
"SINGLE MACHINE SCHEDULING WITH SET-UPS TO
MINIMIZE THE NUMBER OF LATE ITEMS:

ALGORITHMS, COMPLEXITY ANDI
APPROXIMATION"

by

M.Y KOVALYOV*
C.N. POTTS**

and
L.N. VAN WASSENHOVE***

93/82/TM

Professor at. Belarus Academy of Sciences, Minsk, CIS.

** Professor at, Faculty of Mathematical Studies, University of Southampton, UK.

*** Professor of Operations Management and Operations Research at, INSEAD, Boulevard
de Constance. Fontainebleau 77305 Cedex, France.

A working paper in the INSEAD Working Paper Series is intended as a means whereby a
faculty researcher's thoughts and findings may be communicated to interested readers. The
paper should be considered preliminary in nature and may require revision.

Printed at INSEAD, Fontainebleau, France



SINGLE MACHINE SCHEDULING WITH

SET-UPS TO MINIMIZE THE NUMBER

OF LATE ITEMS: ALGORITHMS,

COMPLEXITY AND APPROXIMATION

M.Y. Kovalyov

Belarus Academy of Sciences, Minsk, CIS

C.N. Potts

Faculty of Mathematical Studies, University of Southampton, U.K.

L.N. Van Wassenhove

INSEAD, Fontainebleau, France

In the problem of scheduling a single machine to minimize the number of late items,
there are N jobs each containing a given number of identical items. Each job may be
partitioned into sublots that contain contiguously scheduled items. A set-up time is
required before the machine processes the first item of a sublot. Each job has a due
date that applies to all of its items, and the objective is to find a schedule which
minimizes the number of late items. The problem is shown to be (binary) NP-hard,
even for the case of unit processing times and a common due date, although it
is pseudopolynomially solvable by dynamic programming. Some special cases are
shown to be polynomially solvable. Also, a family of approximation algorithms
{DP,} is presented. For any e > 0, DP, delivers a schedule for which the number of
late items is no more than 1+ e times the number late in an optimal schedule. Since
DP, requires O(N3 log N N3 1 e2 ) time, the family {DP,} is a fully polynomial
approximation scheme.
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1. Introduction
The problem of scheduling a single machine with set-ups to minimize the

number of late items may be stated as follows. There are N jobs; each job j
(j = 1,...,N) consists of gi identical items. Every item of job j becomes avail-
able for processing at time zero, requires a processing time pi and has a due date
di . A job may be partitioned into sublots, each containing an integer number of
items which are to be scheduled contiguously. Machine set-ups are required between
sublots. Specifically, a set-up time ti is required before the machine processes the
first item of each sublot of job j. The machine can handle only one item at a time
and cannot process any items whilst a set-up is performed. A schedule specifies the
size of each sublot, i.e., the number of items it contains, and a processing order for
sublots. For any schedule, an item i with completion time Ci is early if Ci < di ; al-
ternatively, it is late if Ci > di . The objective is to find a schedule which minimizes
the number of late items.

There has been recent interest in scheduling problems where jobs consisting
of identical items are eligible to be split into sublots. For example, Santos and
Magazine [12], Dobson et al. [1] and Naddef and Santos [8] consider problems of
minimizing the sum of item completion times on a single machine, while Potts and
Baker [9] analyze the problem of minimizing the maximum completion time in a
flow-shop. A thorough review of this area of research is provided by Potts and
Van Wassenhove [11]. It appears, however, that our problem of scheduling a single
machine with set-ups to minimize the number of late items has not been studied
previously.

Scheduling problems where jobs consisting of identical items can be split into
sublots and where the objective is to minimize the number of late items can be found
in many practical settings. The identical items could be pieces of luggage, types
of mail, information records, etc. In short, this model is applicable in situations
where a large number of items belonging to a small number of classes have to be
handled, and where due dates are important in the sense that an item loses its value
if it is not processed by its due date. For a single machine example, consider any
filling line (for bottles, cans or containers ). A typical instance is a bottling line of a
brewery in summer when orders cannot all be fulfilled. There is a substantial set-up
time to switch the bottling line from one type of bottle to another (due to the size
of filling head, volume, position of the label, etc.). Furthermore, the time to fill
a bottle depends on its size. In any particular peak week, there will be orders for
different types of jobs (a number of cases of a particular beer in a given bottle, say),
which, if not sent to the market on time, will constitute lost sales. This example
can be modelled as our single machine problem with set-ups.

We comment next on the structure of an optimal solution. Without loss of
generality, we assume that any items of a job which are scheduled to be late can
be placed in a single sublot called a late sublot. Furthermore, if there are two or
more sublots of the same job containing early items, then, without increasing the
number of late items, they may be combined to form a single early sublot. Thus,
we restrict our search to schedules which contain at most one early and at most
one late sublot for each job. Clearly, late sublots can be scheduled in an arbitrary
order after the last early sublot. Also, by the EDD rule of Jackson [5], we assume
that early sublots are sequenced in non-decreasing order of their due dates. It is
convenient to number jobs in EDD order so that d1 <	 < dN.

