine whether a particular state is accessible.

THEOREM 1: ACCESSIBILITY is NP-complete.

f.• To show that ACCESSIBILITY E NP, a nondeterministic algorithm need only guess a

valid sequence of events E 1 , E2,.., Em, which can be executed in O(mp 2(n)) time, where m is

polynomial in M, hence in n. It is then possible to check in 0(mp 1 (n)) lime whether the

resulting state is indeed S. Therefore, ACCESSIBILITY E NP.. Note that it is not difficult to

verify the validity of a guessed sequence of events. More specifically, it is not difficult to

check whether the guessed sequence of events actually coresponds to an executable (valid)

sequence. For example, within a GSMP representation, the information about the events that

can possibly occur in a given state is readily available. In a Simulation Graph Model

representation, on the other hand, one can use an event tree [Yucesan, 1989] to determine those

events that are pending in the events list.

To complete the proof, a polynomial transformation from 3-SAT to ACCESSIBILITY

is constructed. Let U=tu i ,u2,..,u t) be a set of truth variables and let V= { be a

set of clauses making up an arbitrary instance of 3-SAT. Without loss of generality, it is

assumed that a eue (false) variable is represented as 1 (0) and a trie (false) clause is

represented as 1 (0). A discrete event simulation model can be constructed, in polynomial time

in t, whose implementation reaches state S=r if and only if there is a truth assignment for U that

satisfies all the clauses in V, where S depicts the number of clauses that are satisfied. To this

end, define the following events:

Eo: /*Initialization*/

u i 	 0 for i=1,2,..,t.

STATE F-- O.

E1: /*Algorithm to solve 3-SAT*/
Complue ul,u2,..,ut.

fEi (u i , u2 ,	 E—	 Vi
j=1

E2: /*Computation of final state*/

STATE (—
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The number of tape cells on a Turing machine required to represent these events is n = O(p(tr)),

where p is a polynomial function. Note that the final STATE depicts the total number of

clauses that are satisfied; 3-SAT is solved if and only if the simulation terminates with

STATE=r.

To see that this is the required transformation, suppose that the simulation terminates

with STATE = r, that is, with a solution to ACCESSIBILITY. Thus, it provides values u1,

u t which solve 3-SAT. Conversely, suppose that there exists a (not necessarily unique)

solution for 3-SAT. E1 will compute one such solution and the simulation will terminate with

STATE = r, solving ACCESSIBILITY. It should be emphasized that the non-uniqueness of the

solution to 3-SAT does not constitute a problem for this transformation since the only quantity

of interest is the final value of STATE.

To conclude the proof, it suffices to observe that E0 and E1 are executed in O(trp2(n))

time, where r is 0(t3), and E2 is executed in 0(p2(n)) time. Thus, the described transformation

can be performed in polynomial time in t and r. D

Theorem 1 asserts that the problem of determining whether a particular state is

reachable is an intractable decision problem. An immediate implication of this result is that it is

not a trivial exercise to asserts whether a discrete event simulation model implementation is

"logically connected," that is, whether all other events are reachable from the initially

scheduled ones. Such a procedure would be useful in verifying the correctness of the logic in a

model implementation. Ven:fication is the process of determining that a model implementation

performs as intended. Several procedures have been suggested for this task. They range from

manual verification of logic to checking against known solutions, from modular testing to

stress testing [Bratley et. al., 1987; p.9]. Theorem 1 asserts that all these procedures are

heuristics, as are the diagnostics generated by simulation languages or simulators (e.g.,

structural checking and flow analysis in XCELL+ [Conway et. al., 1987)).

Furthermore, for some input parameter values, a model implementation might be

"logically connected" while, for other values, it might not be. One could use such information

to determine appropriate ranges for input parameters over which a particular simulation can be

correctly applied. The theorem asserts that it is not possible to devise such a polynomial-time

validation procedure. Hence, the determination of a valid experimental frame [Zeigler, 1976]

for a simulation study is an intractable decision problem.
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The detection of initialization bias is an important problem in steady-state simulations.

