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1. Introduction

Traditionally, economists distinguish between increases in knowledge and increases in physical

capital. Such a distinction has been useful in classifying the determinants of economic growth, either at

the firm level or at the level of the whole economy. In this paper we argue that their interdependence

can explain the life-cycle of an industry: the time series of prices, quantities, the number of operating

firms, the rate of patenting, etc. Of particular interest to us is the relationship between the time series

of R&D expenditures and the time series of physical capital investments as regards their co-variation over

time and the determinants of this co-variation.

Empirical investigations of this aspect of industry dynamics exhibit two salient features. First,

it has been shown that past R&D expenditures cause (in a statistical sense) current investment

expenditures. Second, it has been shown that the volatility of the physical investment series is much

higher than its R&D counterpart. These findings are mostly derived from firm-level data (Ben-Zion,

1984; Mairesse and Siu, 1984; Gordon, Shankerman and Spady, 1986; Lach and Shankerman, 1989; Hall

and Hayashi, 1989).

Given these findings our aim here is twofold. First, we confirm empirically that the same

features persist at the industry-level as well. Second, we argue that existing theoretical formulations are

not capable of rationalizing such features of industry dynamics and present, in their place, a model where

R&D and physical investments are viewed as vertically linked. In such a model the empirical patterns

mentioned above arise naturally.

A large portion of the industrial organization literature used the patent-race paradigm to explain

and analyze various aspects of R&D activity. This approach has been used to explain the persistence of

monopoly (Gilbert-Newbery, 1982; Reinganum, 1983; Fudenberg-Tirole, 1986), and the emergence of

market structures determined by the R&D process (Reinganum, 1985; Flaherty, 1980). The patent-race

framework has also been useful in clarifying how incentives to invest in R&D are affected by one's
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position in the patent race (Harris and Vickers, 1985), by the market structure (Kamien and Schwartz,

1980; Loury, 1979), and in emphasizing the discrepancy between the private and the social incentives

to engage in R&D (Loury, 1979). All these formulations, however, are purely R&D-theoretic. Hence,

by their very construction, they cannot explain the relationship between R&D expenditures and physical

investments.

At the other end of the spectrum, there is the more measurement-oriented productivity literature

(see the volume edited by Griliches, 1984). This literature treats knowledge and capital as symmetrical

inputs into a common neoclassical production function. Hence, it can relate properties of this production

function (substitutability, complementarity, etc.) to the accumulation paths of R&D and physical

investments. This approach, however, does not lead to a causal relationship running from R&D

expenditures to physical investments: the two are horizontally related. Hence, in this approach, R&D

and physical investments are simultaneously determined, whereas the observed pattern of causality would

seem to suggest that they are determined sequentially. In addition, this approach does not make it evident

why the R&D series is smoother than its physical investment counterpart'.

In this paper we consider R&D and investments as vertically related: R&D efforts lead to an

innovation, but the innovation, by itself, is not directly profitable. To make it profitable one has to invest

in new machines which embody the new idea, and which produce the final product more efficiently than

their predecessors2 . Because investments respond to, or are"caused by", innovations in this manner, and

'Proponents of the productivity literature appeal usually to differential costs of adjustment. That is, to the
possibility that R&D expenditures are harder to vary than physical investments. It is less than clear, on a priori
grounds at least, whether that is indeed the case: variations in R&D intensity occur via the hiring of more R&D
personnel (i.e., scientists and engineers) and, perhaps, through the purchase of additional laboratory equipment.
On the other hand, variations in physical investments occur via the purchase and installation of new machines, and
through the training of workers to operate them. It is not clear why the marginal cost of the former should rise
more steeply than the latter.

2In the model we only consider 'cost reducing' innovations, but the idea of the formulation is equally applicable
to 'product innovations'.
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because innovations occur at random times we get a volatile pattern of investments, and one which is

causally related to R&D expenditures'. On the other hand, the incentives to invest in R&D depend on

future expectations, which makes them both less volatile and less responsive to past realizations.

Our formulation embeds this idea into an industry context. There is a finite set of technologies

differing in their marginal cost of production. Firms, by investing in R&D, can move to better

technologies. Given a distribution of firms in technology space, we compute the Coumot-equilibrium

prices and quantities and we also solve for the optimal amount of R&D performed by the firms. The

R&D process is modelled as a patent-race in which the winning firm adopts and implements a better

technology only after incurring a fixed capital investment. This move, in turn, changes the distribution

of firms in technology space and the associated equilibrium prices, quantities, R&D and capital

investment expenditures. In this fashion, the industry evolves over technology space (and over time).

The model is solved numerically and simulated for particular configurations of parameters. The results

from these simulations match many dimensions of the stylized facts presented in Gort and Klepper (1982),

Mueller (1986), Geroski and Mason (1987), Klepper and Graddy (1990), Ericson and Pakes (1990), and

Jovanovic and MacDonald (1994).

The paper is organized as follows. The following section presents basic statistics on R&D

expenditures and capital investments in U.S. manufacturing and it examines the causality pattern between

the two series and their volatilities. Section 3 sets up the model and defines the equilibrium concept.

After presenting the numerical solution of the model in Section 4, simulations are conducted, and the

resulting dynamic paths of industry evolution are analyzed. Conclusions close the paper.

2. Description of the Data

3There is a long strand of literature which emphasizes the embodiment hypothesis (see Jorgensen, 1989). The
novelty here is to consider an endogenous process of innovations, combine it explicitly with a process of investments
and generate predictions about industry dynamics.
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The data set covers the period 1958-1983 and includes data for 20 industry groups at the two and

three digit level of the Standard Industrial Classification (SIC) within the U.S. manufacturing sector. The

20 industries and their SIC's are presented in Table 1.

The R&D data include company and federally funded expenditures and come from the Annual

Surveys of Industrial R&D published by the National Science Foundation. The sales data are the value

of shipments not adjusted for inventory changes while the investment data refers to new capital spending

on structures and equipment. Both sales and investment come from the Annual Survey of Manufactures,

and cover both R&D and non-R&D doers. All data were converted to 1982 dollars using the GNP

deflator. Table 1 presents a succinct summary of the variables of interest: R&D and investment. The

averages are computed for the 26 years from 1958 till 1983.

Over the sample period, the leading industry in terms of the level of R&D expenditures is

Aircraft and Missiles. Its mean R&D, 12 billion of 1982 dollars per year, is about twice the mean R&D

level of the second largest industry, the Communication and Electrical Equipment industry. It is not,

however, the fastest growing industry. Among the industries increasing their annual expenditures on

R&D by 5 percent or more we find some surprises such as Paper along with Drugs, Scientific

Instruments, and Office Computing.' Computers is also the industry that is investing in plants and

equipment at a much faster pace than the rest, 10 percent annually, followed by the Communication and

Electrical Equipment industry (7 percent annually).