The remainder of this paper is organized as follows. In Section 2, we study
the computational complexity of various special cases. Of particular interest is
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a proof that our problem is (binary) NP-hard, even for the case of a common
due date and either unit processing times or a common set-up time, although it
is pseudopolynomially solvable by dynamic programming. Section 3 presents an
0(N2 ) algorithm for the related problem of finding a schedule which minimizes the
maximum number of late items of a job. A family of approximation algorithms
{DP,} is presented in Section 4. For any e > 0, algorithm DP, delivers a schedule
for which the number of late items is no more than 1+ e times the number late in an
optimal schedule. Since the time requirement of DP, is 0(N3 log N + N3 /e2 ), this
family of algorithms constitutes a fully polynomial approximation scheme. Some
concluding remarks are presented in Section 5.

2. Special cases
It is convenient to use the three-field problem descriptor which is adapted by

Potts and Van Wassenhove [11] from a scheme of Graham et al. [4]. Our original
problem is represented by 11q,(d, i), tl E Ui . The first field specifies the number of
machines. In the second field, the parameter q3 (d,i) indicates that job j contains
qj identical items, sublots contain a discrete (integer) number of items and an item
is assumed to be completed immediately after it has been processed (as opposed to
sublot or job completion times for items where each item assumes the completion
time of the sublot or job to which it belongs); t j indicates that a set-up time tj
is required before each sublot of job j is processed. Lastly, E Ui in the third field
specifies that the objective is to minimize the number of late items (Ui = 1 if item
i is late; U, = 0 otherwise).

In this section, we study the computational complexity of various special cases
of our general problem. These special cases arise when jobs have a common due
date (d2 d for j = 1, . , N), a common processing time (pj = p for j = 1, , N)
or a common set-up time (ti = t for j 1, , N). We show that 1 lqi (d, i), tj • =
t, pi = pi E is solvable in 0(N log N) time, but 1 lqi (d, i), ti , pi = p, (-13 = di E Ui
and 11qj (d,i),t3 = t, dl = di E Ui are both (binary) NP-hard.

We start the analysis by presenting a heuristic method for our general problem.
When applied to certain special cases, this heuristic generates an optimal solution.
The heuristic is a straightforward generalization of the algorithm of Moore [7] for
the problem 111 E Ui in which each job contains a single item and there are no set-up
times. In the following description of this Modified Moore Heuristic, e l represents
the number of early items of each job j and T represents the current total processing
time plus set-up time for early sublots. This heuristic adds jobs in EDD order to the
end of the current partial schedule of early items. If the addition of job j results in
any of its items being completed after time d3 , we compute the effective processing
time pk + t k e k of an item of an early sublot of job k by distributing the set-up time
t k over the e k early items. The heuristic then chooses items with the largest effective
processing time to be removed from the schedule of early sublots and placed in a
late sublot. To obtain a partial schedule containing only early items, it may be
necessary to remove all items of job k (and the set-up time tk ) and possibly items
of other jobs. The removal of items ceases immediately a partial schedule of early
items is obtained. A formal statement of the procedure is given below.

Modified Moore Heuristic
Step I. Renumber the jobs in EDD order. Set j 1 and T 0.
Step 2. Set ej = qj and T T + t3 + qlpi . If T < d3 , go to Step 4; otherwise, go
to Step 3.
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Step S. Choose k E {1,... ,j} with ek > 0 such that pk +tkiek is as large as possible.
If f(T — di)/Pki < ek , set ek = ek — [(T - di)IPkl, set T = T —pk RT —di)ipki and
go to Step 4. Otherwise, if 1(T - di)Ipki > ek, set T = T — t k — ekpk and ek = 0.
If T < di , go to Step 4; otherwise, repeat Step 3.
Step 4. If j < N, set j = j +1 and go to Step 2. Otherwise, compute the number
of late items U =	 (qi — ej ) and stop.

For liqi(d, E ui in which all set-up times are zero, the Modified Moore
Heuristic is equivalent to Moore's algorithm and hence it generates an optimal solu-
tion. We establish next that it also solves the problem 1 lqi(d, ti = t, pi = pl E Ui.

Theorem 1. For llqi(d,i),t; = t, pi = PI E ui, the Modified Moore Heuristic
generates an optimal schedule in 0(N log N) time.