For example, Schruben [1982] and Schruben et al. [1983] propose tests to deterniine whether a

set of observations is contaminated with initialization bias. Welch [1983] proposes a simple

technique to detennine a truncation point in the output sertes. All of these procedures assume

a priori that the system can reach steady state. Theorem 1 asserts that such an assumption

cannot be verified with a polynomial-time algorithm.

If the state of interest represents the occurrence of a rare event, then the result implies

that it is unlikely that a polynomial-time algorithm can be constructed to assess whether the rare

event will be observed in a particular execution of the model implementation. On the other

hand, if the state represents the satisfaction of run termination conditions, then the theorem

implies that it is unlikely to algorithmically determine whether the execution of the model

implementation will terminate infinite time (see also Theorem 4 and its implications).

Another consequence of this result is for deadlock detection in parallel discrete event

simulations. Synchronization of the different processes is a major challenge in these

applications [Fujimoto, 1989]. Theorem 1 asserts that the detection of a state resulting in

deadlock is an intractable decision problem. Heuristic procedures devised to deal with this

challenge include conservative mechanisms (such as deadlock avoidance, detection and

recovery in specific applications) as well as optimistic mechanistns (such as time warp, jump

forward and WOLF calls).

ORDERING 

Instance: A discrete event simulation model implementation,
An initial event, E0,
Two distinct states, S 1 and S2,
A non-negative, finite integer, K.

Question: Does there exist a sequence of events E 1 , E2,	 Ek, with k K, such that the

exécution of die sequence yields

FoF 1 .Ek_2Ek_ Ek S 1 and

FOF 1 - Ek-2EkEk-1 S 2
while

F0F. 1 .E iEi+i	 S"

F0F. 1 .E i+i	 S" for i=l ,2,..,k-2, with S"� S 1 and S"�S2?
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The second theorem asserts that it is highly unlikely that a polynomial-time algorithm

can be devised to determine the outcome of a pairwise interchange in the execution of a

sequence of events.

THEOREM 2: ORDERING is NP-complete.

Pr. f: To show that ORDERING E NP, suppose a nondeterministic algorithm guesses a valid

sequence of events E 1 , E2,...,Ek. This sequence is then executed twice, where the appropriate

order change is made in the second execution, and the states are computed and compared after

each event execution. Each execution is performed in O(kp 2(n)) time, where k is polynomial

in K, hence in n. Finally, all the required state comparisons are performed in 0(1cp 1 (n)) time.

Therefore, ORDERING E NP.

To complete the proof, a polynomial transformation from ACCESSIBILITY to

ORDERING is constructed. The discrete event simulation model implementation associated

with ORDERLNG is identical to the implementation associated with ACCESSIBILITY with the

exception of two new events and two new states. To this end, given the state S, define the two

new events:

F i (S): STATE- S 1 if STATE = S

STATE E- S' if STATE = S' (�S).

F2(S): STATE 4- S2 if STATE = S

STATE4- S' if STATE = S' (�S).

where S' is any state of the model. The states S 1 and S 2 are new in the sense that they cannot

be reached within the discrete event simulation model implementation associated with

ACCESSIBILITY.

To see that this is the required transformation, suppose ORDERING is solved by the

sequence of events E 1 , E2,..,Ek. Since the only way to reach states S 1 and S2 are through

events F 1 (S) and F,(S), then

Ek-1 = F 1 (S) and Ek = F2(S), or

Ek_ = F2 (S) and Ek = F (S).