The average levels of investment in capital and in R&D, over all industries and over the whole

1958-1983 period, are of the same order of magnitude: the level of investment is only 32 percent higher

than that of R&D. However, this similarity masks a great deal of heterogeneity across industries. A look

at the table reveals, somewhat surprisingly, that in seven industries R&D expenditures were, on average,

`In 1970 the Lumber and Furniture industry experienced an almost 200 percent increase in its R&D
expenditures, from 18 to 52 million (nominal) dollars, which is responsible for the reported 7 percent annual
increase in R&D.
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larger than capital expenditures (Drugs, Computers, Communications, Other Electrical Equipment,

Transportation Equipment, Aircraft and Missiles, Scientific Instruments). Many of these industries are

among the more R&D intensive industries, in terms of R&D expenditures per dollar of sales (R/S). In

fact, the correlation between R/S and the R&D-Investment ration (R/I) is 0.89 across all industries.

Overall, the manufacturing sector spent 1.4 dollars in R&D per dollar of capital investment (0.93

dollars excluding the Aircraft and Missiles). For company-financed R&D, this ratio is halved because

of the important role played by federally supported R&D in the Aircraft and Missiles industry: R/I

declines to 0.69 (0.63 excluding Aircraft and Missiles). After 1974, there is a slight decrease in this ratio

to 1.15, but it is still higher than unity (0.77 excluding Aircraft and Missiles).

This first look at the data reveals that, even in terms of order of magnitude only, R&D is not a

negligible activity in the U.S. manufacturing sector when compared to the extent of capital investment.

In the remainder of this section, we focus on two characteristics of the data that lie behind the theoretical

model presented in the next section: the causality pattern between R&D and investment and their

volatilities.

A. Causality Patterns

The theoretical model in the next section is based upon the premise that all capital investment is

geared towards the implementation of a newly discovered technology. These discoveries or innovations

are not exogenously given: they represent the uncertain outcomes of R&D activity. These outcomes, in

turn, partly depend on the amount of R&D done by the firms. This reasoning establishes a causal nexus

between R&D expenditures on the one hand and measures of economic activity, capital investment in

particular, on the other.

Such causality pattern is supported by the data. Table 2 presents the probability values of tests

for Granger-causality between (log) investment and (log) R&D. These tests are F-tests of the hypothesis
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in the "H0" column obtained from OLS regressions of log It and log lk on 3 lags of both variables

(columns 1 and 2) and, in addition, on 3 lags of (log) sales (columns 3 and 4). Columns 5 and 6 are

based on OLS regressions of the growth rates of I and R against 3 lagged growth rates of both variables'

The joint test for the absence of all three, the first two lags or only the first lag of R&D in the

investment equation is strongly rejected in all cases. Conversely, the hypothesis of no effect of past

investment on R&D cannot be rejected.'

The picture that emerges is that past R&D matters in the investment equation but past investment

does not affect current R&D. In other words, R&D Granger-causes investment but investment does not

(Granger) cause R&D. These results support the assumption that lies behind the theoretical model and

is consistent with similar results found in firm-level data.'

B. Volatility

It is well known that the investment series at the aggregate level is very volatile relative to other

aggregates such as GNP and consumption. The same is true within the U.S. manufacturing sector. Table

3 shows that the investment's volatility, as measured by the standard deviation of its 3-year moving-

Aggregate effects are captured by year dummies included in all the regressions. All variables are in deviations
from each industry's time-mean to get rid of industry effects. This specification is known to generate biased and
inconsistent estimators when T, the number of observations for each industry, is small as in the typical panel data
set. The bias and inconsistency, however, disappear as T increases. In our data, T = 26 which can be considered
"large", while the number of industries is only 20. Moreover, the relevant dimension for the asymptotics is T.
These are the considerations which lead us to use OLS with industry dummies as an estimation procedure.

6 A word of caution is in order here. We would ideally like to assign the changes in capital investment to
particular innovations and these innovations to particular R&D expenditures and check how much of the changes
in investment can be explained by this classification. This will show whether or not this causality link is
quantitatively important. This exercise requires very detailed information which, needless to say, the industry-level
data do not provide. Thus, we view the finding of Granger causality from R&D to investment only as supportive
of the theoretical model's premise.

Lech and Schankerman (1989) present empirical evidence on this issue in their analysis of a panel of 191 large
firms in the high-tech sector of U.S. manufacturing during the 1970's. They find that R&D expenditures Granger
cause investment in physical capital and not the other way around.
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average growth rate, is higher than R&D's in all but two industries. The same relationship holds in

levels: the coefficient of variation of investment is higher than that of sales in 19 industrial groupings,

and higher than that of R&D in 16 such groups'

Perhaps the easiest way to form an impression of the data is to plot the investment and R&D

series against time. Figure 1 presents such plots for each of the 20 industries. The variables being

plotted are 3-year moving-averages of the growth rates of investment and R&D to smooth out business

cycle and size effects. Visual inspection indicates an investment series which is much more volatile than

the R&D series in almost all industries?

These plots capture the variability of the series over time. Cross-sectional variances are also

informative since they neutralize cyclical fluctuations and other macroeconomics events. Figure 2 shows

that the cross-sectional variance of investment's growth rate is also higher than that of R&D's growth

rate, and that, on the whole, these variances remain stationary over time.'

A first conclusion from these findings is that a sound theoretical model should be able to generate

such "excess volatility" in the capital investment series relative to the R&D series. A key feature of the

model presented in the next section is that the excess volatility property is directly related to the extent

of R&D activity in the industry. This feature is motivated by the strong positive association between

'The almost 200 percent increase in R&D expenditures experienced by the Lumber and Furniture industry in
1970 is responsible for the large variability of R&D over time. The coefficient of variation up to 1969 is 17.6
(against 20.2 for investment), and after 1971 it is 11.5 (against 19.3 for investment).

° This finding is not unique to the industry-level data. Lach and Scbankerman (1989) report a similar volatility
pattern at the firm-level in science-based industries. In their sample of 191 firms, the sample variance of the
logarithm of investment is 2.3 times higher than the sample variance of the logarithm of R&D expenditures, all
variables measured as deviations from firms' means. The corresponding result for growth rates is 5.1 times. For
only seven of the 191 firms is the ranking of these variances reversed. Similar results have been observed in other
samples (Mairesse and Siu, 1984).

