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Abstract

Conditional trend analysis (CTA) predicts the number of purchases in a test

period by all households that. purchase a given number of items in a base pe-

riod. The underlying model assumes that households' purchases follow station-

ary Poisson processes with rate parameters that vary across the households

in a market. However, stationarity is often an unrealistic assumption because

of marketing variables and seasonal effects. This paper extends CTA to the

nonstationary setting and compares the stationary and nonstationary models.

Falsely assuming stationarity systematically biases forecasts. Although model-

ing nonstationarity reduces bias, under–prediction, especially of the zero class,

persists. We show that this under–prediction is, in part, a mathematical artifact

due to the skewness of the negative binomial distribution. The methodology is

applied to scanner panel data.

KEY WORDS: Forecasting; Hierarchical Bayes; Negative binomial distribution;

Poisson process.

1 Introduction

In 1959 Andrew Ehrenberg introduced the negative binomial distribution (NBD)

as a model of consumer purchase behavior. The NBD is based on the following

assumptions:

• A household's purchase occasions follow a stationary Poisson process with con-

stant rate A.

• Purchase rates A are heterogeneous across the households in a market, and this

heterogeneity is characterized by a gamma distribution.

Morrison and Schmittlein (1988) point out in their review paper that the NBD model

has worked well in a large variety of situations over the last 30 years, both as a de-
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scription of customer purchasing behavior and as a benchmark from which the impact

of marketing variables can be measured. In spite of this success, many efforts have

been made to generalize the NBD model lay retails" the assumptions and including

marketing and other predictor variables. See, for example, Morrison and Schmittlein

(1981 & 1988), Wagner and Taudes (1986), and the references in those papers.

Frequently, these extensions obtain their generality at the expense of the simplicity

and intuitive appeal of the NBD. In this paper, we retain the structure of the NBD yet

give the model greater flexibility by introducing predictor variables through the rate

parameter or intensity function of the Poisson processes. That is, a household's pur-

chase occasions follow a nonstationary Poisson process. This approach maintains the

probabilistic structure of the NBD while providing a method to incorporate predictor

variables.

Other researchers have proposed nonstationary stochastic models. For example,

Vilcassim and Jain (1991) describe the times between a household's purchases. Their

analysis provides a detailed picture of individual households. Vilcassim and Jain's

model and the one in this paper are complimentary to each other. Their unit of

analysis is a household, and their data are inter–purchase times. The unit of analysis

of this paper is market segment, and our data are total number of purchase occasions

by the segment during a period of time.

Among the most important questions to which the NBD provides an answer is: If

a customer makes x purchases in a base period, what is the expected number of pur-

chases he or she will make in a following test period? These conditional expectations

can be used as baselines for the measurement of deviations caused by marketing effort

during the test period. This application, called conditional trend analysis (CTA), was

introduced by Goodhardt and Ehrenberg (1967) and Morrison (1968).

Applications of CTA highlight some problems with the NBD model, as noted by

Morrison and Schmittlein (1988):
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1. The NBD tends to under–predict the zero class, that is, the conditional ex-

pectations for the test period of those customers who bought zero in the base

period appear to be systematically biased downwards in empirical experience;

see Morrison and Schmittlein (1981) for examples. The zero class has a spe-

cial role in CTA because an unexpectedly large number of purchases by the zero

class in a forecast period in response to marketing effort usually is interpreted as

a net gain for the brand. Consequently, under–predicting the zero class can be

a serious problem as it will lead to an overstatement of the impact of marketing

effort.

2. In today's marketing environment of heavy dealing it is almost impossible to

find a "clean" base period, that is, a base period without promotional activity.

In the absence of such clean base periods, using the CTA's baselines to assess

marketing impact will result in biased estimates.

Morrison and Schmittlein (1988) go on to suggest that the stationarity assumption

likely causes (1) and the explicit introduction of marketing variables in the NBD

framework is required to resolve (2). Since the levels of marketing variables change

over time, the recommended introduction of these variables is also a call to relax the

stationarity assumption. They go on to hypothesize that nonstationarity causes a

much greater regression to the mean, i. e. customers who have few purchase occasions

in the base period are expected to purchase more frequently in the test period, while

customers who buy frequently in the base period are expected to buy less frequently

in the test period, than that implied by the stationary NBD model.

This paper models nonstationarity in conditional trend analysis and shows that

systematic errors are introduced by falsely assuming stationary Poisson processes.

These errors can be serious when the base and forecast periods are short, which is

often the case in practical applications, as for example when evaluating the impact of

a promotion or advertising campaign. However, the variation due to nonstationarity
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usually averages-out over longer periods, resulting in reduced forecasting bias. This

result formalizes Ehrenberg's (1972) view of the domain of application for the negative

binomial model.

Nonstationarity can be quite severe over short periods of time. This is most easily

demonstrated graphically by means of a control chart for detecting nonconforming

observations. If the individual household purchase processes are stationary Poisson

processes, then the total number of purchases by a panel of households — the result

of the superposition of Poisson processes — is also a stationary Poisson process.

Thus, the appropriate control chart is the c-chart (Ryan 1989 pp. 196-201). Figure

1 graphs the number of weekly purchase occasions for two series: powder laundry

detergents' and Tide. 2 Powder detergent is a product category, and Tide is the

leading brand within the powdered detergent category. Superimposed on each series

is a c-chart. The center line is the mean weekly number of purchase occasions,

and the control limits are plus and minus three times the square root of the weekly

mean. Under the hypothesis of a stationary Poisson process and using a normal

approximation, approximately 99.7% of the weekly purchases should be within the

control limits. The c-charts indicate considerable nonstationarity in the series. Hence,

ignoring nonstationarity in consumer purchases when the observation periods are one

week will seriously affect forecasting performance. Part of the variation in purchase

occasions may be explained by marketing variables and seasonal effects. Figure 2

shows time plots of an aggregate measure of weekly advertising by the stores where

the purchases were made. The plots demonstrate that weekly advertising by the stores

is not constant over time. Moreover, the correlation of the logarithm of number of

'The source of the data is the MSI Library supplied by A. C. Nielsen. The data consists of the

purchase history for a panel of households in Springfield, Missouri for 138 weeks from the beginning

of 1986 to the 34 th week of 1988.
2 The purchase occasions for Tide are for 42 ounce packages, which is the leading universal product

code (UPC), accounting for 17.6% of total purchase occasions.
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weekly purchase occasions and weekly advertising is 0.37 for powder detergents and

0.56 for Tide. Hence, weekly advertising is a potential predictor variable.