This implies that

E0E I E2...E K _ 2	 S.
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Because of the condition on the first visit to states S 1 and S 2, aIl artificial events F 1 (S) and

F2(S) can be deleted if they are one of the first k-2 events in the sequence (that is, removing

F 1 (S) and F2(S) from E 1 , E2 ,.., Ek_2 has no impact whatsoever on reaching the state S for

the first time). Therefore,

	  E2... m	 S ,

where m = k - 2 - [number of times events F i (S) and F2(S) are removed from the first k-2

events]. Moreover, if

F0F.1 E2 Ei S for some km,

then taking the smallest i such that FeR iE2...E 1 S solves ACCESSIBILITY. On the other

hand, if E0E 1 E2...Ei S '#S for all i<rn, then E 1 , E2,.., Em solves ACCESSIBILITY.

Conversely, suppose that ACCESSIBILITY is solved. That is, there exists a sequence

of events E 1 , E2,...,Em such that

FoF i E2 .Em S.

All these events and the state S are valid for the discrete event simulation model implementation

associated with ORDERING. Consider the sequence of events

EoF (S)E I F (S)E2F 1 (S)...EmF1 (S)F2(S)

for ORDERING, where k=2m+2. By the statement of ACCESSIBILITY and the definition of

F 1 (S), the insertion of F 1 (S) does not change the state after event E m is executed, namely state

S. Therefore,

EoF 1 (S)E I F I (S)E2F 1 (S)...EmF i (S)F2(S)	 S 1 and

EoF i (S)E F (S)E2F / (S)...EmF2(S)F i (S)	 S2.

Finally, am pairwise interchange of events prior to event F2(S) does not change the

state since

FoFd E2 .E i	 S' # S for i=1,2,..,m-1,

every such pair in \ o/ves F 1 (S), and Fl (S) changes the state only if the system is in state S.

Hence, this sequence of events solves ORDERING.

To see that this transformation can be performed in polynomial time in n, it suffices to

observe that the transformation results in 0(1) additional states and events that must be defined,

and each event can De executed in 0(p2(n)) time.LJ
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Theorem 2 asserts that it is unlikely to construct a polynomial-time algorithm to

determine the outcome of an interchange in the execution of a sequence of events. An

important implication is concerned with simultaneously scheduled events. Since it is highly

unlikely to devise a polynomial-time algorithm which determines the outcome of arbitrary

handling of simultaneous events, it may be desirable to assign execution priorities to ensure a

logically correct model implementation. Schruben (1983) presents rules of thumb to detect

potential problems with simultaneously scheduled events; Sargent (1988) and Som and Sargent

(1989) develop mechanisms to assign event execution priorities. The theorem asserts that these

are heuristic procedures.

A second implication of this result concerns determining when certain variance

reduction techniques will be successful. For instance, the effectiveness of common random

numbers, antithetic variates, or control variates typically depends upon the synchronization of

events between pairs or sets of runs. Such synchronizations ensure that correlations with the

correct sign have been induced.Thus, "automating variance reduction within simulation

languages so that it is always valid and consistently useful is a difficult and important problem"

[Schmeiser, 1990]. This theorem implies that it is highly unlikely to algorithmically determine

whether perfect or satisfactory synchronization is achieved in such runs. In other words, it is

not possible to devise a polynomial-lime algorithm to assess a priori the extent of the reduction

in variance when such techniques are used in simulation studies.

Another consequence of this result is that the verification of the sufficient commuting

condition which validates the application of infinitesimal perturbation analysis on discrete event

simulation models [Glasserman, 1991] is an NP-complete decision problem. Very roughly, the

commuting condition requires that the state reached from another state through the occurrence

of two events be independent of their order. Glasserman (1991, p.53) proposes the use of an

"event diagram" (similar to state transition diagrams for Markov chains) to verify this condition

by "simply following the arrows." He further States that (p.54): "drawing a complete diagram

is rarely feasible, but it is often possible to identify patterns that make it sufficient to consider

certain critical regions that reveal whether or not [the commuting condition] is satisfied. To

some extent, this begs the question, since one must know where the 'criticar region lies. Our

experience is that 1: becomes quite clear where to look after drawing just a few circles and

arrows." Theorem 2 implies that it is unlikely that this verification procedure can be automatecl

with a polynomial-unie algorithm; gond judgement is therefore necessary for validation.
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AMBIGUITY