'° The variance in 1959 and 1960 are not shown in the figure; they were both equal to 0.09. The outlier in the
R&D variance is caused by the Lumber and Furniture industry. Deleting this industry decreases the 1970 variance
form 0.053 to 0.0078. The first two outliers in the investment variance are due to the 90 percent increase in
investment in 1959 and the subsequent 120 percent decrease in the Aircraft and Missiles industry. Deleting this
industry decreases the 1959 and 1960 variances form 0.89 to 0.052 and to 0.028, respectively.
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investment volatility and R&D found in the data.

Figure 3 presents four plots of a measure of investment volatility against a measure of R&D

activity. Volatility is measured by the standard deviation of the growth rate of investment and by the

coefficient of variation in the level of investment, columns 2 and 4 in Table 3. R&D is measured by the

average level of R&D expenditures and by the average R&D/Sales ratio, columns 2 and 7 in Table 1.

These plots confirm the positive relationship between investment volatility and R&D which can

be further substantiated, and summarized, by linearly regressing the measure of volatility against R&D

across the 20 industries. Table 4 shows the results of these regressions. The coefficients of the R&D

variables are highly significant in all four cases. Given their simple structure, the explanation power of

these regressions is quite high indicating that knowledge of the R&D done by an industry is a good

predictor of that industry's investment volatility."

In concluding this section it is worthwhile to summarize three main findings: a) in terms of order

of magnitude the level of R&D expenditures is comparable to expenditures in plant and equipment, b)

there is evidence favoring a unidirectional causality link from R&D expenditures to capital investment,

and c) the volatility of capital investment is positively related to the extent of R&D activities.

3.The Model

This section presents a model of industry evolution which combines R&D expenditures, physical

capital investments and product-market competition. The goal of the model is to generate the paths of

prices and quantities, of R&D and capital expenditures, of industry structures and of firm values and

show how they depend on the various parameters (e.g., on the "size" of the innovation, on the cost of

implementing new technologies, on the interest rate, etc.).

" If a quadratic term is added to the last regression, the adjusted R 2 raises to 0.43.
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To simplify the presentation, we consider Coumot competition with linear demand and constant

marginal costs.' Time is continuous and indexed by t E [0, co), the interest rate is constant, r > 0,

and the demand at any point in time is given by P = D(Q) = 1-Q.

There are N firms, each with marginal cost c E {c„,c,,c2}. We assume co > 1 > c, > c 2. c,

is referred to a "technology i". co is the worst technology and it is unprofitable to sell any positive

quantity under it (no matter what other firms are doing), c, is an intermediate technology and it is

potentially profitable to sell under it and c2 is the best technology and it is always profitable to sell under

it. Initially, at t = 0, all firms have the same technology, co, so output is zero. Then, by investing in

R&D a firm can lower their costs from c, to c,,,. The R&D process is specified below.

At a given point in time the c corresponding to each firm is historically given. We let z = (zo,

z 1 , z2), with each z, a nonnegative integer and zo + z 1 + z2 = N, describe the state of industry, i.e.,

z gives the number of firms using each technology. Given z, the Coumot equilibrium is as follows.

+z2c2
Case 61: If 1

1+z2
we have an interior equilibrium (all firms sell positive quantities) with

P(z) -  
1+z

1
c

1 +z2c2
1 +zi +z2

cio(z) =0, q1(z) -  
1-c1f-z2(ci-c2) 

, q2(z) -  
1-c2 +zi(c i -c2)

+zi +z2	1 +zi +22

P(z), q,(z) and 71(z), i = 0,1,2, represent the market price, quantity and profit of a firm with technology

I2The computations we carry out, however, can be done with any specification of demand or costs.
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Case (ii): If _1+71-2 <c.. we have a corner equilibrium (only firms with technology 2 sell
1+72	'-

positive quantities) with

p(z) - 1 +12c2
1 +z2

1-c2
qc(z) =q2(z) =0, q2(z) - 

1+z2

f(z) = Ni(z)12, 141,1,2.

Consider now the innovation game at state z. Each firm chooses a flow level of R&D

expenditures, xi, which gives it a random innovation date, i(zi). The innovation date is

exponentially distributed with a hazard rate h(x), giving: 1 :1(i(x) st) =1-e -114')`, Pr(i(x) =t)=11(xi)e-1<il)t.

The hazard rate function h•), is concave with h(0) = 0, h'(0) = co and h'(co) = 0. Since h

depends only on own xi (and not on xi nor on z), R&D is a private activity and there are no spillovers.

When a firm with cost c, innovates, its cost is lowered to c i+1 . Then, to actually achieve c1+1,

the firm must incur the fixed cost F. F is interpreted as the cost of machines which embody the new

technology, and is called the "implementation cost". In applied work, a large portion of F is captured

by capital investments. If a firm with, say, technology 1 implements technology 2, the state changes to

z' = (zo,z,-1, 22+1), and the firm's profit changes from 7 1(z) to 72(z'). Then, the innovation game

starts again with z' replacing z.

Next, we determine the equilibrium R&D expenditures, x i(z), along with firm values, V1(z),

using backward induction. First of all, at z = (0, 0, N), all firms have the best technology so x2(z) =

0 and V2(z) = 72(z)/r. Second, let z2* be the smallest 7.2 so that 	 1-c2 2<p, Then, if z2*	 N,
r 1+72

we have xi(z) = 0 and Vi(z) = 7i(z)/r for all z with z2 � Min (22*-1 , N). The reason is that a firm

will not implement c2 even if it already innovated it (the implementation cost is more than the profit and



11

certainly more than the incremental profit). Given this no firm will invest in inventing c 2 in the first

place. Thus, we know V i(z) and x i(z) for all z with z2 � Min (z2*-1 , N).

Let us order the states as follows. z' >2 if z2" > z2 or if z2" = z2 but z,' > z1 . Let (i)7_,

be the enumeration of states according to this order. Notice that if we start at some state z and an

innovation occurs, we move to a new state z', which succeeds z in the above ordering: Zk = 2 ? z

= (k> j). We now show how x,(z) and V i(z) are determined at z' given their values at e for all

k> j.