The nonstationarity we consielerift44.specific time. Each household's purchase

occasions are described by a Poisson process with proportional intensity, 4.)(t), at

time t where A is a household specific component, and OH is a component common

to all households. The specific component, A, is a household's propensity to purchase

the product and varies across the population, while the common component, ik(t),

is due to a common environment at time t. The common component, ik(t), changes

over time for all members of the population and can include marketing variables and

seasonal effects. Examples of proportional intensity models are in Hausman, Hall,

and Griliches (1984), Lenk and Rao (1990 b), and Wagner and Taudes (1986).

Traditionally, applications of CTA using a stationary model proceed in two stages:

first, forecasts are made using the stationary NBD model, and second, these forecasts

are adjusted by multiplying them by the ratio of the number of purchases in the test

period to that in the base period (Morrison and Schmittlein 1981). This procedure

can only be done ex post. Modeling nonstationarity using a proportional intensity

allows us to make a similar adjustment ex ante. For example, if the advertising

and promotional schedules in the base and test periods are known, then they can be

included in and used in CTA.

Although introducing predictor variables improves the accuracy of the forecasts,

under-prediction persists in the nonstationary NBD. We show that under-prediction

is due, in part, to a mathematical artifact stemming from the skewness of the NBD.

For distributions that are symmetric about the mean, such as normal distributions,

the expected positive forecast errors are equal to the expected negative forecast er-

rors. However, for positively skewed distributions, such as the negative binomial

distribution, the expected positive forecast err.,rs are greater than the expected neg-

ative forecast errors. Thus, the observed under-prediction may not imply model
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inadequacy as it would for a normal model.

The other major assumption of the NBD model is the gamma mixing distribution.

Robbins (1977) relaxes the gamma assump41.04411111ellieelyees the problem without

specifying the distribution of the A's while maintaining the assumption that events

follow a stationary Poisson process. His approach leads to a remarkably simple es-

timation and forecasting procedure. We show that nonstationarity affects Robbins'

model in the same way that it affects the NBD model. This result is intuitive after

realizing that the stationarity assumption applies to the underlying Poisson process,

which is a common element to both models, and not to the distributional assumptions

for A, which differentiates the two models.

The remainder of this paper is structured as follow. Section 2 defines notation and

describes nonstationary Poisson processes and negative binomial distributions. Sec-

tion 3 evaluates the forecasting bias associated with incorrectly assuming a stationary

model. Section 4 develops the model for conditional trend analysis and describes the

relation of the forecasts between the stationary and nonstationary models. Section

5 presents an empirical study using scanner panel data. Section 6 analyzes under-

prediction for skewed distributions. Section 7 discusses the results.

2 Nonstationary Models

This section defines notation and presents relevant facts about nonstationary Poisson

processes that are used in the negative binomial distribution (NBD) and Robbins

model.

1. Z is a nonstationary Poisson process with proportional intensity AO(t) where A

is constant over time, and 0(•) can depend on time and marketing variables.

2. (sk , tk] for sk < t k is a time interval with length A k = tk - Sk. The intervals are

disjoint for different values of lc.
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3. Nk = Z(tk ) — Z(sk ) is the number of purchase occasions during (sk,tkj•

4. 9k =	 11)(20d21.

5. In the stationary case,	 1, and 8k =

6. {Nk } are mutually independent Poisson random variables with means {A}.

The NBD is derived by integrating A by a gamma distribution with shape param-

eter a and scale parameter O. The density for the gamma distribution is

g(A) — 	 exp(-0A) for A > 0, a > 0,0 > 0 	 (1)r(a)

with mean and variance

E(A) = a//3 and VarA) = a//32.

After mixing over the gamma distribution, Nk has a negative binomial distribution:

Pr(Nk	•k) — 
r(a + nk) ( 	 Ok 	 114

r (a) nk •	 + Ok	 + ek

for nk = 0, 1, ....

Its mean and variance are

E(Nk ) =- 8ka/3-1

V ar(Nk ) = E(Nk ) [1 +	 E(Nk )] .

Following the analysis of Morrison (1968), after observing the number, N1 , of pur-

chases in the base period, (a l , t i ], the distribution of A is updated by Bayes theorem.

The updated distribution is also a gamma distribution: a is updated to a + N1 , and

/3 is updated to /3 + 0 1 . Then the number, N2 , of purchases in the second interval

given N1 also has a negative binomial distribution with the updated parameters. The

conditional mean of N2 given N1 is

E(N2IN2) = 02
0+81.

a+ Nl
(2)
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In Robbins' model the distribution of A is not constrained to be from the gamma

family. The next theorem presents Robbins' result, as adjusted for nonstationary

Poisson processes.

Theorem 1 Robbins. Suppose that the distribution of A is G, and let (x) be the

marginal distribution of N1 evaluated at x:

f(x) =	 Pr(Nj = xIA)dG(A)

= (x!)- 1 foe° exp(—A91)(AOING(A).

Then the conditional mean of N2 given N1 is

26 f (

f(
ni +E(N2 INI = ni) = (ni + 1) 8 1	 ni)1) 

The stationary case is Robbins' (1977) result.

The proofs of this and the other theorems are in Appendix B.

3 Forecasting Bias

This section analyzes the impact on forecasts from incorrectly assuming a stationary

process, regardless of the assumptions about the mixing distribution for A. Assume

that the parameters are known. Let Z be the true nonstationary process with intensity

AC . ), and let Z* be the assumed stationary process with constant intensity

Appendix A shows that the value of which makes Z' as close as possible to Z, in

a probabilistic sense, over K disjoint intervals is the time overage of C . ) over the

intervals:

ek)	 Ak)k=1	 k=1

CTA uses a base period (si , t i ] and a forecast period (s 2 , t 2 ] so that K is two and

(3)

= ( 9 1 + 92)/ (Al + 12)•	 (4)
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The forecasting bias due to falsely assuming stationary Poisson processes is evalu-

ated by combining this result with the conditional expectations in equations (2) and

(3).

Theorem 2 Let 1Vii and Nk be the number of events in the k ilt interval for k = I and

2 for the processes Z and Z*. Given A, Ali, has a Poisson distribution with mean Aek,

and Ark- has a Poisson distribution with mean AeAk where	 is defined in equation

(4). Under both the negative binomial and Robbins' models,

E(N;IN = n) < E(NrIN1 = n) if and only if 01 /Ll 1 < 92/A2.

In other words, the forecast using the optimal, stationary Z' under-estimates if the

average rate in the first period is less that the average rate in the second period.

The amount of bias in the forecasts by using the stationary models tends to

decrease as the time intervals increase. In many situations, the time averages, OklAk,

of over the two intervals become approximately equal. This situation implies that

the nonstationarity "washes-out" or "averages-out" over the long-run.

