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ABSTRACT  

This paper examines the effects of production uncertainty on the 

behavior of the labor-managed, cooperative firm and shows that it 

generally differs from the case of certainty and the case of the 

entrepreneurial, profit-maximizing firm. In particular, it is 

shown that the risk-averse (risk-seeking) cooperative will have 

a larger (smaller) ratio of Tabor to nonlabor input employed in 

production than the risk-neutral cooperative. 

Forthcoming in The Journal of Comparative Economics 



THE EFFECTS OF PRODUCTION UNCERTAINTY 

ON THE LABOR-MANAGED FIRM 

I. INTRODUCTION 

The effects of uncertainty on the standard theory of the entrepreneurial firm 

have been examined in detail by several authors who assume the firm's profit to be 

a random variable with a known probability distribution and that management maxi-

mizes the expected utility of profits. The sources of uncertainty are multiple. 

Sandmo (1970), Baron (1970), and Batra and Ullah (1974) consider the case of random 

output prices, Leland (1971) the case of a stochastic demand function, Blair (1974) 

and Stewart (1978) the case of random input quantities. A major conclusion of all 

these studies is that, under uncertainty, the risk-averse firm will generally employ 

fewer inputs and produce a smaller output than the risk-neutral firm or the firm 

operating in a world of certainty. 	There have been, however, few attempts to 

explore the effects of uncertainty on the labor-managed or cooperative firm.
1 

A producer cooperative is an enterprise organized and managed by workers who 

are the firm's proprietor-members. Whereas the desideratum of the entrepreneurial 

firm is assumed to be its profits, that of the labor-managed firm is assumed to be 

the income per worker. Ward (1958), Domar (1966) and Vanek (1969) have shown that, 

in a world of certainty, the difference between the objective fonctions of the 

two types of industrial organization leads to different levels of factor employment 

and production and different response to changes in the exogenous variables imposed 

on the firm by the economic environnent. For instance, in a world of certainty, 

the labor-managed firm may produce less than the entrepreneurial firm and reduce 

its optimal level of output in response to an increase in its fixed costs or its 

output price. 

The purpose of this paper is to examine the behavior of the labor-managed firm 

and compare it to that of the entrepreneurial firm when there is uncertainty in the 

production process. In particular, we consider a situation where the services pro-

vided by a given set of factors are random variables. This is probably one of the 

few sources of uncertainty that cannot be completely removed by the firm. In a 

state-controlled economy, for example, a state agency will usually fix the output 

and input prices, thus removing ail price uncertainty for the firm. Even in a market 

economy, the firm may partially or completely eliminate price uncertainty through 

the use of future markets and contracta for future delivery of inputs at predeter-

mined prices. There is, however, no simple way to remove production uncertainty 
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resulting from, say, break-downs in machineries, unequal quality and inadequate 

deliveries of materials and labor absenteeism. Thus, although the firm has 

acquired sufficient capital, materials, and labor in anticipation of current 

production, its available inputs for current production may not correspond to 

its acquired inputs. Hence, the firm faces stochastic input quantities when 

employment and production decisions are made. Under reasonable assumptions 

regarding the production function, the risk-averse, competitive, profit-maxi-

mizing firm has been shown to respond to production uncertainty by reducing the 

quantities of ail the inputs it acquires prior to starting production.
2 

It is 

shown in this paper that for the risk-averse, labor-managed firm this result, 

among many others, does not hold. It will be shown that the risk-averse, labor-

managed firm, which sells its product at a fixed price, will respond to production 

uncertainty by enlarging its membership ranks (acquiring more labor). 

The remainder of this paper is organized as follows. The next section intro-

duces our definitions and assumptions and derives the equilibrium conditions under 

production uncertainty for the labor-managed firm. Section III examines the effects 

of production uncertainty on the cooperative's use of inputs anc its production 

decision under alternative attitudes toward risk. This behavior is then compared 

to that of the entrepreneurial firm. Section IV uses a comparative-static analysis 

to, first, determine the firm's response to a marginal increase in the expected 

service flows from the acquired inputs as well as to a marginal increase in 

uncertainty, and, second, to derive the firm's input demand and output supply 

functions under production uncertainty. The last section contains a summary of the 

results. 