Consider the following payoff functions, giving the expected discounted profit to each firm when

it chooses R&D expenditures, y, while the remaining firms choose xo and x1,13

110,110,z) = f[ao+h(Me -(1°."""`if -ye -rldT +e 
20

'LW	 NI(zo-Lzi+1,z2)-9
0	 0	 11Y)

40-1)11(xi)Vo(z0-1,zi+1,z2)+  z11241) Vo(zo,zi -Lao +1)] }dt =
a0 +11(Y)	 ao+XY)

-y +h(y)wi (zo -1,z + 1,z2) -19 +(zo - 1)h(xo)Vo(zo	+1,z2)+zih(xii)V0(zo,zi -1,z2 + 1)
r+ao+h(y)

(1)

13 The existence of a symmetric Nash Equilibrium, justifying this notation, will be shown below.
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"ut(Y,apz) = f [al +h(y)]e -12'447)11ff[-y+tri(z)]e+e -`1[ 	 Y  [V2(zo,z2 -1,z2 +1)41
at +11(Y)

(z2-1)11(x2)
	 Vi(zwzi -1,z2+1)+ 	 V2(z0-1,z2 +1,z2)])dt

AgY)	 ai 461

-y + ni(z) +h(y)p/2(zo,zi -1,z2 +1)-11 +(z1 -1)13(x2)V2(zo,zi -1,z2 +1) +zob(zo)Vi(zo -1,z1 +1,z2)
r+ai +h(y)

(2)

where ao (z0-1)h(x0) + zlh(zi) and al El zoh(zo) + (z1- 1)h(x1) are the aggregate R&D intensity of other

firms .14

These payoff functions define a game at state z. Notice that the V's on the right hand side are

evaluated at succeeding z's. Hence, if we already have these values, the induction step, the game is well

defined. A symmetric Nash equilibrium of this game is a pair (xo(z), x 1(z)) such that"

uo(xo(z), zill(xi(z))+(z0-1)/1(x0(z)),z) a u0(Y,z111(x i(z))+ (7.0-1)/1(x0(z)),z)	 (3)

u,(x,(z), (z,-1)/1(x,(z))+zoh(x,#)),z)	 uft,(z,-1)h(x,(z))+z0h(xdz)),z) 	 (4)

14 uo and u, are not defined when ; = 0 and = 0, respectively.

When ; = 0 we consider only the second condition; when z, = 0 we consider only the first.
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for all y z 0. Given equilibrium play we can define the values Vi(z), i = 0,1,2,

Vo(z) = uo(x0(z), z1h(x1(z))+(z0-1)h(x0(z)),z)

Vi(z) = u,(x,(z), (z1-1)h(x,(z))+zoh(x0(z)),z)

n 2( z) + z oh(x 0(z))V 2(z 0- 1,7.2 + 1 ,z 2) + 212(x i(z))V 2(z coz - 1 ,z 2 + 1)
V 2(z) -

	

	
r + z oh(x 0(z)) + z th(x 2(z))

In this way we can determine a subgame-perfect equilibrium, starting from higher numbered z's

and working all the way back to z'.

Fix now a z. Then if an interior equilibrium (x0(z), x,(z) > 0) exists, it is characterized by the

following first order conditions:

r + ao+h(xo) = h'(x0){x0 + + ad[V,(4-1,z, + 1,y2)-F]-(zo-ph(x0)V0(zo-1,z, + 1,z2)	 (8)

- z 1 (x Vo(z z - 1 z 2 + 1)}

r+al +h(x,) = h'(;){x,-71(z)+(r+a,)[V2(zo,z,-I,z/-1-1)-F1-zoh(x0)Vi(zo-1,z1+ 1 ,z2)	 (9)

-(z1-1)h(x)V,(zo,z,-1,z2+1)}.

It remains to determine when does an interior equilibrium exist. Towards this we add the

following assumption:

Assumption A:

(5)

(6)

(7)

Iini [h(x) - h' (x)xl =
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This assumption strengthens the concavity assumption and is satisfied by a wide class of functions,

e.g., h(x) = x1/2 . We can now state the following result,

Proposition:

(i) If V,(4-1,z,+ 1,z) - F > Max { V 1(;-1,z 1 +1,z2) , V i (zo,z i-1,z2+ 1) } and

if V2(zo,zi-1,z2+ 1) - F > Max { V 1(4-1,z1 + 1,z2) , V i (zo,z 1-1,z2 + 1) , a-,(z)/r },

there exists an interior equilibrium characterized by (8) and (9).

(ii) If V 1(43-1,z1 + 1,z2) - F < 0, any equilibrium will feature zero R&D expenditures by

firms with technology 0. If V2(zo,z i-1,z2 + 1) - F < 0, any equilibrium will feature

zero R&D expenditures by firms with technology 1.

Condition (i) says that a firm with technology 0(1) is better off discovering technology 1(2), and

implementing it than letting another firm succeed first. Under this condition each firm has an incentive

to pre-empt the others, which is the reason for the existence of an interior equilibrium. Conversely,

condition (ii) says that the return to R&D net of the implementation cost F is less that what the firm could

have made by investing zero in R&D (operating in the product market alone generates, at least, zero

profits). Thus, the firm will not invest in R&D.

Proof:

(i) Under the hypothesis,

—a1/4 «A � le(y)(y +(r+a0)[Vi(z0-1A+ 1,z2) —F1 —(z,3-1)h(zo)V0(zo -1,zi +14 - ;10,07000,z, - 1 +z,	 < 0
ay

and
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au,
s le(y -1)(y-1 - 7: 1(z) + (r+a)[V2(zo,z1 -1,z2 +1) -F] - zkro)Vi(z0-1,z1 +1,z2) -

aY

(z1-1)101);71(Apz1-l+z2+01 < 0

Thus, the payoff functions are concave. Also, by assumption A, aujay < 0 for y > some M where i

= 1,2. Hence we can confine ourselves to maximization over the compact range [0,M]. Then, by the

standard fixed-point argument, we have a pure-strategy equilibrium. The equilibrium is interior because

8u;/ay = co at y = 0 (which follows from h'(0) = cc).

(ii) In this case 8u;/8y < 0 for all y, so we must have a corner equilibrium. Q.E.D.

4. Numerical Solution and Simulation of the Model 

The solution of the model cannot be obtained analytically, so we use a numerical procedure to

compute the equilibrium values of the endogenous variables at each possible state. The model is then

simulated by randomly drawing innovations times from an exponential distribution given the optimal R&D

expenditures in each state.

A. Numerical Solution

The parameters of the model are: N, r, F, c1 , c2. Given values for these parameters we can

compute 22 = Min {z2*-1 , N). z2 is the largest number of type-2 firms that can ever be observed; the

(maximal) present discounted value of profits minus the fixed costs is negative when 2 2+ 1 or more firms

are operating in the industry.

Recall that the (relevant) state space of the industry consists of all possible triplets z = (z o, z1,

z2) such that zo + z1 + z2 = N, every coordinate is nonnegative and z 2 < = 22. There are 1 + N(22+1)
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- 22(22-1)/2 such triplets.

For each state we compute the flow of profits 7t(z) = Oraz), 1-2(z)) accruing to each firm

of each type. These profits are given in Cases (i) and (ii) in Section 3. The value of z 2 determines

whether both types of firm or only type-2 firms operate in the market.