Proof. Consider some iteration j of the Modified Moore Heuristic. Let ek denote
the number of early items of each job k (k 1, , j) at the end of iteration j, and
let a be a permutation of the indices 1,—, j for which ea(1) > > euco. Also, let
e; be the number of early items of each job k (k = 1, , N) in an optimal schedule,
and let r be a permutation of the indices 1,... , j for which e:(1) >	 > e:(i) . We
show by induction on j that

E ea(k)	 E e *,,(h) for k = 1,... ,j.	 (1)
h=1	 h=1

Clearly, (1) holds for j = 1 because the Modified Moore Heuristic retains the
largest possible number of items to be early. Suppose that (1) holds at the end
of iteration j. Let 7r' be defined for iteration j + 1 analogously to r for iteration
j. Thus, or' = (7r(1),	 , 7r(h — 1),j + lor(h),	 , r(j)) for some index index h
(h = 1, . . . , j + 1). Moreover, let (Fr' = (a(1), . , o-(h — 1), j + 1, cr(h),	 , cr(j)) and,
after defining ei+i = qi+i , let a' to be a permutation of the indices 1,... ,j + 1 for
which e0. (1) � • • • � e 0. (i+1) . We claim that

E ea ,(k) Ee-e ( h ) .� E e':,, (h) for k = 1,	 + 1.	 (2)
h=1	 h=1	 h=1

It is clear from (1) that by using ej+1	 qi+1 > e;+1 , we deduce the second
inequality in (2). Moreover, since the permutation a' is chosen to maximize the
partial sums Eh=i e cr , (h) for k =1,...,j +1, the first inequality in (2) also holds,
which establishes our claim.

Let elk denote the number of early items of each job k (k = 1,...,j + 1) at the
end of iteration j +1 of the Modified Moore Heuristic. Note that whenever items
are removed in Step 3 of iteration j + 1 (to be placed in a late sublot), they are
chosen from the last job k in a' for which e k > 0. It is apparent, therefore, from
the construction of a' that e

,.
, • •• > eon(.	 Thus, to complete the induction

cr'(1) — • • — o'(1-1)•
step, it is necessary to show that

k	 k

E eo, (h)	 E ir.t (h ) for k = 1,	 , j + 1.	 (3)
h=1	 h=1
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If e:, (h) = 0 for h =	 j + 1, then it is trivial to observe that (3) holds.
Otherwise, choose the index m (m = 1,... ,j + 1) such that e:, (m) > 0 and

=	 = eTe(i+i) = 0. If any items that are removed during iteration
j + 1 of the Modified Moore Heuristic are from jobs o'(m + 1), , o'(j + 1), then
we deduce from (2) that

k	 kE eig,(k) — E eaqh) E 41(h) for k = 1, . , m,
h=1	 h=1	 h=1

E e'er , (h) E ecr , (It) E 4, (k) = E e:, (k) for k = m + 1, , + 1,
h=1	 h=1	 h=1	 h=1

and consequently (3) holds. On the other hand, suppose that iteration j +1 removes
items of other jobs. The mechanics of the Modified Moore Heuristic ensure that
there is some index 1 (1 = 1,	 , m) such that all items of jobs cr'(1+1),	 , a' (j + 1)
are removed at the end of iteration j + 1, but no items of jobs a t (1),	 , a'(l — 1)
are removed during iteration j + 1. By the feasibility of the optimal solution, we
have mi + E* p < di+i , where E* = el is the number of early items of jobs
1,.. . , j +1 in an optimal schedule. In the schedule generated by the Modified Moore
Heuristic, there are at most 1 set-ups for the early sublots of jobs 1,...,j +1, where
1 < m. At the start of iteration j +1 of the Modified Moore Heuristic, we note that
there are at least E* items in the early sublots of jobs cri (1),	 , o'(m), because
(2) shows that r Ca' (h) > Ehm-1 eir'(h) = E*. Moreover, items are removed in
iteration j + I only until the total processing time plus set-up time for early sublots
does not exceed d3+ 1 . Since It + E*p < c11 + 1 , there are at least E* early items at
the end of iteration j + 1, and we use (2) to obtain

E eie(h) = E (h) � E e *,,, (h) for k = 1, , — 1,
h=1	 h=1	 h=1

1

E C ite = E el,„, (h) E* E e:, (h) for k = 1, , j + 1,
h=	 h=1	 hr--1

which establishes (3) for this alternative case. We have now proved that (3) holds
in both cases, as required in the induction.

Using j = N in (1), we obtain for k = N that 7h eh > eh. Thus,
there are as least as many early items in the solution obtained by the Modified
Moore Heuristic as in the optimal schedule. Thus, the Modified Moore Heuristic
generates an optimal schedule.

We now analyze the time complexity of the Modified Moore Heuristic. Clearly,
Step 1 requires 0(N log N) time, whereas Steps 2 and 4 require 0(N) time. To
implement Step 3 efficiently, values of pk +tk lek are stored in a heap; updating the
heap after the addition of a new job or when ek is reset requires 0(log N) time.
The procedure passes from Step 2 to Step 3 at most N times, and at most N — 1
additional applications of Step 3 are necessary since job k is removed by setting
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ek = 0 before Step 3 is repeated. Thus, Step 3 requires O(N log N) time, which
yields the overall time complexity of O(N log N). q

Our next two results establish NP-hardness of the problems 11.7.7 (d,i),ti , p3 = p,
di = dIEU; and lIqi (d,i),ti = t, di = dI E U,. The latter result is due to Gaizer
[2], although for completeness we present a proof.