Instance: Two implementations, DES 1 and DES2, of a discrete event simulation model

specification,

An initial event, E0,

Two distinct states, S 1 and S2,

A non-negative, finite integer, M.
Ouestion: Does there exist a sequence of events E l , E2,..., Em, with m M, such that the
executions of the sequence in the two implementations, DES 1 and DES2, yield:

DES I : Fel E2...Em Si

DES2: F0P 1E2...Em S2

while

DES': F0F.1 ...Ei S' S 1 and

DES2: 	 	 S' * S2 for i=1,2,..,m- 1?

The third theorem asserts that it is not possible to algorithmically verify simulation

model implementations.

THEOREM 3: AMBIGUITY is NP-complete.

Proof• To show that AMBIGUITY e NP, it suffices for a nondeterministic algorithm to

produce a valid sequence of events E 1 , E2,..,Em. These events are then executed through the

two implementations of a model specification in 0(mp2(n)) time, where m is polynomial in M,

hence in n. Finally, all the required state comparisons are performed sequentially in 0(mpi(n))

time. Therefore, AMBIGUITY e NP.

To complete the proof, a polynomial transformation from ORDERING to

AMBIGUITY is constructed. Define the following two implementations of the discrete event

simulation model associated with ORDERING:

DES 1: For j = 1 to m-1

Upon the execution of event Ei_ 1 and die establishment of the current state,
determine the resulting state if EiEj+1 were executed.

Store the resulting state, S.
Upon the execution of event Ei_ 1 and the establishment of the current state,

determine the resulting state if Ei+i Bi were executed.

Store the resulting state, S'.

If S S', execute EiEj+i , output state S, and stop.
If S = S' and j = m-1, execute EiEff.i and stop.

If S = S' and j m-1, execute Ei and continue.

Next j.

-13-



DES2: For j=1 to m-1

Upon the execution of event Ei_ j and the establishment of the current state,

determine the resulting state if EiBi+i were executed.

Store the resulting state, S.

Upon the execution of event Ei_ i and the establishment of the current state,
determine the resulting state ifEj+1Ej were executed.
Store the resulting state, S'.

If S * S', execute Ei+iEj, output state S', and stop.
If S = S' and j = 	 execute EiFiEj and stop.
If S = S' and j *	 execute Ei and continue.
Next j.

The states S 1 and S2 given for ORDERING are the same states defined in conjunction with

AMBIGUITY.

To see that this is the required transformation, suppose that AMBIGUITY is solved.

That is, there exists a sequence of events E 1 , E2,.., Em such that

DES 1: E0E 1 E2...Ern Si

DES2: E0E 1E2...Em S2

where S 1 * S2. First, by the definition of DES 1 and DES2 for AMBIGUITY,

S° and

F0F. 1 E2 .E iEi_ 	 S°

for i=1,2,..,m-1 for the implementation associated with ORDERING. Also, by the definition

of DES I and DES2,

FoP i E2...E m _ lErn Si

F0F1E2 . E mFut-1 S2

for the implementation associated with ORDERING with m = k. Therefore, the sequence of

events FoF iE2...Em_ iEm solves ORDERING.

Conversely, suppose ORDERING is solved by the sequence of events E1 , E2,..,Ek.

Executing these events with DES1 and DES2 yields

DES1: EoE i El ...Ek _ j Ek	Si
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DES2: E0E 1 E2...E k_ Eic	 S2

with

DES1: FflF 1 E2 Ei lEi S° and

DES 2 : FoF E2 E	 S°

for i = 1,2,..,k-1. Therefore, the sequence of events E l , E2, Ek solves AMBIGUITY.