Define the terminal state as zr = (0, N-2 2, 22). From this state we can solve backwards for the

values and optimal R&D expenditures in all states. This solution will be an exact solution, not an

approximation, and is obtained as follows.

In state zr, by definition, type-1 firms have no incentives to perform R&D. It follows that the

value of the firms at zr is VT = (0, ir,(zr)/r, 71-2(zi)/r), and xi. = (0, 0, 0). 16 Consider now the state z

= (1, N-22-1, 22). Type-0 firms find it even less desirable to do R&D since 7r,(z) < 2 .2(z) < rF. In

fact, the same reasoning suggests that this solution applies to all states having z 2 = 22. Hence, in all

states of the form z = (z o, N-22-zo, 22) the firm values and optimal R&D are V(z) = (0, 7,(z)/r, 74-2(z)/r),

and x(z) = (0, 0, 0).

Consider now states of the form z = (zo, N-2 2-z6+ 1, 22-1), and start from zo=0, i.e., z = (0,

N-22+ 1, 22-1). The only R&D decision to be made is by type-1 firms. The information required to

arrive at the optimal decision is the value of the firm in case the firm wins the race, V 2(0, N-22, 22),and

its value in case another firm succeeds, V 1(0, N-22, 22). The optimal level of R&D is given by the

solution to the maximization of u, in (2). Notice that V 1(0, N-22, 22) and V2(0, N-22, 22) are the last two

coordinates of VT which has already been computed. The value of type-1 firms is given by (2) evaluated

at the solution, i.e. by (6), and the value of type-2 firms is given by (7). Since there are zero firms of

type-0 their value is set to zero.

Consider the next state z = (1, N-42, 22-1). Both types of firm can potentially engage in R&D.

If this is found by both types to be profitable, i.e., if the value after the innovation minus the

16 Recall that 1- 1 will be zero whenever 12 > = (1-C1)/(CI-C2)•
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implementation costs is larger than the alternative stream of profits, then the optimal R&D expenditures

levels is given by the simultaneous solution of the maximization of u 0 and u, in (1) and (2), respectively.'

In order to solve this problem for a particular type-1 firm, we need to know the value of the firm if this

firm wins the race, V2(1, N-22-1, 2.2), its value if another type-1 firm wins, V,(1, N-2 2-1, 22), and its

value if a type-0 firm succeeds, V,(0, N-2 2+ 1, 22-1). But all these three values were already computed.

Hence, we can solve for the optimal R&D expenditures of type-0 and type-1 firms and, given this

solution, compute their values at z = (1, N-2 2, 22-1).

This procedure is applied to all z's of the form z = (z,, N-22-A3 + 1, 22-1) by varying ; from 0

to N-22 + 1. By working backwardly we guarantee that the values of "future" states are known in the

"present". We then move on to states with a smaller value of z 2 and repeat the procedure by varying zo.

This process continues for all values of ;, including 2 2 = 0. In this fashion we compute the values and

associated optimal R&D expenditures at all possible states in the state space.

The R&D maximization problem is solved by finding the root of the first-order condition to the

problem subject to the constraint that the maximizing level of R&D coincides with the level of R&D

being done by the other A-1 firms of the same type, i.e., yi = xj. This corresponds to solving for ; and

x, in (8) and (9). These non-linear equations are solved numerically. In all cases examined, the objective

functions have a unique, interior maximum.

B. Simulations

Given specific values of the parameters we simulate the evolution of the industry as follows.

First, we set the initial state to be (N, 0 ,0); there are no active firms in the industry. If there is positive

" If one type does not find it profitable then its optimal R&D is zero and the other type's R&D is the solution
to the corresponding maximization problem given that zero R&D is being done by the other type of firms.
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R&D by type-0 firms, the interesting case, then the industry moves to (N-1, 1, 0) in finite time. The

length of time it takes the industry to make this first move is, on average, 1/Nh(x0) which corresponds

to the expected value of the first order statistic from a sample of size N drawn from an exponential

distribution with parameter h(x0). We actually draw N observations from this exponential distribution

and select the one with the lowest realized value.

From the state (N-1, 1, 0), the industry can move either to (N-2, 2, 0) or to (N-1, 0, 1) and, in

general, from any state there are two directions in which the industry can move depending on whether

type-0 or type-1 innovate first: the industry moves either to (zo-1, z 1 +1, z2) or to (zo, z 1-1, z2+ 1)

respectively. The odds-ratio is zoh(x0)/z1h(x,) and depends, not only, on the level of R&D expenditures

but also on the number of firms performing R&D. It may well be the case that type-1 firms have higher

R&D but a type-0 firm is the first to innovate, i.e., to become a type-1 firm, simply because the number

of type-0 firms is larger. If one type of firm has zero R&D then the industry moves to one of the states

with probability one, and if both types have zero R&D then the industry reaches a steady state.

The number of times the industry moves to either state and the associated length of time it takes

to do so are obtained by drawing zo and z, realizations from the respective exponential distributions and

selecting the lowest value among these zo +z, realizations. This lowest value and the type of firm to

which it belongs are stored. In each state, this process is repeated 1000 times and the relative frequencies

and average length of time it takes to reach one of the two states, conditional on moving to that state, are

computed."

For each configuration of parameters there are several equilibrium paths the industry can take and

along these paths the qualitative and quantitative features of the industry may differ. The simulations

easily allow us to calculate the probability of each path, since we know the relative frequencies each state

18 Notice that the unconditional expected time it takes, say, a type-0 firm to innovate is 1 /h(x,), which is
different from the expected length of time conditional on a type-0 firm to be the first to innovate.
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is arrived at, and the time it takes the industry to move along each path.

The range of parameters for which simulations were conducted are:

-
Parameter

–1
Values

N 5

h(x) x-5

r 0.05

F 0.10, 0.40

C 1 0.25, 0.90

C2 0.15

Table 5 shows all the possible paths and their associated probabilities for a given set of

parameters. The statistics presented are the time spent in each state, the output per firm by type, the

aggregate total output of the industry and its price, and aggreagte R&D expenditures (See notes to Table

5). We focus our analysis on the comparison between a low and a high C 1, relative to a fixed C2, and

a low and a high fixed cost, F. Four cases appear in Table 5: the fixed cost is decreased from 0.40 to

0.10 holding marginal costs fixed at C 1 = 0.25 and C2 = 0.15 in the first two cases, while marginal costs

are hold at C 1 = 0.90 and C2 = 0.15 in the last two cases.' Under these four parameter configurations,

the maximal number of type-2 firms in the industry is 5, i.e., 2 2 = N = 5.