Theorem 2. The problem llqi(d,i),ti ,pi = 1, di = dIE ui is NP-hard.

Proof. We show that the decision version of the number of late items problem with
a unit processing time and a common due date is NP-complete by transformation
from the known NP-complete problem Partition [3]:

Given positive integers a l ,	 , aN , is there a set S C {1,	 , N} such that
Ejesai = A/2, where A = EiN=i ai

Given any instance of Partition, we construct the following instance of our number
of late items problem. There are N jobs with ti = ai , qi = ai , p = 1 and di = A
for j = 1, . ,N. We show that there exists a set S for which tjES ai= A/2 if
and only if there is a schedule with the number of late items not exceeding A/2.

If there is a set S for which 7	 = A/2, then we schedule all items of thejES 123
jobs of S to be early. This yields exactly A/2 late items. Conversely, if there is a
schedule in which the number of late items does not exceed A/2, there must be at
least A/2 early items. Since ti = qipi for j = 1, , N, the time spent on set-ups
in any interval is at least as large as the time devoted to processing. Thus, in our
schedule with at least A/2 early items, within the interval [0, A], the total set-up
time is A/2 and all items of the corresponding jobs are early. These jobs correspond
to a set S for which E a • = A/2. qJES 3 —	 -

Theorem 3 (Gaizer [2]). The problem 11qi(d,i),ti t, di = dl E Ui is NP-hard.

Proof. We show that the decision version of the number of late items problem
with a common set-up time and due date is NP-complete by transformation from
the known NP-complete problem Equal Cadinality Partition [3]:

Given positive integers a l , , aN , where N is even, is there a set S C {1, , N}
such that 151 = N/2 and E ES	 3Na = A/2, where A = E a •?=1	 •

Given any instance of Equal Cadinality Partition, we construct the following in-
stance of our number of late items problem. Let B = (A + a l )... (A + aN ). There
are N jobs with pi = B(A+ai –1)/(A +al ), qi = A+ai , ti = t, where t = 2N AB,
and di d, where d N2 AB + B(N A +A – N)I2, for j = 1, ,NN. We show that
there exists a set S for which ISI = N/2 and Eies ai = A/2 if and only if there is
a schedule with the number of late items not exceeding (N + 1)A/2.

If there is a set S for which 151 = N/2 and Eies aa = A/2, then we schedule
all items of the jobs of S to be early, which yields exactly (N + 1)A/2 late items.
Conversely, suppose there are no more than (N + 1)A/2 late items in the solution of
the scheduling problem. Firstly, we note that there are exactly N/2 early sublots:
there cannot be more than N/2 since (N/2 + 1)t > d, and there cannot be less
than N/2 since there will then be at least (N/2 + 1)A late items. Let S be the
set of jobs having early sublots and let ea be the number of early items of job j
(j = 1, , N). Our assumption that there are no more than (N + 1)A/2 late items
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yields the inequality
E ej (N + 1)A/2.	 (4)
jES

For feasibility, we have

>pj ej =BEe j —BEej l(A + aj ) B(N A + A — N)I2. 	 (5)
jES	 jES	 jES

Substituting (4) into (5), we obtain

E eil(A+aj)>N12.
jES

Since ej < qj = A + aj and ISI = N/2, we deduce that ej = A + aj for j E S.
Substituting for ej in (4), we obtain EiEs ai > A/2; a similar substitution in (5)
yields V	 < A/2. Thus, V,	 a j = A/2, as required. 1:1

Theorems 1, 2 and 3 resolve the computational complexity of our number of
late items problem for all special cases where there are common due dates, common
processing times and common set-up times. Theorem 1 shows that 11q 3 (d, ti = t,
Pi = PI E and by implication 11gj (d, i), tj = t, pj = p, dj = di E Ui , is solvable
in 0(N log N) time, whereas Theorems 2 and 3 show that all other cases are NP-
hard. Although additional special cases arise when common numbers of items are
assumed, the complexity of most of these problems remains unresolved.

We conclude this section by describing a pseudopolynomial dynamic program-
ming algorithm for 1 lqj (d, i), t) I E U1 when all set-up times, processing times and
due dates are integers. Our algorithm resembles that derived by Lawler and Moore [6]
for the problem 111 E wi t; j of scheduling jobs on a single machine (without set-ups)
to minimize the weighted number of late jobs. We define a recursion on gi(T), which
represents the minimum number of late items for jobs 1, . , j when the last early
sublot is completed at time T. Values of gl (T) for j = 1, ,N and T = 0, , Tj,
where Tj = min{dj , Ejh=i (th ghPh)},

g j (T) = min {gi_ i (T — t j 8(qj — uj ) — pj (qj — uj )) + uj},	 (6)u i =0,...,qj

where go(0) = 0 and all other initial values are set to infinity; and

8(x) = 1 if x > 0;
0 otherwise.