To conclude the proof, it should be noted that the run time of each of the

implementations is at worst 0(m rnax(p i (n),p2(n))) and, hence, the transformation can be

performed in polynomial time in n.D

Theorem 3 asserts that it is unlikely to algorithmically verify simulation model

implementations. One consequence of this result is for model verification, which is checking

that the implementation operates as intended. All the standard tools for debugging any

computer program also apply to debugging a simulation model implementation. Further

methods such as the Turing test are described in [Law and Kelton, 1991; Chapter 5]. Such

checks, however, are rarely exhaustive. In fact, the theorem asserts that it is unlikely that a

polynomial-time algorithm can be constructed for model verification.

It may be desirable to know when two simulation model irnplementations are, in some

measurable sense, close to one another. The motivation for seeking such an "equivalence"

between model implementations is largely logistical: one implementation may execute faster or

may have more modest data requirements. However, the above theorem asserts that the

problem of establishing equivalences between simulation models with respect to their behavior

is an intractable decision problem. Hence, the definitions for model equivalence presented in

[Overstreet, 1982], [Schruben, 1983], and [Sargent, 1988] are untestable since they are based

on the behavior of state variables during a particular run. In addition, the validity of the

conceptual algorithm for the development of an efficient model implementation (event

reduction) presented in [Som and Sargent, 1989] cannot be verified with a polynomial-time

algorithm.

The importance of random variates in driving a simulation run is evident. For instance,

a "faulty" random number generator might produce an awkward sequence of random variates,

which ultimately leads to an erroneous simulation output. Therefore, a further implication of

this result is that it is not possible to construct a polynomial-time algorithm to detect "bad"
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portions (or streams) of a random number generator's output. Hence, the statistical tests for

random number generators [L'Ecuyer, 19901 are necessary, but not sufficient (or exhaustive),

procedures for detecting undesirable properties of these generators.

STALLING

Instance: A discrete event simulation model implementation,
An initial event, E0,

A state, S*,
A stopping condition, C,
A non-negative, ruine integer, K.

Ouestion: Does there exist a sequence of events E l , E2,	 Ek, with k K, such that the
execution of the sequence yields:

F0F.I E2...Ek S*

while 1. C is trot satisfied,

2. The events list (L) is empty?

The last theorem asserts that it is not possible to algorithmically assess whether a

simulation mn will terminate in fmite time.

THEOREM 4: STALLING is NP-complete.

?roof.- To show that STALLING E NP, suppose a nondeterministic algorithm guesses a valid

sequence of events E 1 , E2, Ek. These events can be executed in O(kp2(n)) time, where k is

polynomial in K, hence in n. The resulting state computed and verified in 0(p 1 (n)) time. The

stopping condition C can be checked in polynomial time in n (otherwise, C has no practical

value). Checking whether the events list, L, is empty can be done in polynomial time in n.

Therefore, STALLING E NP.

To complete the proof, a polynomial transformation from ACCESSIBILITY to

STALLING is constructed. To this end, define condition C as "TRUE=FALSE" and, for state

S, define the following event:

E(S): If STATE = S, then cancel all events on L and set STATE4— S*

Else if L = 0, schedule E(S)

if L # 0, continue execution without altering the state.

-16-



Define S* to be a new state not reachable by the discrete event simulation model

implementation associated with ACCESSIBILITY and only reachable through event E(S).

To see that this is the required transformation, suppose that the sequence of events

E1 , E2,..,Ek solves STALLING. Therefore,

FoF.1 E2 ...Ek S*

where the execution is stalled. This implies that Ek = E(S) with

Ecp.i E2...E k_	 S

since S* is unreachable except through E(S). Now suppose E(S) is inserted anywhere within

this sequence of events. That is,

Fei Ee2 Eke(S)Ek_i+1 ... Ek_	 for some i= 1	 ,k- 1.

If the currein state after the execution of Ek_i is not S, then the execution of E(S) has no

impact. It can therefore be deleted from the sequence altogether. Suppose that the current state

after the execution of Ek_i is S. The execution of E(S) will then cancel all of the events on the

events list, L. This, however, is not possible since the remainder of the sequence of events -ail

the way to Em- must be executed. Therefore, any Copy of E(S) within the sequence of events

E0, E 1 , E2,	 Ek_ i can simply be removed. The remaining events solve ACCESS IBILITY.