II. DEFINITIONS, ASSUMPTIONS, AND EQUILIBRIUM CONDITIONS 

1. Definitions  

The following definitions and notations are employed : 

L
o' 

X
o 
= quantities of labor (L

o
) and nonlabor input (X

o
) acquired; 

L, X 	= actual (random) labor (L) and nonlabor (X) input services; 

q = f(L, X) = random output produced by the random factor services; 

p = price of one unit of output 

x = price of one unit of the nonlabor input 

a = average product of used labor (random) = q/L. 

fL, fx  = marginal product of labor (f1 ) and non labor input (fx) 

, 3 
LL' XX - 

f
LX 

= the cross-acceleration coefficient
4 
= âf

L
/aX =

X
PL 

the direct acceleration coefficient 	= âf
L
/âL
' 

âf
X
/aX 



-4- 

= total cost of the nonlabor input per unit of total worker = xXo/Lo. 

Y = random income per worker = (pq - xX0)/L0  = (pq/Lo) - 

2. Assumptions  

The following assumptions are made : 

(i) We follow Roodman (1974) and Ratti and Ullah (1976) in assuming that 

factor services are randomly proportional to factor inputs, or : 

L = vL
o 

and X = uX 

where u and v are non negative, uncorrelated random variables with known density 

functions and unit means.
5 

This assumption implies that (q/Lo) can now be written 

(vq/L) = v • a and the random income per worker becomes : 

Y = (pq - xX
o 
 )L
-1 

= pva - c 	 (1) 

(ii) The production function f(L, X) = f(vLo, uX0) has positive and decreasing 

marginal products. That is : 

fL > °' fX > °' fLL < °' fXX < 

and production will take place in the relevant production stage where average product 

exceeds marginal product, that is, the random variable (fi.- a) is negative. 

The two inputs may be either complementary ( 	> 0) or competitive 
fLX 	 (fLX < O)  

in the production process. 

(iii) The price of output and the price of the nonlabor input are (parametrically) 

given to the firm. 

(iv) Contraction and expansion of membership in the cooperative can be achieved 

instantaneously and at no cost to existing members. 

(v) The firm has a unique von Neumann-Morgenstern (1953) utility function of 

income, U = U(Y) = U(pva 	E), that adequately summarizes the attitude toward risk 

of all members associated with the cooperative. The utility function is concave 

(U"(Y) < 0), linear (U"(Y) = 0) or convex (U"(Y) > 0) depending upon whether the 

firm is risk averse, risk neutral, or risk seeking, but in any event U' > O. The 

firm is assumed to choose its input quantities Lo, X0  (the decision variables) so 

as to maximize expected utility. 
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3. Equilibrium Conditions for the Labor-Managed Firm  

The first-order conditions for maximizing expected utility are : 

aEU(Y) 	- L 1  • E [ U 1  (Y) (pv•fi.  - Y)] aL
o 

(2a) 

DEU(Y) 	1 
= Lo  .E [W(Y)(pufx  - x)] = 0 	 (2b) 

o 
 

where E is the expectation operator. We assume that the second order conditions, 

as specified in the appendix, are satisfied. 

III. COMPARATIVE FACTOR EMPLOYMENT AND OUTPUT DECISION 

In this section it will be shown that, under production uncertainty, the risk- 

averse (risk-seeking) cooperative employs more (fewer) workers that the risk-neutral 

cooperative, a behavior that is the exact opposite of that of the entrepreneurial 

firm.6 
 Sufficient conditions which produce this behavior are : 

(1) the quantity of the nonlabor input is nonstochastic, 

or 

(2) the two inputs are competitive(fLX < 0) in the production process if 

the quantity of the nonlabor input is stochastic. 