The value of u j in (6) defines the number of late items of job j. To find the minimum
number of late items, we compute minr.o,...,TN {gN (T)}. The time complexity of the
algorithm is 0(QTN ), where Q = EjN._ 1 q1 . In Section 4, we present an alternative
dynamic programming algorithm that requires 0(Q2 ) time.

are computed recursively using
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3. Minimizing the maximum number of late items
In this section, we derive an 0(NlogN) algorithm for the problem of mini-

mizing the maximum number of late items for any job, i.e., if u j is the number
of late items for job j, then our algorithm constructs a schedule which minimizes
maxi=1,...,N{uj}. This algorithm is a component of our fully polynomial approxi-
mation scheme which is described in the next section.

Recall that jobs are numbered in EDD order. Our algorithm first finds a
sequence in which the jobs appear in non-decreasing order of numbers of items. Let
(7r(1), ,r(N)) denote this sequence, i.e., q, r(i) 5_ q.h.(N),let Umax denote the
minimum value of the maximum number of late items, and define

Ci(U)= E(thO(qh – U) + ph max{w – U, 0})

for j = 1, , N. To determine whether there is a feasible schedule in which U„,* <
U, we perform test T(U) which checks if Ci(U) < di for j 1, , N. If the
conditions of the test are satisfied, then Um < U since there is a feasible schedule
in which max{qj – U, 0} items of each job j are early and at most U items of each
job j are late; otherwise, Umax > U since there is no feasible schedule in which each
job contains at most U late items.

By applying T(q,(1) – 1) and T(qr(N) – 1), the algorithm establishes whether
Un,* a„ < q„(1 )lor gr(st) can be deduced: in the latter case, the algorithm ter-
minates with Umax = q,(N)• If qw(i) 5_ Um* a„ < q„(N), a bisection search procedure
finds k (k = 1,...,N – 1) such that q,(k) 5_ Um ax < q 7,(k+ 1 ) and deduces the lower
bound Uilax > ULT., where qt, q,r(k) . These bounds on UL„ specify which
set-ups are necessary in an optimal schedule. The final step of the algorithm deter-
mines how many additional late items are necessary for each job j with qj > Ue.„
if a feasible schedule is to result.

Full details of this Min-Max Algorithm for minimizing the maximum number
of late items are given below.

Min-Max Algorithm
Step 1. Number the jobs in EDD order and find a sequence (741), , r(N)) such
that q7,(1)	 q,(N). Let q, (0) . 0.
Step 2. Apply test T(qr(N) - 1). If U,;', ax >_ q7,(N) , stop with UL„ = qr(N)•
Otherwise, apply test T(q 7,(1) – 1). If Lqa„ < q,( 1 ), set kl = 0, Umit = 0 and go to
Step 4. Otherwise, set k l = 1 and le = N.
Step 8. If V'	 k l + 1, set q12„ = q,01 ) and go to Step 4. Otherwise, set
k = 1(k 1 + ku )/21 and apply test T(q,r (k) - 1). If U:iax < qr(k), set k ti 	 k; if

Umax > qr(k), set k i = k. Repeat Step 3.

Step A. Compute C,(qr(ki)) and DJ (qir(ki)) =	 Ph5(qh -4'709) for j 1, ...,N,
set Umax = U112. + maxj=1,...,N{ imax{Cj (q,. (ki ) ) – di3 O}1Di (q,r(hi ) )1} and stop.

We conclude this section by establishing that the Min-Max Algorithm generates
an optimal solution and by deriving its time complexity.

Theorem 4. The MM-Max Algorithm provides the minimum value of the maxi-
mum number of late items for any job in 0(N log N) time.
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Proof. Since we may assume that early sublots are sequenced in EDD order in an
optimal schedule, it is clear that the lower and upper bounds on UL„, which are
deduced from the feasibility tests, are valid. Thus, we show that the value Um*a,,,
which is computed in Step 4, minimizes the maximum number of late items. If
Ci(g.n.(v)) > d,, then Ci(g..(10)) — di measures the infeasibility of the last item of
job j, assuming that min{qh ,q,01 ) } items of each job h (h = 1, , j) are removed
(and not all items of job j are removed). For each unit increase above gii.(ki ) in
the maximum number of late items, the completion time of the last item of job j
decreases by Di(g..(v)). Thus, fmax{Ci(q,„(kI ) ) — di ,0} I Di(g,.(v))1 is the smallest
increase in the maximum number of late items if feasibility of job j is to be achieved.
It is now clear that a schedule in which every job has fewer than Um „„ late items,
where U„,* is defined in Step 4, cannot be feasible.a

To complete the proof, we establish the time complexity of the MM-Max algo-
rithm. Step 1 requires 0(N log N) time. Since each application of the feasibility test
requires 0(N) time, Step 2 requires 0(N) time and Step 3 requires 0(N log N) time.
Step 4 also requires 0(N) time, so the overall time complexity is 0(N log N). q

4. A fully polynomial approximation scheme
In this section, we derive our approximation scheme. For any e > 0, we define

algorithm A, to be a (1 + e)- approximation algorithm if it delivers a schedule for
which the number of late items is no more than 1 + e times the number late in
an optimal schedule. If the time requirement of A, is polynomial in N and 1/e,
then the family {A,}, defined for all e > 0, forms a fully polynomial approximation
scheme. We present such a family {DP,}, where DP, requires 0(N3 log N N3/e2)
time.