Our simulations are broadly consistent with the usual industry dynamic properties: aggregate

output is growing and price is declining at a decreasing rate (Gort and Klepper,1982; Mueller, 1986;

Geroski and Mason, 1987; Klepper and Graddy, 1990; Ericson and Pakes, 1990 and Jovanovic and

MacDonald, 1994). 2° Another interesting empirical observation is that, initially, the number of firms in

" The fourth case is rather special since all potential paths are possible equilibrium paths for the industry.
There are 20 such paths and due to space limitations no statistics are presented.

33 This property holds for a wider variety of parameters than those presented in Table 5.
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the industry grows but, later on, industries experience a period in which there is a decline in the number

of producers. This shakeout stage is followed by a stabilization in the number of firms. All along, there

is a continuous process of gross entry into and gross exit from industry. Paths 1 and 3 in case 3 display

this feature to some extent: when the first type-2 firm appears in the market, the number of producing

firms declines from 3 to 1 in path 1 and from 2 to 1 in path 3. These firms did not actually exit the

industry; they ceased production but continue with their R&D efforts until they too succeed to become

type-2 firms.

In the simulations, the time-path of aggregate R&D expenditures is clearly non-monotonic. In

cases 1 and 2 they initially decrease and stay low for some time until a new surge in R&D activity occurs

and, thereafter, they decline towards zero. Case 3 differs in that there is an increase in aggregate R&D

expenditures in the initial stage of the industry followed by a monotonic decline towards zero.

Case 3 is also a good example of history-dependence: both the eventual steady state and the path

that leads to it depend on what happens along the trajectory. Path l's steady state differs from paths 2

and 3's steady state in the number of firms and, consequently, in the steady-state output and price.

We turn now to the effects of a change in the fixed cost associated with the implementation of

a new technology. In case 1, there is only one possible path, while in case 2, there are five. Path 2 has

the largest probability of occurring, about 1/3, while the remaining four paths are more or less equally

likely to be observed. Case 3 exhibits three paths, while case 4 (not presented) generates 20 paths.

Thus, it would seem that as fixed costs decrease there is an increase in the number of possible equilibrium

paths. More importantly, at the lower F, the industry reaches an efficient equilibrium in the steady state

in the sense that all firms are producing positive output with the best technology available. On the other

hand, when F is high, only between 40 and 60 percent of the firms are engaged in production?' It

21 These firms are also type-2 firms. In fact, in the simulations considered there is always an incentive for type-
1 firms to engage in R&D and they do so until all type-1 firms become type-2 firms.
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follows from this efficiency gain that the price in the steady state is lower, the lower is the fixed cost.

It still is, nevertheless, substantially higher than marginal cost.

Another interesting effect of a lower fixed cost is that it seems to slow down the convergence to

the steady state. At first glance this is the result of the increase in the number of technological states,

z, the industry traverses and not to an increased duration of each state.

The effects of a decrease in C, can be examined by comparing cases 3 and 1. The more drastic

the innovation, the larger aggregate and per-firm R&D expenditures will be and, consequently, the faster

will the convergence to the steady state be. On the other hand, notice that the number of active firms

in the steady state is lower, in an expected sense, when C, is higher. A high C, may be acting as an

entry barrier which may augment the incentives for performing R&D.

Notice also that in many instances firms do R&D before they produce output. Probably as a

result of the higher C, and lower fixed costs in case 4, type-0 and type-1 firms do positive R&D in every

state. But in the other cases, there are many instances in which the optimal R&D of type-1 and/or type-0

firms is zero.

Finally, we can compare the aggregate volume of R&D and capital expenditures over time to get

a sense of the relative magnitudes of these activities.' We find cases in which R&D is much larger than

investment and vice-versa. For example, in case 1 we have that, over time, aggregate R&D is 0.78 while

investment amounts to 2.4. This results in an R&D-investment ratio of 0.325, while in case 2, path 1,

the same ratio is 0.963. This variety in the R&D-investment ratio is consistent with the observed

dispersion in the U.S. manufacturing sector (column 7, Table 2). This table also shows that those

industries with higher R&D-investment ratio have, in general, a lower investment level. And this is

precisely what the previous example suggests.

n For investment, this equal F times the number of states in the path minus one. For R&D, it equals the value
in the last column times the length of the time interval in the first column added over states.
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The results from the simulations seem plausible and they especially highlight the great diversity

in outcomes that a simple model can generate. These simulations are presented for illustrative purposes;

further empirical work is required to determine which parameter configurations fit particular industries.

5. Conclusions

It is widely accepted that the arrival of innovations is one of the key determinants of industrial

growth (see Schumpeter (1939) or Nelson and Winter (1982)). Innovations act like a trigger that sets in

motion a set of activities such as entry into and exit from the industry, new investments, and changes in

the levels of production. It is also accepted that these innovations are not exogenous to the economy.

Rather, they are the fruit of a continuous process of investment in research and development performed

by profit maximizing firms.

This paper presents a simple model of industry growth that captures this scenario. It emphasizes

the causal relationship between expenditures in R&D, its output in the form of inventions, and subsequent

expenditures necessary for the implementation of such inventions, such as the acquisition of new

machinery and equipment, i.e., capital investment. This is consistent with the empirical findings of a

unidirectional causal relationship from R&D expenditures to capital investment. The implications of the

model regarding the evolution of the endogenous variables (output and prices, entry and exit rates) are

broadly consistent with the empirical observations of Gort and Klepper (1982) and Klepper and Graddy

(1990). The model also implies that, along the equilibrium path, capital investment exhibits greater

variability than R&D expenditures. This feature is also motivated by the empirical findings presented

in the data section.
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TABLE 1: INDUSTRY AVERAGES, U.S. MANUFACTURING 1958-1983.