If the two inputs are complementary ( fLX > 0) and the quantity of nonlabor input is 

subject to random fluctuations, then the risk-averse (risk-seeking) cooperative 

employs more (fewer) workers than the risk-neutral firm if the cross-acceleration 

coefficient (fLX
) is smaller than the marginal product of the nonlabor input per 

worker (fX 
	• 
/L) 	This condition is satisfied by various standard production functions 

among which are the Cobb-Douglas (CD), the Constant Elasticity of Substitution (CES), 

and the Constant Marginal Share (CMS) production functions.
7 

Because of the asymmetrical contribution of the labor and nonlabor inputs to 

the cooperative's objective function, the employment of the nonlabor input under 

alternative attitudes toward risk will differ from that of the labor input. The 

risk-averse (risk-seeking) cooperative will be shown to employ fewer (more) of 

the nonlabor input that the risk-neutral cooperative as long as the two factors 

complement one another in the production process and the elasticity of the marginal 

product of the nonlabor input has an absolute value less than unity.
8 

If the two 

factors are competitive, the employment of the nonlabor input is generally deter- 

minate. 	This behavior of the labor-managed firm with respect to the nonlabor 

input will be shown to be similar to that of the entrepreneurial firm. 
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1. Employment of the Labor Input  

Consider first the employment of the labor input. Noting that E(AB) = 

E(A)E(B) + Cov (A, B) and using equation (1), the first-order condition (2a) can 

be rewritten as 

pCov [U' (Y) , v(f
L 
- a)] 

E [pvfL] 	= E [Y] - 	 (3) 
E [U'(Y)] 

Under risk neutrality the covariance is zero rince U'(Y) is a constant 

(U"(Y) = 0) and the cooperative enlarges membership up to the point where the 

expected value of the marginal product of the last member equals the expected 

income per member. Under either risk aversion or risk seeking, the covariance 

is different from zero (U"(Y) O 0) and whether a greater or lesser number of workers 

will be employed than under risk neutrality will depend upon the sign of the covari-

ance. In the appendix we prove that if the two inputs are competitive then : 

Sign {Cov [U'(Y), v(fL  - a)] 	E -Sign {U"(Y)} 	 (4) 

If the two inputs are complementary, identity (4) holds only 
if f

LX < (Fx/L). 

As mentioned earlier, this condition is met by various production functions among 

which are the CD, the CES, and the CMS production functions. For all cases for 

which identity (4) holds, it follows directly from the equilibrium condition (3) 

that : 

E [pvfL] 	E [Y] according to U"(Y) 	0 

Under risk aversion (risk seeking) U"(Y) is negative (positive) and the expected 

value of the marginal product of labor is larger (smaller) than the expected income 

per worker. This implies that the risk-averse (risk-seeking) cooperative employs 

more (fewer) workers than the risk-neutral firm. 

Having shown that under risk aversion (risk seeking) the cooperative will 

generally employ more (fewer) workers than under risk neutrality, we can now turn 

to the comparison of labor employment under risk neutrality to labor employment 

under certainty. Certainty refers to a situation in which the random variables 

u and v are known with certainty to be equal to their expected values of unity. 

Because the production function is concave with respect to each input, factor  

employment under certainty will differ from that under risk neutrality. 

Consider the case for which nonlabor services are not random. Given that the 

production function is concave in L we have E [f(uL
o' 

X
o
)] < F(L

o 
 , X

o 
 ) by application 

of the Jensen Inequality,
9 

that is, the expected output is smaller than the 

certainty output and consequently : 

E [Y] < Y 	 (5a) 
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Thus, the expected income per worker is smaller than the certainty income per 

worker. Likewise, assuming that the marginal product curve is concave in L, which 

is the case for various production functions, it follows from the Jensen Inequality 

that : 

dpvfL] < pfL  • 	 (5b) 

Now, in equilibrium, under certainty and risk neutrality we have : 

PfL = Y  

and 

E[pvfL] = E[Y] 

If L' and L" are, respectively, the optimal level of labor employment under certainty 

and risk neutrality, it follows from inequalities (5a) and (5b) that L(') 	L'(;; the 

optimal employment of workers under uncertainty may be smaller, equal, or larger 

than that under risk neutrality. It is, therefore, not possible to compare the 

optimal employment of workers by cooperatives under uncertainty to the case of 

certainty. Such a comparison, however, is possible for the entrepreneurial firm 

rince workers' income (the wage rate) is not a random variable in this case.
10 

2. Employment of the Nonlabor Input  

Using the same procedure as in the case of the labor input, we have from the 

first-order condition (2b) : 

pCov[U'(Y), ufx] 
E[pufx] = x 	 (6) 