Firstly, we represent our problem as an integer program. Recall that jobs are
numbered in EDD order. By defining u = (u 1 , , un ), where uj is a variable
representing the number of late items for job j, our formulation is

minimize Eu,
j=1

subject to uj E {0,1,	 , qi }, j	 1,...,N,	 (7)
Ci(u) < di ,	 j = 1,...,N,	 (8)

where

Ci(u) = E(thb(qh — uh) + ph(qh — uh))•
h=1

Constraints (8) ensure that all early items of each job are completed by their due
date. Let U* denote the optimal solution value for this problem and let u; (j
1, . ,N) be the optimal value of u3.

We now define a more general rounded problem P(K, L) in which v3 is a variable
representing the rounded number of late items for job j. We require that v j is an
integer multiple of K, where K > 0. Furthermore, L is an artificial upper bound.
More precisely, L is a positive integer multiple of K and only solutions in which
the total rounded number of late items is no more than L are considered. Thus,
P(K, L) can be written as
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minimize

subject to

N

EVj
j=1

vi
j=1

vj E {0, K,..

Ci (min{ [vd

(9)

.,min{.K1q3 /K1,L})	 j = 1,...,N (10)

j = 1,...,N. (11)

Constraint (10) is analogous to (7) but incorporates the artificial upper bound L;
constraint (11) is obtained from (8) by substituting ui = min{Lvif , q,} for j =
1, , N. Also, if v; (j = 1, ,N) is an optimal solution of P(K,L), then u f =
min{ [v;i , qj ) defines a feasible solution of the original problem.

We note that P(1, oo) is, in fact, our original problem. Let V*(K, L) denote the
optimal solution value for this rounded problem, where V*(K,L) = oo if P(K,L)
is infeasible (which may result if L is too small).

We now present a pseudopolynomial dynamic programming algorithm to solve
problem P(K, L). Section 2 describes a dynamic programming algorithm which uses
the completion time of the last early sublot as a state variable, while the correspond-
ing minimum number of late items is stored as a function value. For the purposes
of deriving a fully polynomial approximation scheme by solving P(K, L), however,
it is more convenient to switch these definitions so that the rounded number of late
items becomes a state variable. More precisely, we recursively compute values fi(V)
which represent the minimum value of C3 (min{[vi], q1 }, • • • , min{ LVNi, qN}), sub-
ject to E ). = , v, = V. A formal statement of this dynamic programming algorithm
DP(K.L) is as follows.

Algorithm DP(K,L)
Step 1. Number the jobs in EDD order. Set all initial values of fl (V) to infinity,
with the exception fo(0) = 0. Set j = 1 and set vi = 0.
Step 2. Compute the following for V = vi , v, + K,	 Kigh/K1,
Evaluate C, = f,_ 1 (V – vi )-Ftj O(q) – min{ kW, q.,})+123(qj – min{ Lvi j, gip. If
C3 civ set f3 ( V) = min{fi(V),CA.
Step 3. Set r„ = vj -f- K. If vi > minfKiqi1K1,L1, go to Step 4; otherwise, go to
Step 2.
Step 4. If j = N, go to Step 5; otherwise set j j 1, set v., = 0 and go to Step 2.
Step 5. If fN (1") = oo for V = 0, K,2K,...,minlEhN_I iqh 1K1, Lb set V*(K,L) =
oo; otherwise, select V*(K,L) to be the smallest value of V (V = 0, K, 2K,...,
ininfEht`:1rq,dhl,L1) for which fN (V) is finite, use backtracking to find the cor-
responding solution v* = (vi, , v';‘,) and compute U(K,L) = 1 u3, where
u3 = min{ [v.; J , 4731.

In Algorithm DP(K, L), the task of solving the recursion is performed in Step 2.
Each job j is considered in turn and each possible value for the number of late items
vi is analyzed. Whenever a candidate solution is found for which the left hand side
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of (11) is Ci , it is tested for feasibility. The value of Ci for a feasible candidate
is compared with the corresponding value of any previously generated candidate;
only the candidate having smaller Ci is retained for further consideration. Step 5
constructs a feasible solution of the original problem from the optimal solution of
P(K, L).