An example of this behavior may obtain in mature markets for frequently pur-

chased nondurables, where the household's purchases are sensitive to promotions. At

any given time, one or more manufacturers have promotional campaigns. Although

there may be seasonal effects, over longer periods of time, the average level of pro-

motional activity and the total number of purchase occasions remain fairly steady. It

is this feature that probably accounts for the robustness of the NBD model; in most

applications of CTA the intervals are long — six months or more.

4 Nonstationary Conditional Trend Analysis

This section applies nonstationary Poisson processes to conditional trend analysis

(CTA). The first subsection develops the model for CTA, and the second describes
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the relation of the estimates and forecasts between the stationary and nonstationary

models.

4.1 Model Development

This section formulates the NBD for purchase occasions with an hierarchical Bayes

model (Berger 1985 pp. 180-195; Lenk & Rao 1990 a; and Lenk 1991). An attractive

feature of the model for purchase occasions is that it provides a coherent framework

for analyzing various levels of aggregation with regard to households, products, and

time periods. For example, models of purchase occasions at the brand level will be

consistent with those at the category level. Additionally, CTA forecasts the total

number of purchases in a test period by aggregating households according to their

purchases in a base period. Both the base and test periods could change in different

CTAs.

Let Zi be the purchase process for the ith household in a panel of h households.

The hierarchical Bayes model is:

1. Within Household Variation:

Given {Ai } and 11,(•), the household purchase processes, {A}, for the households

in the panel are mutually independent Poisson processes where the intensity of

household i is Ai l,b(•). Assume that b(.) depends on a vector, 0, of parameters.

2. Between Household Variation:

Pti l is a random sample from a gamma distribution (equation 1) with shape

parameter a and scale parameter

3. Prior Distribution:

The unknown parameters, a, f3, and (#), have locally uniform prior distributions.

Conditional trend analysis aggregates purchases over households and over time

periods. The aggregated purchase process, Z, for it households in a market segment
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is the sum of the individual households' purchase processes:

Z = E Zi.

Given 0• and {Ai }, the aggregated process is the superposition of independent

Poisson processes. Hence, Z is a Poisson process with intensity Ati)( . ) where

h

A = E Ai,
i=i

which has a gamma distribution with shape parameter ha and scale parameter 0.

A further simplification in the analysis results if purchase occasions are aggre-

gated by time intervals instead of recording the exact time of each purchase. The

NBD, which has one time period, is extended easily to multiple, disjoint time periods

(Hausman, Hall, and Griliches 1984). Appendix C describes this multivariate gener-

alization, known as the "negative multinomial distribution." The joint distribution

of the total number, {N}, of purchases in K intervals after mixing over A is given

by equation (11) in Appendix C with a replaced by ha. Here, h, the number of

households, is known.

4.2 Estimation and Predict ion

CTA stratifies a panel of M households by the number of purchases, x, in a base

period and forecasts the total number, T., of purchases in a test period by the Mr

households that purchased x items in the base period. As mentioned in Section 4.1,

households buy according to independent Poisson processes with intensities {A 1 ' (•)}.

{A 1 } is a random sample from a mixing distribution, G, which is a gamma distribution

in the NBD model and any distribution with positive support in Robbins' model. Let

No and N1 ,2 be the number of purchases by the household in a base and a forecast

period, respectively. Thus,

= E N1,2.
fi:Ni4 =el
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The next theorem states the joint distribution of {L} given the purchases in the

base period.

Theorem 3 Assume that fA il is a random sample from a gamma distribution with

shape parameter a and scale parameter O. Given the parameters, a, s, and 4) and the

purchases {M.} in the base period, {L} are mutually independent negative binomial

random variables with probability mass function:

m

P(T' IM' )	 r(am. + zA/L)T.! 0 + 01+ 02)

r(am. + x M. + T.) ( 	 + 91 \a.+zm.

+ 91 + 92
02 	

)T=

= for x = 0, 1, ... and T. = 0, 1....

CTA forecasts T. by its conditional mean:

E(T.1M., x) =	 E E(Ni,2 1No. X)
{i:No =z}

E 92 E(Ai lk1 x)
==I

The conditional expectations follow from equation (2) or Theorem 3 for the NBD

model and from equation (3) for Robbins model.

Usually, is unknown. If so, suppose that it is modeled and estimated over a

calibration period which precedes the base period of the CTA. Next, O's, which are

integrals of tp, are computed for the base and forecast periods. For a brand, this

computation would be done using planned marketing activity for the forecast period.

This leaves estimating the parameters a and 0 for the negative binomial distribution

and f(x) for Robbins' model.

For both models, there is a simple relationship between the stationary and nun-

stationary forecasts. The forecasts for the nonstationary model adjust the forecasts

from the stationary model by the nonstationarity in the test period relative to that

( 5 )

1 Mx 9 2 ti+-!'	 Nonstationary Negative Binomial
-...

M.(x + 1) 821(z1) Nonstationary Robbins' Modelf(.+)
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of the base period. This factor is the ratio of the average purchase rate in the fore-

cast period divided by that in the base period. Consequently, the forecasts of the

nonstationary model is easily obtained from those of the stationary model.

Theorem 4 Lei &N and ON be the maximum likelihood estimators for the nonstation-

ary negative binomial model, and let it' s and Jas be the maximum likelihood estimators

for the stationary negative binomial model. The two sets of estimators are related by

aN . as and liN = P-1- Ijs.(
Ai

The forecast of Tr for the nonstationary negative binomial model is

NNBz = ( 921 '6' 2 ) SNElz
k ei/Ai

where
(  as+SNBz=114A 2 A
Ps + 

is the forecast of Tz for the stationary negative binomial model.

A similar result holds for the Robbins' model.

Theorem 5 The forecast of T. for the nonstationary Robbins' model is

()N	 6216,2RM. =	 SRM.
t9i/Ai

where
{(x 1)M.+1 A 2 /Ll i if Mz > 0

SRMz =
0	 if Mz = 0

is the forecast of T. for the stationary Robbins' model.

Forecasts for the nonstationary models simply multiply the forecasts for the sta-

tionary models by the ratio of the average rates in the test to the base periods. This

procedure is the ex ante version of the ei post adjustment of the stationary forecasts

by the ratio of total purchases in the test to the base periods.
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5 Scanner Panel Data

This section analyzes scanner panel data 3 with faux models: stationary and nonsta-

tionary NBD and Robbins model. An outline of the data analysis follows. First, we

develop predictor variables and identify potential models for the intensity function by

using standard data analytic techniques. Next, we estimate the nonstationary nega-

tive multinomial model by maximum likelihood with the first two years (104 weeks)

of data and forecast the total number of weekly purchase occasions by the panel for

the last 34 weeks. Then, using the estimated intensity function from the calibration

period, we perform "rolling" CTA, week–by–week, on the remaining 34 weeks. The

base period for the first CTA is week 105 with test period of week 106, and the last

CTA has base period of week 137 and test period of week 138, resulting in 33 CTAs.