E[U'(Y)] 

In the appendix we prove that if the two inputs are complementary (f
XL 
 > 0) and the 

'  
elasticity of the marginal product of the nonlabor input has an absolute value less 

than unity (lexi < 1), both conditions being satisfied by the CD, the CES and the 

CMS production functions as well as the Revankar's Variable Elasticity of Substi-

tution and the Transcendental production functions,11  then 

Sign {Cov[U'(Y), ufx  ]} = Sign {U"(Y)} 	 (7) 

and from equation (6) it follows that the risk-averse (risk-seeking) cooperative 

will employ fewer (more) of the nonlabor input than the risk-neutral firm. If the 

two inputs were competitive 
(f

XL < 0), the employment of the nonlabor input would 

generally be indeterminate. 

Turning to the comparison of the risk-neutral case to the certainty case, we 

now have : 

E[pufx] = x 

and 

Pfx 
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and given that E[pufx] < pfx  it follows that the employment of the nonlabor input 

under certainty will be larger than under risk neutrality and, consequently, also 

larger than under risk aversion. However, no such comparison is possible with the 

risk-seeking case. 

We can now examine the differences in the response of the cooperative firm and 

the entrepreneurial firm to the effects of production uncertainty. First, the 

employment of the nonlabor input is the same for the entrepreneurial and the 

cooperative firm. This is so because in the equilibrium condition (2b), the quantity 

of the Tabor input is held constant. Since L and X are interchangeable in the 

objective function of the entrepreneurial firm, this firm will employ fewer (more) 

of both inputs under risk aversion (risk seeking) than under risk neutrality, 

assuming that the two inputs are complementary and that the elasticity of the 

marginal product of each input has an absolute value less than unity. There are 

no definite results if the two inputs are competitive rather than complementary. 

The cooperative, however, was shown to generally employ more (fewer) workers under 

risk aversion (risk seeking). The necessary conditions for this result are less 

restrictive than in the case of the entrepreneurial firm. Finally, the entre-

preneurial firm will emply fewer of both inputs under risk aversion than under 

certainty. Because of the concavity of both the production function and the income 

per worker, no such comparison is possible for the cooperative firm. 

3. Comparative Expected Output  

Consider a risk neutral cooperative firm that becomes risk averse. The 

direction of the change àLo  in the employment of workers and the change ao  in 

the employment of the nonlabor input resulting from the conversion from risk 

neutrality to risk aversion is summarized in Table I. What is the direction of 

the change in the expected output ? We have : 

d[E(q)] = [E(uf
L
) ] • dL

o 
+ [E(vf

X
)] • dX

o 	 (8) 

It follows from Table 1 and equation (8) that the change in the level of expected 

output produced by the labor-managed firm is indeterminate. With the assumptions 

we made on the production function, the change in the expected output produced 

by the entrepreneurial firm will be negative. 

	  INSERT TABLE 1 HERE 	  

IV. COMPARATIVE-STATIC BEHAVIOR 

1. Changes in the Moments of the Distribution of u and v 

We wish to determine how changesin the expected value and the dispersion of 

the random variables u and v affect factor employment. In the case where the non-

labor input is a variable factor of production, the analysis is confined to changes 

in the moments of u, the nonlabor input, because results are indeterminate for 



TABLE 1 

INPUT ADJUSTMENT EIrFECTS FOR A RISK NEUTRAL COOPÉRATIVE BECOMING RISK AVERSE 

The nonlabor input (X o) 
is flot stochastic 

The nonlabor input (X 
o
) 

is stochastic 

Sign of the cross-
acceleration coefficient 

f
LX 

> 0 fLX 
< 0 f

LX 
> 	0 f

LX 
< 0 

Change in the employment 
of the labor input LI, 	for o 

 
(1) 	the Cooperative Firm (+) 2 (+) (+) 2 

1 
(+) 

2 
 

(2) 	the Entrepreneurial Firm 
....... 