INDUSTRY SIC R&D* Invest' R&D
Growth
Rate

Invest
Growth
Rate

R&D/
Invest
x100

R&D/
Sales
x100

1. Food and Kindred Products 20 532.47 5056.27 0.04 0.03 10.47 0.21

2. Textile & Apparel 22,23 124.28 2309.17 0.01 0.03 5.63 0.11

3. Lumber & Furniture 24,25 102.00 2113.06 0.07 0.02 4.51 0.15

4. Paper 26 385.34 3734.30 0.05 0.04 10.24 0.58

5. Industrial Chemicals 281-282,286 2480.73 5202.95 0.02 0.03 52.33 4.03

6. Drugs 283 1298.61 674.22 0.07 0.05 188.48 7.28

7. Other Chemicals 284-285,287-289 634.96 1657.56 0.03 0.04 42.83 134

8. Petroleum Refining & Extr. 29,13 1261.38 2957.50 0.04 0.05 47.80 1.48

9. Rubber & Plastics 30 638.55 1910.65 0.04 0.04 34.96 1.53

I0.Stone, Clay & Glass 32 384.32 2369.17 0.03 0.01 16.66 0.86

11.Primary Metals 33 691.39 5836.23 0.03 0.00 12.40 0.55

12.Fabricated Metals 34 529.82 3132.16 0.01 0.03 18.18 0.50

13.0ffice Computing 357 3110.39 990.94 0.05 0.10 408.19 15.81

14.0ther Nonelect. 351-356,358-359 1574.19 4034.01 0.03 0.04 42.65 1.30

15 .Communic.&Elect. Equip. 366-367 5794.73 2239.72 0.03 0.07 311.18 12.06

16.0ther Elect. 361-365, 368-369 3775.62 1662.90 0.00 0.04 255.73 6.12

17.Trana. Equip. 371,373-375,379 4217.99 3876.22 0.03 0.05 127.78 2.92

11I.Aircraft & Missiles 372,376 12276.13 1391.46 0.01 0.03 1042.26 21.66

19.Inatruments 38 1982.78 1179.42 0.06 0.06 165.83 5.53

20.0ther Manufacturing 21,27,31,39 326.91 3169.22 0.01 0.03 10.61 0.28

All 2106.13 2774.86 0.03 0.04 140.44 4.22

Notes:

• R&D and investment are in millions of dollars deflated by 1982 GNP deflator.

.• 3-year moving-averages of annual growth rates.
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TABLE 2: CAUSALITY TESTS
Probability Values

I	 R	 I	 R g'
(1) (2) (3) (4) (5) (6)

R-:=R_2=R-3=0 0.001 0.013 0.029

R-1 =R2 =0 0.000 0.005 0.012

R., = 0 0.000 0.001 0.001

14 =1_2 =1.3=0 0.826 0.755 0.938

Li =1 2=0 0.725 0.566 0.852

LI = 0 0.316 0.171 0.159

Notes:
Ho is rejected at the a percent significance level whenever the probability value is less than a/100.

Columns labeled I, R, g' and t correspond to the tests in the regression whose dependent variable is log I, log R and the growth
rates in investment and R&D expenditures, respectively. In columns (5) and (6) the null hypotheses refer, of course, to the exclusion
of the growthLrates of the variables.

The tests allow for time-series and cross-sectional heteroskedasticity of disturbances.

Three lags of the autoregressive part suffice to remove the serial correlation in the disturbances.



TABLE 3: VOLATILITY STATISTICS, U.S. MANUFACTURING 1958-1983.

INDUSTRY R&D
Growth Rate
STD

Invest
Growth Rate
STD

Sales

CV

Invest

CV

R&D

CV

1. Food and Kindred Products 0.03 0.03 0.14 0.22 0.27

2. Textile & Apparel 0.06 0.08 0.08 0.26 0.16

3. Lumber & Furniture 0.13 0.09 0.23 0.32 0.62

4. Paper 0.05 0.09 0.21 0.33 0.37

5. Industrial Chemicals 0.04 0.10 0.32 0.33 0.12

6. Drugs 0.02 0.08 0.30 0.42 0.50

7. Other Chemicals 0.07 0.10 0.24 0.39 0.22

8. Petroleum Refining & Extr. 0.05 0.11 0.62 0.46 0.29

9. Rubber & Plastics 0.05 0.09 0.29 0.34 0.28

10.Stone, Clay & Glass 0.02 0.09 0.15 0.23 0.21

11.Primary Metals 0.04 0.11 0.19 0.24 0.22

12.Fabricated Metals 0.03 0.08 0.21 0.29 0.15

13.0ffice Computing 0.03 0.12 0.52 0.79 0.41

14.0ther Nonelect. 0.04 0.11 0.27 0.40 0.28

15 .Communic .&Elect. Equip . 0.06 0.10 0.32 039 0.21

16.Other Elect. 0.04 0.09 0.17 0.33 0.07

17.Trans. Equip. 0.04 0.14 0.21 033 0.23

18.Aircraft & Missiles 0.07 0.20 0.15 0.46 0.19

19.Instruments 0.06 0.08 0.33 0.42 0.50

20.0ther Manufacturing 0.10 0.05 0.12 0.28 0.28

Notes:
STD = Standard deviation of 3-year moving-averages of annual growth rates.

CV = Coefficient of Variation of the levels of the variables.



TABLE 4: VOLATILITY REGRESSIONS
(Standard errors in parenthesis)

STD of Investment Growth Rates 	 CV of Investment Levels
(1)	 (2)	 (3)	 (4)

Intercept 0.082 0.078 31.26 33.24
(0.007) (0.006) (2.85) (3.52)

R/S 0.3 — 163.77 —
(0.10) (39.93)

R&D 9.25x10' _ 0.00234_
(1.72x10') (0.00101)

Adj. R2 0.41 0.60 0.45 0.19

Notes:
R/S = R&D/Sales.
R&D refers to the level of R&D expenditures in millions of 1982 dollars.



TABLE 5: SIMULATED EQUILIBRIUM PATHS

CASE 1: F = 0.4, C1 = 0.25, C2 = 0.15 .

Probability of this path is 1

TIME 4 zi 4 Q1 Q2 Q PRICE R&D

0-1 5 0 0 0 0 0 1 .19925

1-2.9 4 1 0 .3750 0 .3750 .6250 .06680

2.9-6 3 2 0 .2500 0 .5000 .5000 .03300

6-8 2 3 0 .1875 0 5625 .4375 .07962

8-11.1 2 2 1 .1625 .2625 .5875 .4125 .0498

11.1-33.5 2 1 2 .1375 .2375 .6125 .3875 .0019

33.5+ 2 0 3 0 .2125 .6375 .3625 0

CASE 2: F = 0.1,	 = 0.25, C2 = 0.15 .

Path 1: probability of this path is 0.208

TIME 4 Z1 Z2 Q1 Q2 Q PRICE R&D

0-0.9 5 0 0 0 0 0 1 .2307

0.9-2.6 4 1 0 .3750 0 .3750 .6250 .0865

2.6-5.6 3 2 0 .2500 0 .5000 .5000 .0354

5.6-11.8 2 3 0 .1875 0 .5625 .4375 .0127

11.8-15.5 1 4 0 .1500 0 .6000 .4000 .0226

153-18.1 0 5 0 .125 0 .6250 .3750 .0467

18.1-20.8 0 4 1 .1083 .2083 .6415 .3585 .0328

20.8-24.7 0 3 2 .0917 .1917 .6583 .3417 .0211

24.7-31.1 0 2 3 .0750 .1750 .6750 .3250 .0118

31.1-45.4 0 1 4 .0583 .1583 .6916 .3084 .0048

45.4+ 0 0 5 0 .14166 .7083 .2917 0



TABLE 5 (cont'): SIMULATED EQUILIBRIUM PATHS
CASE2: F = 0.1, = 0.25, C2 = 0.15 .