The first subsection describes fitting the nonstationary negative multinomial model,

and the second reports the CTA.

5.1 Nonstationary Negative Multinomial Model

We consider five aggregate marketing variables as potential predictor variables. These

variables are derived from marketing activity at the retail level (File 9, Retail Tracking

of the MSI Library provided by A.C. Nielsen). When a product is purchased, the

Retail Tracking file records the marketing activity of the store where the product

was purchased. Thus, for a given week and store we have information on whether

a given universal product code (UPC) was displayed in the store, was featured in a

store advertisement, had an associated coupon, had a point-of-purchase display, or

had a special price code. A promotion by a leading brand in a large store would have

a greater impact on purchase occasions than a similar promotion by a smaller brand

or store. In order to account for this differential impact of promotions, the marketing

3 Supplied by A. C. Nielsen, and described by the footnote in the Introduction.
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activities were weighted by the share of the UPC/store combination.

The predictor variables enter the model through the intensity function of the

nonstationary Poisson process. The form of the intensity function is

AO( k) = A exP(Xi:44)

where Xk is a vector of independent variables for week k, and 4) is the vector of un-

known regression parameters. The measurement of time is weekly, and 11) is constant

over one week. Hence,

ek =0(t)dt = eXP(Xik0).
k-

Model specification is facilitated by an observation by Hausman, Hall and Griliches

(1984). Let Nk be the number of purchases in week k, and define

I k = log( Nk).

They note that the maximum likelihood estimator of 0 is close to its ordinary least

square estimator based on the log-linear model

Yk =	 +	 E.	 (6)

Our experience confirms their observation.

Correlation and regression analysis indicates that only advertising is useful in

predicting the number of weekly purchase occasions. Table I summarizes the OLS

estimated coefficients for models using advertising and/or price as independent vari-

ables. The coefficients for advertising and price should be positive, because they

are weighted sums of zero/one variables which indicate the absence or presence of

the marketing activity. In a simple linear regression model for powder detergent the

special price variable was not significantly different from zero, while advertising was.

Multicollinearity between advertising and price is indicated by their large correlation

(0.659) and the negative coefficient for price when both variables are used. Conse-

quently, price was eliminated from the model. For Tide, both advertising and price
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are significantly different from zero in simple linear regression models, but price is not

significantly different from zero given that advertising is in the model. The correla-

tion between price and advertising for Tide is 0.589. These large correlations between

advertising and special price may be due to the fact that when stores offer a special

price, they frequently advertise it.

A residual analysis indicates systematic large positive and negative residuals which

seem to indicate the presence of holiday and seasonal effects. For example, purchases

of detergents tend to be unusually low during the week of Valentines Day with surges

before and after the holiday. This pattern also holds for holidays such as Thanksgiv-

ing and the Christmas – Hanukkah – New Year season. Also, there seems to be an

unusually high number of purchases during the week of the Super Bowl. With only

two years of data for estimation, it is not possible to estimate separate effects for each

holiday and season. Instead, we define two dummy variables which indicate negative

and positive seasonal – holiday effects for the two years of data in the fit period.

Although we view these dummy variables to be less satisfactory than separate vari-

ables for different seasonal and holiday effects, their use demonstrates incorporating

seasonal effects into the model.

We use the negative multinomial distribution (12) of Appendix C to estimate the

parameters from the first 104 weeks of data. We replace the shape parameter, a, in

equation (12) by

a = 2620 exP(00)

where 2620 is the number of households in the panel. The expected number of

purchases by the entire panel for a week in the fit period is

E(Nk ) = 2620 exP(Oo	 + Xk,202 + Xk,3493)/i3,

where

A1 = aggregate advertising for week k
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1 if negative seasonal or holiday effect for week k

SI 0 otherwise

1 if positive seasonal or l day effect for week k

SI 0 otherwise

The first part of Table II reports the maximum likelihood estimators and their

asymptotic standard errors for the two series. The effect of advertising, 0 1 , is greater

for Tide than for powder detergents. Powder detergents includes various brands, such

as Tide and Cheer, which are almost never advertised simultaneously by a particular

store. Rather, stores tend to rotate the brands that they advertise. Not infrequently,

different stores advertise different brands in any week so that aggregate advertising

at the category level exhibits proportionally less variation than advertising at the

brand level. To obtain a quantitative measure, suppose that the weekly advertising

aggregated across stores for b brands are independent with common mean p. and

standard deviation Q. Then the coefficient of variation for the weekly, aggregated

advertising is al(Ai) which is less than the coefficient of variation, o/µ, for any

individual brand. Thus, the systematic variation in purchases due to advertising is

partially masked at the category level. In fact, the coefficient of variation of weekly

advertising is 0.84 for powder detergents compared to 1.53 for Tide.

The coefficients for negative and positive seasonal effects have practical signifi-

cance, despite their relatively small magnitude. For example, fix the level of adver-

tising and compare a week with positive seasonal effects to a week without seasonal

effects for Tide. Define N+ to be the number of purchases in the week with positive

seasonal effects and N° to be the number of purchases in the week without seasonal

effects. The expected weekly sales for positive seasonal effects is 49% greater than

that without seasonal effects:

E(N + )— E(N°)	
xp(03) — 1 = 0.49— e

E(N°)
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The estimated household shape parameters, a = exp(o), for the two series are

fairly close. However, the estimated scale parameters, 0, differ considerably. In the

absence of advertising and seasonal effects, titittoisigiritik) 1, the expected number

of weeks between purchase occasions for household i is

exp(4) - 1.

Thus, the expected time between purchases for a randomly selected household is

seven weeks for powder laundry detergents and 41 weeks for Tide. As anticipated,

time between purchases is shorter at the product category level than at the brand

level. The expected time between purchase occasions for Tide is large because many

households infrequently or never buy Tide during the observational period.

The second part of Table II reports the fit and prediction statistics — root mean

squared errors (RMSE) and mean absolute percent errors (MAPE) - for the sta-

tionary and nonstationary negative multinomial models. The nonstationary model

substantially improves on the stationary model. The predictor variables account for

34.6% of the total variation in the purchase occasions for powder detergents and

57.8% for Tide. Purchase forecasts are given by Equation (14) of Appendix C where

a is replaced by 2620 exp(4o). The nonstationary model improves the forecast MAPE

by 19.1% for powder detergent and 50.5% for Tide.