(-) ? (-) ? 

Change in the employment 
of the nonlabor input L\X0  for 

3 3 
(1) the Cooperative Firm (-) 3 

? (-)3 
? 

(2) the Entrepreneurial Firm (-) ? (-) ? 

1.  Assuming f
LX 

< f
X
/L 

2.  Assuming leLl < 1 

3.  Assuming lexl < 1 



DL 
o 0  

ae < > ' 
0 > 

7F— 	0 	if L
o 

and X
o 

are complementary (9a) 
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changes in the moments of v, the labor input. 

First, the effect of an increase in the expected flow of services from the 

nonlabor input is analyzed using a technique suggested by Sandmo (1970). It 

consists of replacing the random variable u by u' = u + e in the equilibrium 

conditions (2a) and (2b). The additive parameter 0 shifts the distribution of 

u to the right with the effect of increasing the expected flow of services from the 

nonlabor input. After substituting u' for u in (2a) and (2b), these expressions 

are implicitly differentiated with respect to e and evaluated at e = 0. Inter-

pretable results may be obtained only if the cooperative is assumed to exhibit risk 

neutrality and the results presented below are restricted to this case. 

In the appendix we show that when lexl < 1 then : 

and 
aL
o 	

a)( 

âe 
< 0, 	

30
o > 0 	if L

o 
and X

o 
are competitive 	 (9b) 

An increase in the expected service flow from the nonlabor input may lead to 

either an increased, a constant, or a decreased usage of both factors of production 

if the two inputs are complementary. If the two inputs are competitive, the labor-

managed firm reduces the employment of labor and simultaneously increases the 

employment of the nonlabor input in response to an increase in the expected service 

flow from the nonlabor input. 

When the nonlabor input is nonrandom, determinate results for a change in the 

expected serviceçflow from the labor input can be obtained under risk neutrality. 

An implicit differentiation of the first order condition with respect to e after 

replacing v by v' = v + e and evaluating the result at e = 0 yields : 

dL
0 = - pU'(Y) rrif 	< 

"L'ILL-1  
de 	L

o
H 

where H = d
2 

E[U(Y)]/dL
o
2 
 < 0 at the maximum. For the entrepreneurial firm we have 

dL
o
/de > 0 if le

XI  
I < 1, a restriction that is not necessary for (10) to hold. Thus 

an increase is the expected service flow from the labor input, under risk neutrality 

and no other variable input, always leads to a reduction in employment by the 

cooperative firm and to an increase in employment by the entrepreneurial firm only 

if the absolute value of the elasticity of the marginal product of labor curve is 

less than unity. 

(10) 



Turning to the examination of the effect of a small increase in uncertainty 

when the nonlabor input is variable, we can use Sandmo's (1970) technique of mean-

preserving spread in which the distribution of u is allowed to "blow up" around a 

constant mean. The random variable u is replaced by u' = vu + 6 where v is a 

multiplicative parameter. After substitution of u' for u in the equilibrium con-

ditions (2a) and (2b), these expressions are implicitly differentiated with respect 

to y and evaluated at v = 1 and e = 0. We show in the appendix that if the two 

inputs are complementary and complement one another less and less as more of the 

nonlabor input is used and the marginal product curve of the nonlabor input is 

a nonincreasing function of the nonlabor input, then under risk neutrality : 

aL 	 3X 
o 	 o 

 0 > 
n 
u , 	- < 	 (11) 

âv 	 âv 

Thus, assuming that the production function has the above-mentioned properties, 

which is the case for many commonly used production functions, a marginal increase 

in uncertainty leads to an enlargement in membership and a reduction in the employ-

ment of the nonlabor input. The entrepreneurial firm will respond, under identical 

conditions and assumptions, by reducing the employment of both inputs. 

Holding the quantity of the nonlabor input fixed, we can examine the effect of 

a marginal change in the uncertainty of the labor input under risk neutrality. 