Conversely, suppose E1 ,	 Em solve ACCESSIBILITY. Therefore,

EoEi E2...Em S,

where S is reached for the first time. Then,

EoF 1 E2 .EmE(S)

where C is not true and L is empty. Thus, with k=m+1, E 1 , E2 ,..,E m, E(S) solves

STALLING.

Finally, since E(S) can be executed in polynomial time in n, the transformation can be

performed in polynomial time in n.

Theorem 4 has both practical and theoretical implications. The practical implication is

concerned with model verification. The result shows that it is trot possible to algorithmically

assess whether or not a simulation run will not stall and terminate in finite time. Since the

built-in diagnostic utilities cannot detect such a problem, most commercial simulation packages

terrninate a run (by default) if the events list becomes empty at any instant during execution

-17-



regardless of the termination conditions.

From a theoretical point of view. Theorem 4 implies that it is not a trivial exercise to

specify valid stopping conditions for simulations. For example, the algorithm presented in

[Duersch and Schruben, 1986] implementing confidence interval estimation techniques that

determines how long a simulation should be run to produce results that satisfy a

predetermined relative precision criterion is a heuristic procedure, rince there is no a priori

guarantee that the simulation implementation will achieve the desired precision criterion. This

implication also applies to the heuristic formulas developed by Whitt [1989] to estimate the

simulation run lengths required to achieve desired statistical precision in planning queueing

simulations.

CONCLUDING COMMENTS 

Discrete event simulation is a popular problem-solving technique which has had mixed

success. It is argued that a first step in improving the effectiveness of simulation is to

"recognize the need for a model development and management environment in which tools can

be used to support modeling and analysis" [Overstreet and Nance, 1985]. Such a platform

should support the production of a mode: specification and its analysis in order to:

1. detect potential problems with the model specification,

2. assist in the construction of a model implementation, and

3. construct useful model documentation [ibid, 1985].

The results presented in this paper assert that it is unlikely that polynomial-time algorithms can

be devised to support die first two tasks listed above. That is, this paper argues that the

problem of verifying certain structural properties of discrete event simulation models is

intractable. In particular, accessibility of states, ordering of events, ambiguity of model

implementations, and execution stalling are shown to be NP-complete. The major implication

of these results is that the verification procedures, that must be provided in a model

development and management environment, cannot be automated through appropriate

polynomial-time algorithms, unless all the decision problems in NP are polynomially solvable.

At best, one can rely on mies of thumb or problem-specific procedures such as the diagnostic

tools provided by simulation languages or modeling guidelines offered by different

formalisms.
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To our knowledge, this paper has been the first attempt to apply the theory of

computational complexity in assessing the difficulty of simulation modeling and analysis

questions, and to formally classify them as NP-complete decision problems. These results

support the development of heuristic procedures for such problems. Moreover, identifying

particular model instances (restrictions) where the four NP-complete decision problems are

tractable (i.e., polynomially solvable) would offer insight into the type of modes for which

issues such as model validation and verification are tractable, certain variance reduction

techniques can be guaranteed, or validating infinitesimal perturbation analysis can be done

through a polynomial-time algorithm. For instance, Fox and Landi [1968] point out that if the

mode! can be depicted as a futite-state Markov chain (or if the model contains a finite-state

imbedded Markov chain, which represents the only states of interest), it is possible to

algorithmically identify particular states; they provide a polynomial-time algorithm to identify

ergodic subchains and transient states of a stochastic matrix. It appears that a Markov chain

representation of a system is a special, tractable case; considering cases beyond Markov chain

representations ieads to potential problems of intractability. Our focus in this paper, however,

has been the determination of whether a particular state can be reached, and not the

identification of such states.
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