5.2 Conditional Trend Analysis

A goal of CTA is to predict the total number of purchases, T., in the test period for the

M. households that purchased x items in the base period. We perform "rolling" CTAs

from week 105 to week 138 for the stationary and nonstationary NBD and Robbins

models. The nonstationary models use the estimated values of 0 1 , 02 , and Oa fr.ni

the calibration period (weeks 1-104). One difficulty of the negative binomial models

is that the zero purchase class includes households that will at some point purchase
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the product and households that may never purchase the product. To compensate

for the resulting "spike at zero," we use the model of Morrison (1969). The forecasts

are computed by equation (15) of Apposes D.

Table III reports the MAPE for CTAs where the base and test periods are ei-

ther one or four weeks. Purchase classes are reported in the Table III only if M. is

greater than zero for every CTA. The MAPEs are computed across the CTAs for each

purchase class. As is usually the case, we estimate the shape and scale parameters

from the base period. The nonstationary forecasts are obtained from the stationary

forecasts using Theorems 4 and 5. With one week base and test periods, the CTAs

have large MAPEs when x is greater than zero because T. is small, so small absolute

forecast errors have large MAPEs. The main message of Table III is that the nonsta-

tionary models generally perform better than the stationary models, and the MAPEs

tend to be smaller for four week periods than for one week periods. However, the

magnitude of improvement is modest. On the other hand, once 1/.) is estimated, non-

stationary forecasts are obtained from the stationary ones without much additional

effort by using Theorems 4 and 5.

A different perspective is obtained in Figure 3, which combines MAPEs across

purchase class x within each CTA with one week periods. For each CTA we compute

the ratio, 92/81 , of the average intensity in the test to base periods. This ratio is a

measure of nonstationarity of the test period relative to the base period and is the

adjustment factor of the stationary forecasts to obtain the nonstationary ones. The

percent improvement, Y, of the nonstationary to stationary forecasts is:

MAPE Stationary — MAPE Nonstationary
Y —

	

	 x 100.
MAPE Stationary

When 82 /6 1 is one, the stationary and nonstationary forecasts are identical, so 1 -

is zero. Weeks with negative values of Y resulted when sales headed in the wrong

direction: 8201 is greater (less) than one, while N2 / N1 is less (greater) than one. This

fact indicates that additional predictor variables may improve the model. Figure
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3 graphs the percent improvement, Y, versus the ratio, 0 201 , for the stationary

and nonstationary NBD and Robbins models. The graphs for Tide best illustrates

the effects of nonstationarity. As the rates; MAN1 farther from one, the percent

improvement increases considerably. Powder detergents have a similar pattern as

Tide, except there is less variability in the ratio 02 181 , due to the coefficients of

variation for advertising as discussed earlier.

6 Under-Prediction
Morrison and Schmittlein (1981 and 1988) note that CTA tends to under-predict T0,

the total purchase in the test period by those households that make no purchases in

the test period. They hypothesize that nonstationarity is a possible cause. In this

section we show that although the forecasts from the nonstationary models are more

accurate, under-prediction is a persistent phenomenon due to the skewness of the

NBD. First, we examine the empirical evidence from our study. Next, we intuitively

explain the cause of the under-prediction. Finally, we show that under-prediction is

expected for the NBD model.

Table IV summarizes predicting the zero class, To, for the two series when the

base and test periods are one week. The forecast residuals, which are defined as

the actual number of purchase occasions minus the predicted number, are stratified

according to their sign. A negative residual indicates over-prediction, while a positive

residual indicates under-prediction. Table IV reports the mean of the negative and

positive residuals for each model and the improvement of the nonstationary model

over the corresponding stationary model. The nonstationary models provide more

accurate forecasts than the corresponding stationary models. For powder detergents

the NBD nonstationary model improves the mean negative residuals by 77% and 1 hr

mean positive residuals by 23%. Similarly, for Tide the nonstationary NBD improves

the mean negative residuals by 52% and the mean positive residuals by 50%. On
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the other hand, all of the models tend to under—predict because the mean positive

residuals are greater than the absolute value of the mean negative residuals. Thus,

the nonstationary model improves prfoliction accuracy, but under—prediction is a

persistent phenomenon.

One possible explanation of the under—prediction for the NBD is the choice of

measurement scale. In Section 5.1 we used the heuristic that the least squares esti-

mates when fitting the logarithm of the number of purchase occasions are approxi-

mately the same as the maximum likelihood estimates from the NBD. If the log—linear

model is correctly specified on the logarithmic scale, then the forecasts will tend to

under—predict on the original scale. To see this, define the forecast residuals on the

logarithmic scale as

rk = log(Nk ) — log(Nk ) for J + 1 < k < K.

If the linear model for log(Nk ) is correctly specified, then the mean forecast errors

should be zero:

= (K	 i rk =O.
k=J+1

Then by Jensen's inequality we have

1 = exp(f)
K

(K J) -1 E exp(rk)
k=J+1

(K J) -1 E Nkl Nk
k=J+1

Consequently, we should expect the forecasts {N k } to under—predict {Nk } on the

original scale of the data even though the forecasts on the logarithmic scale are not

biased. Thus, under—prediction does not necessarily invalidate NBD in the same

manner that it indicates an incorrectly specified linear model.

In CTA, Nk is replaced by To which also has a negative binomial distribution by

Theorem 3. Thus, the above reasoning applies.
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A more detailed account of under-prediction follows. The mean of T is its

forecast of purchases in the test period. In Table IV the mean, negative residuals

estimates the expected over-prediction,	 &nd the mean, positive

residuals estimates the expected under-prediction, E(T- A IT >	 The next theorem

describes the relationship between these two quantities for varying types of skewness.

Theorem 6 Let T be a random variable with support on the non-negative integers

and distribution F. Suppose that the mean, p, of T is finite, and define 5z1 to the

largest integer less than or equal to p. Then

FWII)  { E(T - ;LIT 5_ ti)}E(T -	 >
1- F(1P1)

In particular,   

E(T -	 > ti)

-E(T -	 p,) if FU141)> 0.5

-E(T - ;LIT 5_ p.) if F(till) = 0.5

-E(T - p,IT	 if F([1.i]) < 0.5.

The distribution of T is positively (negatively) skewed if F(Iti1) is greater than (less

than) 0.5. In other words, one would expect under-prediction if the distribution of

T is skewed to the right and over-prediction if the distribution of T is skewed to the

left. If the distribution of T is symmetric about [p], the expected amount of under-

and over-prediction are equal. Because the third central moment is positive for NBD,

Tz is skewed to the right. Thus, under-prediction is expected.