Substituting v' = vv + 6 for v in the first-order condition (2a), differentiating 

with respect to y, and evaluating the result at y = 1, 6 = 0 yields under risk 

neutrality : 
dL
o 

pU'(Y) E[(v - 1)Lf
LL
] < 	0 

dv 	L
o
H 

The sign of the expected value of the term in brackets is negative if the marginal 

product curve is concave in labor.12  Thus, the risk neutral cooperative will reduce 

membership in response to a marginal increase in uncertainty. 

2. The Demand for the Nonlabor Input  

The effect of a change in the price x of the nonlabor input on the employment 

of the labor and nonlabor inputs is determined by implicit differentiation of the 

first-order equilibrium conditions (2a) and (2b) with respect to the nonlabor input 

price x. We prove in the appendix that : 

DL 
	

aX 

ax
0  

0 

	

	° 	0 	if L
o 
and X are complementary 	(12a) 

'  
and 

aL 	 âX 

7C.
o 	 0 	 (12b) 

-5 	> o' 	âx 	
if L

o 
and X

o 
are competitive 
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If the two inputs are complementary in the production process, then the sign of 

the two derivatives is indeterminate. If the two inputs are competitive, then 

âL
o
/ax is positive and âX

o
/âx is negative. In words, the demand for workers is 

directly related to a change in the price of the nonlabor input and the demand for 

the nonlabor input is inversely related to its price, that is, the demand for the 

nonlabor input is downward sloping. These results are the same as in the case of 

the cooperative firm operating in a world of certainty. For the entrepreneurial 

firm âL
o 	

< 0 and âX
o
/âx < 0 if the two inputs are complementary. If they are 

competitive, however, âLo/âx < 0 and âXo/âx > 0, results that are exactly the 

opposite that of the cooperative firm.
13 

3. The Supply of Expected Output  

The effect of a change in the price of output on the employment of the Tabor 

and the nonlabor input are determined by implicit differentiation of the first-

order conditions (2a) and (2b) with respect to the price of output p. After solving 

for the partial derivatives we show in the appendix that under risk neutrality : 

âp < 

âL
o > 	

âp

âX
0 > 

= 0, 	= 0 	if L
o 

and X
o 

are complementary 	(13a) 

and 
âL

o < 0, 
âp 

âX
o 

âp 
0 	if L

o 
and X

o 
are competitive 	(13b) 

Again, if the two inputs are complementary in the production process the sign of 

âL
o
/Bi) and 3X

o
/âp is not determinate. If the two inputs are competitive in the 

production process the sign of âLo/âp is negative and that of âXo/âp is positive. 

The same results will hold in the case of the cooperative firm operating under 

certainty. For the entrepreneurial firm the partial derivatives are indeterminate if 

the two inputs are competitive. If they are complementary, the two partial 

derivatives are positive. 

The above results imply that the slope of the supply curve for the expected 

output will be indeterminate for the cooperative firm regardless of whether the 

two inputs are complementary or competitive. It will be positive for the entre-

preneurial firm if the two inputs are complementary. This is so because : 

E[cl]  = [vf
L 
 — + E[uf -- 

	

âp 	 pi)
Lo 	

X ââX
o 

p 

for both types of firm. If we assume that the nonlabor input is fixed, then by 

implicit differentiation of condition (2a) we get : 

	

dL
o 	W(Y)  

= 	L
o
H 	
E [v(fL  - a)]< 0 
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This implies that dE[q]/dp is negative; the labor-managed firm has a downward sloping 

supply curve as in the case of certainty but contrary to the case of the entre-

preneurial firm. 

V. SUMMARY AND CONCLUSION 

The objective of this paper was to investigate the effects of production 

uncertainty resulting from random input quantities on the bevavior of the labor-

managed, cooperative firm. We have shown that the behavior of the cooperative, which 

depends on its attitude toward risk as summarized by its von Neumann-Morgenstern 

utility function, differs from its behavior under conditions of certainty as well 

as from the behavior of the standard entrepreneurial, profit-maximizing firm. 

The major conclusion is that under production uncertainty the risk-averse (risk-

seeking) cooperative firm will hire more (fewer) workers than the risk-neutral firm, 

a behavior exactly the opposite that of the entrepreneurial firm. If an additional 

variable besides labor is included in the production process, the risk-averse (risk-

seeking) cooperative is expected to employ fewer (more) of the nonlabor input than 

the risk-neutral cooperative, a behavior similar to that of the entrepreneurial firm. 