Clearly, DP(1, oo) can be applied to solve the original problem. For each job
j, Step 2 is executed qi + 1 times, each of which requires 0(Eih=1 qh ) time. Thus,
we deduce that DP(1, oo) requires 0(Q2 ) time. Unless dN is very small, DP(1, oo)
is more efficient than the 0(QTN ) algorithm described in Section 2.

Our eventual aim is to choose suitable values of K and L so that DP(K, L) is a
(1 + 0-approximation algorithm. Thus, we require that the feasible solution of the
original problem, which is constructed in Step 5 of DP(K, L), satisfies U(K, L) <
(1 +e)U*. Henceforth, we restrict our attention to instances for which U* > 0. This
property is easily checked in 0(N log N) time: U* = 0 if and only if the Min-Max
Algorithm of Section 3 yields a schedule with Uni*.„ = 0 which is optimal for the
original number of late items problem.

We now proceed with the analysis of Algorithm DP(K, L). Let LB denote any
lower bound on U*. We assume that LB > 1, since U* > 0 for all instances under
consideration.

Lemma 1. For any e > 0, DP(K, L), where K = eLB/N, has the following prop-
erties:
(a) if V*(K,L) is finite, then U* < L;
(b)if L > U* + NK, then V*(K, L) is finite and U(K,L) < (1 + e)U* ;
(c) it has a time requirement of 0(N log N + N3L2/(eLB)2).

Proof. Suppose that V* (K, L) is finite and consider the solution ul = min{ ly; .1, qi}
for j = 1, ,N which is constructed in Step 5. Since it is a feasible solution for
the original problem, we have

N

U* 5U(K,L) =	 .,.	 (12)

Furthermore

U(K, L) = E min{ Lv; J,qj } 5. Ey; V*(K, L).	 (13)
1=1	 j=1

Since, by definition, V*(K, L) < L, we deduce part (a) of the lemma from (12) and
(13).

To prove part (b), assume that L > U* + NK. We first note that the solution
constructed for P(K, L) from the optimal solution of the original problem using
vj = KruVKl, has value V, where V < U* + NK. Since L > U* + NK, this
constructed solution satisfies constraints (9) and (10); also, since u; < min{ h .], q.7}
for j = 1, , N, it is feasible with respect to (11). Since a feasible solution to
P(K, L) exists, DP(K, L) will find such a solution, which proves that V*(K, L)
is finite. Furthermore, V*(K, L) < V, since V*(K, L) is an optimal solution for
P(K, L), which when combined with (13) and V < U* + NK yields

U(K, L) < U* + NK = U* + eLB < (1 + e)U*.
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Thus, we have proved part (b) of the lemma.
To establish the time complexity of DP(K, L), we first note that the numbering

in Step 1 requires 0(Nlog N) time. For each job j, Step 2 is executed at most
1 +L/K times, with each execution requiring O(L/K) time. Thus, the overall time
requirement is 0(N log N +NV/K2 ) which, on substitution of K = eLB/N, yields
the time bound for part (c) of the lemma. 0

If L is chosen appropriately, then part (b) of Lemma 1 shows that DP(K, L) is a
(1+ e)-approximation algorithm. Let UB denote any upper bound on the minimum
number of late items. If we set L =KIITB/Kl+NK, this worst-case performance
bound is valid. Furthermore, part (c) of Lemma 1 shows that DP(K, L) requires
O(N3 + N3 UB2 /(eLB) 2 ) time.

To complete the description of our fully polynomial approximation scheme, we
need to specify values of LB and UB. Suppose that we apply the Min-Max Algorithm
of Section 3 to obtain a schedule for which the number of late items for any job is
minimized. Clearly, LB O) = Umax is a valid lower bound on the minimum number
of late items U. Furthermore, evaluation of the schedule generated by the MM-Max
Algorithm yields an upper bound UB ( ° ) on the number of late items, where UB (0) <
NUmax = NLB (° ) . Thus, DP(K, L) for K = eLB ( °) /N and L = KrUB(°)/Ki +NK
is a (1+ e)-approximation with a time requirement of O(N3 + N5 /e2 ). Rather than
base our approximation scheme on DP(K, L) for this choice of K and L, we prefer
to establish tighter lower and upper bounds on U* and thereby reduce the time
requirement of our family of approximation algorithms. The following procedure
generates lower and upper bounds LB and UB such that UB/LB is independent of
N.

Bound Improvement Procedure
Step I. Apply the MM-Max Algorithm to find U4`,.. Set LB (1) = UiTiax and k = 1.
Step 2. Apply Algorithm DP(LB(k) /N,3LB (k) ). If V(LB(k) /N, 3LB (k) ) is finite, go
to Step 4; otherwise go to Step 3.
Step 3. Set k = k + 1 and LB(k) = 2LB(k-1) . Go to Step 2.
Step 4. Set UB(k) = 3LB(k).

Our next result verifies that this procedure generates valid lower and upper
bounds, and also derives its time complexity.