A final caveat about biased forecasts. The preceding analysis is conditional on the

sign of the forecast error and knowing the mean, Unconditionally, ti is an unbiased

predictor of T if the model is correctly specified. Empirically, the average forecast

residuals may not sum to zero because the estimate of p, may be biased. Maximum

likelihood estimators of the parameters are consistent but need not result in unbiased

estimates of the mean.
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7 Discussion

This paper proposes a simple modification of the standard NBD model by considering

a specific type of nonstationarity, the propottional intensity model. The nonstationary

model retains the simple and intuitive structure of the NBD model, while allowing

the introduction of prediction variables. Our findings are:

• Modeling nonstationarity in conditional trend analysis quantifies the effects of

independent variables and improves forecasts.

• If stationarity is falsely ignored, then the forecasts will under-estimate if the

average intensity in the base period is less than the average intensity in the

forecast period, and conversely.

• Mild nonstationarity "averages-out" over long base and forecast periods.

• While explicitly accounting for nonstationarity results in more accurate fore-

casts, under–prediction is a persistent phenomenon.

A Nonstationary Poisson Processes

Suppose that, in reality, Z is a nonstationary Poisson process with intensity At,b(t),

and that we incorrectly assume that the process is stationary with intensity )4. Z'

is our incorrect choice for the stationary process. A natural question is to find such

that our process Z* is as "close" as possible to the true process Z on disjoint interval

(3k , tk ] for k = 1 to K. Intuitively, the optimal choice of E is the time average of 11, over

the intervals. This choice is optimal with respect to minimizing the Kullback–Leiber

information (Bickel and Doksum 1977 p. 226) which is the expected

ratio. The Kullback–Leiber information is a measure of the "probabilistic closeness"

of two distributions: small measures indicate similar distributions.
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Consider K disjoint time interval (sk,tk) for k = 1,	 , K. For each interval,

define

Nk	 Z(tk) — 2(8k)
thk

Ok	 ^(u)du

Nk =	 (4) — Z-(sk)

Ak = to{ — k.

Theorem 7 The 4 that minimizes the Kullback–Leiber information

Pr(Ni ,. • • ,Nx)}1.
K L(4)	 {log pr(N; ,	 Nk)

is the time average of lb over the intervals:

ok

Elf_ ak

PROOF:

The Nk 's are independent Poisson random variables, and the mean of Nk is AO k . Also,

the N's are independent Poisson random variables, and the mean of N; is AO,k.

Consequently, their log-likelihood ratio is

log f Pr(N1 =	 N K = nK) = A (E — 9k) E nk 10g HA%)Pr(N.; =	 Nic = nic)	 k=1	 k=1

The Kullback-Leiber information is

K	 = E
—
 • • t

o
 log 

Pr(Ni = n1 , , NK = nK)

Pr(M = n 1 ,... , Nk nK)ni =0 nK=0

X Pr(Ni	, NK = nk)
K

= A (E	 — Ok) E Aek	 1.0g	 .
k=1	 k=1	 Ak

Setting the first derivative of K L(0 with respect to 4 equal to zero, and solving for

results in 4". Because the second derivative is positive, 4- minimizes K
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B Proofs

B.1 Theorem 1

After observing N1 = n 1 , the posterior distribution of A is

dG(Alni ) = exp(-A81 )(Aa1 )"i(n i !) -1 c/G(A)/f (n1).

The conditional mean is

E(N2 lAr1 = ni ) = EAINI[E(N21A)1

EAIN, (A82)

02 I: AcIG(A

02 f(n i + 1)
(n i +1) oi  f(no  .

The last line follows by

(n 1 !) -1 1: A exp(-A01 )(ABi r'dG(A) =

n1 
18
+ 1 

	[( ni + 1)!1 -1	exp(-A91)( A91)" , +1dG(A)J
= {(ni+

1

)101} .f(ni + 1).

B.2 Theorem 2

e can be expressed as a convex combination of 0 1 /A 1 and 82 /A 2 , i.e.

= w 91 /A i + (1 - w) 92/A2

where w = A / /(A i + A2 ). Therefore, the inequality 9 1 /0 1 < 81 /A2 implies the

further inequalities

	

01/01 <	 < 02/6,2.

Although the negative binomial model, which assumes that A has a Gamma distri-

bution, is a special case of Robbins' model, which does not specify A's distribution,

we will prove the result for the two models separately.
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B.2.1 Negative Binomial Model

The result for the negative binomial model follows from simple algebra. The forecasts

are

E(NziNi =	 = 82 (« + n )/(Q + 81)

E(N;INi. = n) = CA2(a + 71)1(p	Ai)•

The bias is

E(N2 11■11 = n)— E(N;IN; = m ) =

(a+ n)(13 + 01 + 82) ( AlA2	 e2	 el
+ 6'2) 02 E1  •

Consequently,

E(N2 IN1 = n) > E(Ni INC n) if and only if 92 /02 > 91/A1.

B.2.2 Robbins' Model

Let G(A) be the distribution of A. The conditional expectations are

E(N2 INI = n)
	

92E(A191,n)

E(N;	 = n)
	

A24-E(AIA1C,n).

Since 02 > A2e, the proof will follow if we can show that for fixed n, EPA n) is a

decreasing function of 9, which implies that

E(A10i ,n) > E(A1A1C7n)

because el < A lt" by hypothesis.

To proceed,

E(AI0,n) = H(0, n + 1)1	 n) where

H(9, n) =	 exp(—A0)AnciG(A).
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Since H(8, n) is the Laplace transform for A"dG(A), it is finite, and we are able

to interchange integrals and derivatives with respect to O. We will show that the

derivative of log{.E(A18,n)} is negative, so that it is a decreasing function of O.

—
d 

log{E(A18, n)}	
d8dO

)1 =	 log{H(6,n + 1)} - — log{H(O, n)}
dO 

H (a, n + 2) H(8, n + 1) 
H(6,n + 1)	 H(8, n)

< 0

if and only if

{H(9, n + 1)} 2 < H(8, n + 2) H(8, n).

The last line is a consequence of the Cauchy-Schwartz inequality and the following

identifications:

	

f (A)	 A; g(A) = 1; and

MA) = exp(-AO)AndG(A).

Then

H (0 , n + 1)	 f(A)g(A)dµ(A)

H(O,n +2) =	 f(A)2 dµ(A)

H(8, n)	
Joy

The Cauchy-Schwarz inequality is

J
: f(A)g(A)4	  5 10 f(A)2 dµ(A)	 g(A)2 dµ(A)

with strict equality if and only if f and g are linearly related. Consequently, we have

a strict inequality in our application. The proof can be reversed so that the "if tied

only if" statement of the result is true.
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B.3 Theorem 3

T. given {Ai } is a sum of independent Poisson random variables. Thus, T. is a Poisson

random variable with rate

A(x)e2 = 02 E Ai,
{i:Ni,I=z}

and {T.} are mutually independent. Since {A i } is a random sample from a gamma

distribution, {A(x)} are mutually independent, and A(x) has a gamma distribution

with shape aM, and scale 0. After observing purchases in the base period, {A(x)}

given {M.} are mutually independent gamma random variables where A(x) has shape

parameter aM. + xM= and scale parameter f3 + 01 . Thus, {T.} are mutually inde-

pendent negative binomial random variables with probability mass functions given

by Equation 5.