Consequently, the risk-averse (risk-seeking) cooperative will have a larger (smaller)  

ratio of labor to nonlabor input employed in production than the risk-neutral  

cooperative. Also, the direction of the expected output adjustment when the risk-

neutral cooperative becomes either risk-averse or risk-seeking is indeterminate 

because of the output substitution effect. Finally, since production is a nonlinear 

function of inputs, we have shown that it is generally not possible to compare 

factor employment under uncertainty to the case of certainty. Such a comparison 

is possible for the risk averse entrepreneurial firm which, given reasonable 

assumptions regarding the production function, hires less of all its variable 

inputs under uncertainty than in a world of certainty. 

Our model of the labor-managed firm was then subjected to a comparative static 

analysis that yielded interpretable results only under risk neutrality. Confining 

our examination to this case we have shown that an increase in the expected flow 

of services from the nonlabor input will lead the cooperative to reduce the employ-

ment of labor and increase the employment of nonlabor input, given that the two 

inputs are competitive in the production process and that the absolute value of 

the elasticity of the marginal product curve of the nonlabor input is less than 

unity, a property that holds for numerous production functions. The comparative 

static effect of an increase in the expected flow of services from the labor input 

is determinate only if the employment of the nonlabor input is fixed. In this case 

an increase in the expected flow of services from the labor input leads to a 

reduction in the employment of labor. Turning to the examination of the comparative 

static effect of a small increase in the uncertainty of the nonlabor input we show 
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that the employment of the labor rises and that of the nonlabor input is reduced. 

Again, the effect of an increase in the expected flow of services from the labor  

input is determinate only if the employment of the nonlabor input is fixed. In 

this case an increase in uncertainty reduces the employment of the workers. 

The demand for the nonlabor input was shown to be inversely related to the 

price of the nonlabor input; that is, the demand curve for the nonlabor input is 

downward sloping if the two inputs are competitive in the production process. 

The supply curve for expected output is indeterminate in the case of production 

with two variable inputs. For the case where labor is the only factor of production, 

the supply curve for expected output was shown to be downward sloping as in the 

case of certainty but contrary to the case of the entrepreneurial firm operating 

under both certainty and risk neutrality. 

To conclude, although some of the resuits obtained in this paper require 

assumptions about the cooperative's production function, these assumptions are 

not particularly restrictive and are usually satisfied by numerous standard pro-

duction functions used in empirical as well as theoretical work in economics. 
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FOOTNOTES 

1. See the paper by Steinherr and Thisse (1979) which examines the risk to 

workers associated with a labor-managed form to be selected for departure 

in case of a reduction in the level of employment. See also the papers by 

Ramachandran et al. (1979), Hawawini and Michel (1979, 1980), Muzondo (1979), 

Paroush and Kahana (1980) and Hawawini (1980) which examine some of the 

effects of price uncertainty on the behavior of the labor-managed firm. 

2. See the paper by Ratti and Ullah (1976). 

3. For detail see Ferguson (1971). 

4. See Ferguson (1971). 

5. Proportional uncertainty is clearly a special case. However, a general 

specification of production uncertainty will lead to 	results similar 

to those presented in this paper. In this respect see Pope and Just 

(1978) and Ratti (1978). 

6. Results for the entrepreneurial firm require that the production function 

meets some conditions discussed later in the paper. Also see Ratti and 

Ullah (1976). 

7. For the Cobb-Douglas and Constant Elasticity of Substitution production 

functions see Ferzuson (1971). For the Constant Marginal Share production 

function see Bruno (1968). 

8. These conditions are shown to be met by the Cobb-Douglas, the Constant 

Elasticity of Substitution, the Constant Marginal Share production func-

tions as well as the Revankar's Variable Elasticity of Substitution and 

the Transcendental production functions. For the last two see Revankar 

(1971) and Halter-Carter-Hocking (1957), respectively. 

9. According to the Jensen Inequality, the expected value of a concave 

function is smaller than the value of the function itself. 