Lemma 2. Values LB(k) and UB(k) , where UB(k) = 3LB (k) , satisfying LB(k) <
U* < UB(k) are generated by the Bound Improvement Procedure in 0(N 3 log N)
time.

Proof. Firstly, we show by induction on k that LB (k) < U* for all values of k
used in the procedure. Clearly, LB (1) < U. Suppose that LB (k-1) < U* and the
procedure continues because V*(LB(k-1)/N, 3LB (k-1) ) is not finite. Using part (b)
of Lemma 1, we have L < U* + NK, where K = LB (k-1) /N and L = 3LB(k-1).
Thus, LB(k) = 2LB(k-1) < U*, as required in the induction.

To establish that UB(k) is a valid upper bound, consider the final application
of DP(LB (k) /N, 3LB (k) ) which yields a finite value V*(LB(k)/N, 3LB (k) ). Part (a)
of Lemma 1 provides the upper bound U* < 3LB (k) = UB(k).
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The time requirement of Step 2 of the Bound Improvement Procedure domi-
nates that of the other steps. We note from part (c) of Lemma 1 that 0(N3 ) time
is required for each application of Algorithm DP(LB (k) /N,3LB(k) ). After k itera-
tions, we obtain the lower bound LB (k+1) = 2kUiliax• In view of the upper bound
UB ( °) < NLB (°) = NUna*., LIP+1) is a lower bound only when k < [log2 N}.
Thus, no more than 0(log N) iterations are necessary, which yields the required
time complexity of 0(N3 log N). q

We define the family of algorithms {DP,}, where DP, = DP(K,L) for K =
eLB(k) /N and L = KFUB(k) /K1 + NK; LB(k) and UB(k) are obtained from the
Bound Improvement Procedure. Our main result establishes that this family forms
a fully polynomial approximation scheme.

Theorem 5. The family of algorithms {DP,} forms a fully polynomial approxi-
mation scheme and DP, has a time requirement of 0(N3 log N + N 3 /e2).

Proof. Since Lemma 2 validates the lower and upper bounds LB (k) and UB(k),
using part (b) of Lemma 1 shows that DP, is a (1 + e)-approximation algorithm.
To establish the time complexity of DP„ we first note from Lemma 2 that the
bounds LB (k) and UB (k) are computed in 0(N3 log N) time. Part (c) of Lemma 1
shows that DP(K, L) requires 0(N3 + N3 /e2 ) time when K eLB(k) /N, L =
KrUB (k) /K1 NK and UB(k) /LB(k) = 3. Thus, the overall time complexity of
DP, is 0(N3 log N + N3 /e2 ). q
5. Concluding remarks

In this paper, a single machine scheduling problem is considered in which each
job consists of a number of identical items. Jobs may be partitioned into sublots
containing an integer number of contiguously scheduled items, but each sublot re-
quires a set-up time on the machine. A schedule specifies both the size of each
sublot and a processing order for sublots. The objective is to minimize the number
of late items.

The problem is shown to be (binary) NP-hard, even for the case of a common
due date and either unit processing times or a common set-up time. An 0(N log N)
algorithm is presented for the special case where all processing times, as well as all
set-up times, are equal. This algorithm generalizes the well-known method of Moore
for the traditional problem in which each job consists of a single item. For some
other special cases in which a common number of items per job is assumed, the
complexity remains open.

The main result of our paper is a family of algorithms {DP,} which constitutes
a fully polynomial approximation scheme. The scheme is derived using a scaled
dynamic programming algorithm in which the rounded number of late items be-
comes a state variable. The upper and lower bounds required by our approximation
scheme can be obtained by applying our 0(N log N) algorithm for solving the re-
lated problem of minimizing the maximum number of late items of any job in the
schedule. The efficiency of our fully polynomial approximation scheme is enhanced
by a bound improvement scheme which enables us to establish algorithm DP, with
a time complexity of 0(N3 log N + N3 /e2).

Consider a weighted version of our number of late items problem. Each item
of job j (j = 1,...,N) is assigned a positive integer weight w3 and the objec-
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tive is to minimize the weighted number of late items. The modifications to our
approximation scheme to handle this more general problem are relatively straight-
forward. Firstly, to minimize the maximum weighted number of late items, an
0(N log max3=1,...,N {wiqi }) bisection search algorithm is used: given a trial value

wfor the maximum weighted number of late items, feasibility is easily checked by dis-
carding as many late items of each job as possible, subject to the limit given by the
trial value. Secondly, having obtained initial upper and lower bounds, minor adjust-
ments to the analysis of Section 4 yield a fully polynomial approximation scheme.
These adjustments relate to the formulation of a rounded problem: the only differ-
ences from P(K, L) are that in (10) the maximum value of v is min{K {tvi qjl L}
and in (11) each vi is divided by w3 . Except for the increased computation required
to obtain the initial bounds, the introduction of weights does not increase the time
complexity of the scheme.
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