B.4 Theorem 4

After observing that M. households had x purchase occasions in the base period, the

likelihood for a and /3 under nonstationarity is

f(a + x)	 \c`
..0 r(a) x!	 p+ e1)

( i3 9+191)	
Ar.

(7)

while under stationarity it is

r(ct + x)	 13  \
7=10 { r(a)	 + J

M.

(0 +AlAi)

Comparing the two likelihoods, we see they have the same functional form for a and

that replacing (3 by /30 1 /01 in the nonstationary likelihood results in the station-

ary likelihood. The first result follows since the maximum likelihood estimator of

a function of a parameter is the function of maximum likelihood estimator of the

parameter.
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The estimated forecasts are found by substituting the unknown parameters by

their maximum likelihood estimators:

NNBZ = M.„02

(02/A2 ) m	 (  + 

	

el/A1) g 2 ki3.5 +	 )
(  921 A2) SNBZ.
kei/Ai

B.5 Theorem 5

In Robbins' model f (x) is unknown and is estimated by XI M , which is consistent.

Substituting this estimate of f (x) into the forecasts results in

NRAI. = (2) (x + 1) M.-F1

(99://:) S

B.6 Theorem 6

Define [i ] to be the greatest integer less than or equal to iL, and

p(k)	 P(T = k) for k = 0,1, ...

F(j ) = E p(k)•
k=0

We will use two identities which results from rearranging terms:

	

f

E

ml	 1+41

 kp(k) =	 1)

	

k=1	 j=1
co	 oo

E kp(k) = [p]-(1 — F([µ])} + E {1 - F(j — 1)}.

	

le= [/81+ 1 	 i=1M1+1

Applying identities (8) and (9), we obtain

= E kp(k) + E kp(k)
k=1	 1'1/4+1
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tol	 0.

=E F(..1 l) + E {1 — F(j - 1)}.
i=(01+1

Rearranging terms results in the identity:

lAlE {1 — F(j - 1)} = - [p] + E F(j - 1).	 (10)
i=6,1+1	 J=1

From indentity (8) we can express the expected amount of over-prediction as

IAl
E( T	 1.1) = E kP( k )I F(tiLl) -

k=1

fol

= — E F (j - 1 )/ F(511) - (IL -

From identities (8), (9), and (10) the relation between the expected amount of under-

and over-prediction is

E(T - p T >	 = {1 - F([1.])1-'kp(k)) -
\k--(µ1+1

F([111) {-E(T - /LIT p.)} .
1 - F([p])

C Negative Multinomial Distribution

In this Appendix, we define the negative multinomial distribution, derive its condi-

tional distribution and expectations which are used in forecasting, and compute the

normal equations for maximum likelihood estimation.

The negative multinomial distribution is the multivariate generalization of the

negative binomial distribution, much as the multinomial distribution is the multivari-

ate generalization of the binomial distribution. The negative multinomial distribution

is the joint probability of the number of events in K, disjoint intervals.

The computations for the negative inultinomial distribution are identical to those

for the negative binomial distribution; however, the notation becomes somewhat cum-

bersome. The negative multinomial distribution is derived from the number of events
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from the Poisson process over K disjoint time intervals, (sk ,t iej. Define Nk to be

the number of events in (ak ,tk] and ek = 0(u)du. Also, we will use the following

notation

0(1, = iek and N(I,J) =
J

 N for 1 < I < J < K.
k=I	 k=I

Given A, each Nk has a Poisson distribution with rate Ae k , and they are mutually

independent. Their joint distribution is

K

, NK IA) = exp{ —A0(1, KilAN" ) 	 ej:k
k. Nkl.1 

Mixing A by a gamma distribution with shape parameter a and scale parameter f3

(E(A) = 0), results in the negative multinomial distribution:

Not + N(1, 	 f 	 	 f 	 Ok. 	 1Pr(Ni ,. • , NI() – r(a) fac Nk! 1 /3 + 0(1, K)	 to + 0(1, K)

The mean, variance and covariances are

E(Nk) = 0-1 Bk

V ar(Nk ) = E(Nk ) { 1 + ct -1 E(Nk)}

Cov(Nj ,Nk ) =	 E(Ni) E(Nk).

The marginal and conditional probability distributions are easily derived from

Equation (11). For any J < K the marginal distribution of (N1 , , NJ ) has a

negative multinomial distribution:
oi	 }Nj

(12)
a J13 .+ N(1, J)} 

	

, NJ) - r	 N, 1 0+00.,	 j)	 ill=i t + O( 1 , J)(a) ni=1 i*

In the data analysis of Section 5.1, K is the 138 weeks, and J is 104 weeks of the

calibration period. The joint distribution of NJ-El,- • • , NK is

	

Pr(N.r+1, ••- Nk) =	 (13)
r{« + N(J + 1, K)}	 13 	

K r	 82 	
Nj

r(a)	 Ni! 1 + (31(J + 1,K) J	 + ()(J + 1,K)

Nk
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Given the number of event in the first J periods, A has a gamma distribution with

updated parameters: a is updated to a + N(1, J), and # is updated to Q + e(1, J).

Thus conditional distribution of (Nj+i , (N1, . . . , NA is obtained by

substituting the updated values of a and into Equation (13). The conditional

expectation of NJ+k given (N1 , . . . , N4 is:

a + N(1, J)
E(Nj+k lNi , , NJ ) = 0J+k + e(i,J).

The normal equations and Hessian for estimating the parameters are computed in

the usual manner except that the maximum likelihood estimators obey a functional

constraint. To see this, compute the normal equations. Suppose that the number of

events, N1 , . . . , NJ , in the first J time periods have been observed, and that 11, is

a function of the parameters .751 , , ch. The log—likelihood of a, /3, 0 1, ch is

defined by equation (12):

L log[Pr(Ni , • • 'M].

Set

and define

N N(1, J) and	 0(1, J),

41 (z) = -rx- log[r(x)].