10. Thus E[pvf
L 

< pf
L 

and E[W] = W, where W is the competitive wage rate 

paid by the entrepreneurial firm. 
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11.  See footnote (8) for detail. 

12.  The sign of 	E[(v — 1)Lfuj is identical to that of Cov[v, Lfu
] 

which, in turn, is the same as the sign of dLfLL/dv = 1,
o
(f

LL 
+ Lf

LLL
)
' 

It is negative if 	fui,  < O. 

13.  See Ratti and Ullah (1976). 
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APPENDIX 

1. The Second Order Conditions  
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Note that decreasing marginal products ensure a solution to the maximization 

problem regardless of the cooperative's attitude toward risk and irrespective 

of the sign of the cross-acceleration coefficient fu. 

2. Derivation of Identity (4)  

The sign of the covariance will be determined by the :igns of the 

derivatives of its two arguments with respect to each of the two uncorrelated 

random variables y and u. We have: 
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(A2)  

(A3)  

(A4)  

If the nonlabor input is not a random variable, the sign of the covariance 

depends on the signs of (Al) and (A2) only. Since pfL  > 0 and LfLL  < 0 it 
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follows that identity (4) holds regardless of whether the two factors are 

competitive or complementary in the production process. If the nonlabor 

input is subject to random fluctuations, the sign of the covariance depends 

on the signs of (Al) to (A4). Now, if the two inputs are competitive fLX < °' 

the sign of (A4) is negative. Identity (4) holds again regardless of whether 

the nonlabor input is a random variable or not. 

If the two inputs are complementary ( 
fLX > °), it follows directly from 

(A4) that identity (4) holds only if fLX < (fX/L).  

3. Derivation of Identity (7)  

The sign of the covariance will be determined by the signs of the 

derivatives: 

â U'( Y)  
= p(X

o
/L

o
)f
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âuf
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 au = uLofXL 
 

If f
XL 
 > 0 and le

X
1 < 1 identity (7) follows. 

4. Derivation of Inequalities (9a) and (9b)  

Differentiating expressions (2a) and (2b) implicitly with respect to 0 

and evaluating at 6 = 0 we get: 
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Solving for the partial derivatives yields: 

	

DLo 	1 

	

(F 	(A2C1  - B1C2) 

	

DXo 	1 = 	(A1C2  - BiCi) 

	

If fXL 	fXL 	
f
L
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and I e
XI < 1 then inequalities (9a) follow. 

If fXL  < 0 and !eX t  < 1 then inequalities (9b) follow. 

5. Derivation of Inequalities (11)  

In order to preserve the mean we write d(E[U']) = 0, that is, 

d(v + 8) = 0 or dO/dv = -1. Differentiating expressions (2a) and (2b) 

implicitly with respect to V, evaluating at V = 1 and 8 = 0, and assuming 

risk neutrality yields: 
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Solving for the partial derivatives we get: 
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The sign of E[(u - 
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which is the same as the sign of d(vf
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- fXLo1  )/du. Likewise, the sign of 

E[(u - 1)fx(1 + ex)] is that of d(fx(1 + ex))/du. We have: 
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Suppose the two inputs are complementary ( 
f
LX O) and complement one 

another less and less as more of the nonlabor input is used 
(ULX/aX O)  

with IâfLX  /DXI < IL o ifXX I' 
 and le

X
I < 1 with âe

X
/DX = 0 and recalling 

that the sign of B1  is that of fLx  under risk neutrality, inequalities (11) 

follow. 

6. Derivation of Inequalities (12a) and (12b)  

Differentiating expressions (2a) and (2b) implicitly with respect to x, 

the nonlabor input price, we get: 
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Results are interpretable only under risk neutrality. Assuming that 

this is the case and solving for the partial derivatives yields: 
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If f
LX  > 0 inequalities (12a) follow since the sign of B1 

is that of 

fLX' 
If  f

LX 
< 0 inequalities (12b) follow. 

7. Derivation of Inequalities (13a) and (13b)  

Differentiating expressions (2a) and (2b) implicitly with respect to the 

price of output p and solving for the partial derivatives we obtain under risk 



neutrality, respectively: 
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