The normal equations are:

OL
4/(a + N) — 41 (a) + log(f3) — log(13 +Oa

aL	 a a + N
a0 0 + 0

81,( Nk a + N\ ( 00k)
00i	 ek	 + e ) kaoi)

By setting the partial derivative of L with respect to /3 to zero and solving for 0,

we find that the maximum likelihood estimator, 73, is a function of the maximum

likelihood estimators of the other parameters:

= etiN'
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Therefore, there is a restriction on the solution to the normal equations which reduces

the dimension of the problem from I + 2 to I + 1 parameters. Hausman, Hall, and

Griliches (1984 p. 916) derive the normal equations for the negative multinomial

distribution by assuming that a = /3. This assumption is unnecessarily restrictive.

D Morrison's Fix for the Zero Class

Frequently, the NBD model performs poorly in estimating To because the Mo house-

holds that did not purchase in the base period consists of households that buy the

product but did not in the base period and households that do not buy the product.

Morrison (1969) suggested a modification of the NBD model to adjust for non-buyers.

Let B be the set of buyers, and let f? be the set of non-buyers. Define p = P(B),

and let f(x) be the negative binomial probability of purchasing x items in the base

period. If a household is in B, then the number, N1 , of purchases in the base period

has a negative binomial distribution. For the zero class,

g(0) = P(N1 = 0) = P(N1 = 0IB)P(B) + P( N1 0)IR)P(B)

= f(0)p + 1 - p.

For positive x,

g(x) P(N1 = x) = P(N1 = xIB)P(B)+ P(N1 = x)IB)P(B)

= f (x)P.

Note that g(•) is a probability distribution.

The likelihood function (7) in Appendix B becomes

g(z)•r.
r=0

If f(0) is known and is less than one, then the maximum likelihood estimate of p is

1 - /110/A1)
P = min 1,

1 - f(0)
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where M is the total number of households in the panel. The normal equations and

the Hessian are easily computed with sufficient perseverance.

The forecasts of T. are

It is easily seen that the results of Theorem 4 hold for Morrison's fix if we redefine

121146,2-.6
SN.13=	 Os+41

Mr AdithE-

for x = 0.

for x > 1.
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FIGURE 1: Weekly Purchase Occasions for Powder Detergents and Tide. Solid

horizontal line is the center line, and dashed lines are upper and lower limits for
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Solid horizontal line is the median. The median for Tide is zero.
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TABLE 1: Log-linear Models of the Number of Weekly Purchase Occasions Estimated by Or-
dinary Least Squares. The dependent variable is the natural logarithm of the number of weekly
purchase occasions. The independent variable* ass;asataiate measures of weekly store advertising
and weekly special prices, which is positive if one, or more stores are offering a discount. Standard
errors are in parenthesis below the estimated coefficients.

CONSTANT ADVERTISING PRICE R2

6.01 4.72 0.14
(0.02) (1.03)

POWDER 6.06 1.28 0.01
DETERGENTS (0.03) (1.08)

6.03 6.82 -3.12 0.17
(0.03) (1.35) (1.32)

4.15 28.50 0.34
(0.06) (3.44)

TIDE 4.27 22.49 0.12
(0.07) (5.23)
4.15 28.23 0.52 0.34

_	 (0.06) (4.27) (5.64)



TABLE II: Negative Multinomial Distribution fitted to Panel Scanner Data.

ESTIMATED PA	 TAM MOM WEEKS 1-104

Variable

--,

Parameter MLE	 Std.Err.
Tide

MLE	 Std.Err.
log(Shape)
Advertising
Negative Seasonal
Positive Seasonal
Scale

Sbo
01
i62

403
13

2.50	 0.108
5.01	 0.109

-0.19	 0.004
0.17	 0.012

79.58	 0.562

2.35	 0.186
24.48	 0.196
-0.48	 0.021
0.40	 0.006

387.38	 4.362

FIT STATISTICS FOB. WEEKS 1-104

Statistic
Powder

STAT	 NONS
Tide

STAT	 NONS
RMSE
MAPE

85.6	 69.2
14.6	 11.8

75.8	 49.2
88.3	 54.5

PREDICTION STATISTICS FOR WEEKS 105-138

Statistic
Powder

STAT	 NONS
Tide

STAT	 NONS
RMSE
MA PE

117.9	 95.6
29.3	 23.7

83.4	 46.2
109.6	 54.3

RMSE is root mean squared error.
MAPE is mean absolute percent error.
STAT indicates stationary model.
NONS indicates nonstationary model.



TABLE III: Conditional Trend Analysis for Powder Detergents and Tide.
Mean Absolute Percent Errors within Purchase Class and Across Periods.

CLASS

POWDER DETERGEN
ONE WEEK TIME PERIODS

IDE
ONE WEEK TIME PERIODS

NBD
STAT NONS

Robbins
STAT	 NONS

NBD
STAT	 NONS

Robbins
STAT	 NONS

0 21.6	 18.6 21.0	 16.8 75.6	 38.4 73.2	 38.6
1 56.1	 52.0 37.9	 32.2 75.3	 65.7 76.9	 67.8
2 73.9	 68.3 101.5	 92.2 103.5	 102.4 151.9	 146.1
3 105.3	 102.4 195.4	 190.0

POWDER DETERGENTS TIDE
FOUR WEEK TIME PERIODS FOUR WEEK TIME PERIODS

NBD Robbins NBD Robbins
CLASS STAT	 NONS STAT	 NONS STAT	 NONS STAT	 NONS

0 17.4	 13.5 19.1	 14.6 68.2	 42.5 58.2	 35.4
1 13.9	 10.9 14.8	 12.3 33.8	 30.4 35.9	 31.9
2 14.2	 13.5 18.7	 20.0 40.9	 38.1 41.9	 47.4
3 12.5	 12.0 21.9	 21.6 47.9	 55.0 61.5	 65.1
4 14.9	 16.2 24.9	 24.2
5 28.2	 24.7 53.2	 49.9
6 32.9	 31.6 55.2	 48.1

NBD is negative binomial distribution.
STAT indicates stationary models.
NONS indicates nonstationary models.



TABLE IV: Residuals from Predicting the Total Purchases of the Zero Class. Lengths of base and
test periods are one week.

R DETERGENTS
Robbins

STAT	 NONS
NBD

STAT	 NONS
Negative Mean -25.7	 -6.0 -25.7	 -7.3
Residuals Improvement 77% 72%
Positive Mean 77.2	 59.0 81.6	 56.1
Residuals Improvement 23% 31%

TIDE
NBD Robbins

STAT	 NONS STAT	 NONS
Negative Mean -62.8	 -30.2 -55.3	 -26.3
Residual Improvement 52% 52%
Positive Mean 78.8	 39.6 85.0	 43.7
Residual Improvement 50% 49%

NBD is negative binomial distribution.
STAT indicates stationary models.
NONS indicates nonstationary models.
"Improvement" measures the improvement of the nonstationary model
over the corresponding stationary model.
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