Path 2: probability of this path is 0.332

TIME Zo Z, Z2 Q2 Q PRICE R&D

0-0.9 5 0 0 0 0 0 1 .2307

0.9-2.6 4 1 0 .3750 0 .3750 .6250 .0865

2.6-5.6 3 2 0 .2500 0 .5000 .5000 .0354

5.6-11.8 2 3 0 .1875 0 .5625 .4375 .0127

11.8-14.7 1 4 0 .1500 0 .6000 .4000 .0226

14.7-18.5 1 3 1 .1300 .2300 .6200 .3800 .0172

18.5-23.5 1 2 2 .1100 .2100 .6400 .3600 .0128

23.5-31.2 1 1 3 .0900 .1900 .6600 .3400 .0096

31.2-104.5 1 0 4 0 .1700 .6800 .3200 .0002

104.5-118.8 0 1 4 .0583 .1583 .6916 .3084 .0048

118.8+
t 0 0 5 0 .1417 .7083 .2917 0

CASE2: F = 0.1, C, = 0.25, C2 = 0.15 .

Path 3: probability of this path is 0.161

TIME Z. Z1 Z2 Q1 Q2 Q PRICE R&D

0-0.9 5 0 0 0 0 0 1 .2307

0.9-2.6 4 1 0 .3750 0 .3750 .6250 .0865

2.6-5.6 3 2 0 .2500 0 .5000 .5000 .0354

5.6-11.8 2 3 0 .1875 0 .5625 .4375 .0127

11.8-14.7 1 4 0 .1500 0 .6000 .4000 .0226

14.7-18.4 1 3 1 .1300 .2300 .6200 .3800 .0172

18.4-21.1 0 4 1 .1083 .2083 .6415 .3585 .0328

21.1-25.0 0 3 2 .0917 .1917 .6583 .3417 .0211

25.0-31.4 0 2 3 .0750 .1750 .6750 .3250 .0118

31.4-45.7 0 1 4 .0583 .1583 .6916 .3084 .0048

45.7+ 0 0 5 0 .1417 .7083 .2917 0



TABLE 5 (cont'): SIMULATED EQUILIBRIUM PATHS
CASE 2 . F = 0.1, = 0.25, = 0.15 .

Path 2: probability of th s path is 0.332

ILME 4 Z1 Z2 Q, Q2 Q PRICE R&D

0-0.9 5 0 0 0 0 0 1 .2307

0.9-2.6 4 1 0 .3750 0 .3750 .6250 .0865

2.6-5.6 3 2 0 .2500 0 .5000 .5000 .0354

5.6-11.8 2 3 0 .1875 0 .5625 .4375 .0127

11.8-14.7 1 4 0 .1500 0 .6000 .4000 .0226

14.7-18.5 1 3 1 .1300 .2300 .6200 .3800 .0172

18.5-23.5 1 2 2 .1100 .2100 .6400 .3600 .0128

23.5-31.2 1 1 3 .0900 .1900 .6600 .3400 .0096

31.2-104.5 1 0 4 0 .1700 .6800 .3200 .0002

104.5-118.8 0 1 4 .0583 .1583 .6916 .3084 .0048

118.8+ 0 0 5 0 .1417 .7083 .2917 0

CASE 2: F = 0.1, C1 = 0.25, C2 = 0.15 .

Path 3: probability of this path is 0.161

TIME Zo 24 z, Q1 Q2 Q PRICE R&D

0-0.9 5 0 0 0 0 0 1 .2307

0.9-2.6 4 1 0 .3750 0 .3750 .6250 .0865

2.6-5.6 3 2 0 .2500 0 .5000 .5000 .0354

5.6-11.8 2 3 0 .1875 0 .5625 .4375 .0127

11.8-14.7 1 4 0 .1500 0 .6000 .4000 .0226

14.7-18.4 1 3 1 .1300 .2300 .6200 .3800 .0172

18.4-21.1 0 4 1 .1083 .2083 .6415 .3585 .0328

21.1-25.0 0 3 2 .0917 .1917 .6583 .3417 .0211

25.0-31.4 0 2 3 .0750 .1750 .6750 .3250 .0118

31.4-45.7 0 1 4 .0583 .1583 .6916 .3084 .0048

45.7+ 0 0 5 0 .1417 .7083 .2917 0



TABLE 5 (cost'): SIMULATED EQUILIBRIUM PATHS
CASE2: F = 0.1, = 0.25, C2 =	 .

Path 4: probability of this path is 0.155

11HE 4 4 zq Q Q2 Q PRICE R&D

0-0.9 5 0 0 0 0 0 1 .2307

0.9-2.6 4 1 0 .3750 0 .3750 .6250 .0865

2.6-5.6 3 2 0 .2500 0 .5000 .5000 .0354

5.6-11.8 2 3 0 .1875 0 .5625 .4375 .0127

11.8-14.7 1 4 0 .1500 0 .6000 .4000 .0226

14.7-18.5 1 3 1 .1300 .2300 .6200 .3800 .0172

18.5-23.6 1 2 2 .1100 .2100 .6400 .3600 .0128

23.6-27.5 0 3 2 .0917 .1917 .6583 .3417 .0211

27.5-33.9 0 2 3 .0750 .1750 .6750 .3250 .0118

33.9-48.2 0 1 4 .0583 .1583 .6916 .3084 .0048

48.2+ 0 0 5 0 .1417 .7083  .2917

CASE2: F = 0.1, C I = 0.25, C2 = 0.15 .

Path 5: probability of this path is 0.144

TIME Zo Z1 Z2 Q1 Q2 Q PRICE R&D

0-0.9 5 0 0 0 0 0 1 .2307

0.9-2.6 4 1 0 .3750 0 .3750 .6250 .0865

2.6-5.6 3 2 0 .2500 0 .5000 .5000 .0354

5.6-11.8 2 3 0 .1875 0 .5625 .4375 .0127

11.8-14.7 1 4 0 .1500 0 .6000 .4000 .0226

14.7-18.5 1 3 1 .1300 .2300 .6200 .3800 .0172

18.5-23.6 1 2 2 .1100 .2100 .64 .3600 .0128

23.6-31.4 1 1 3 .0900 .1900 .6600 .3400 .0096

31.4-37.8 0 2 3 .0750 .1750 .6750 .3250 .0118

37.8-52.1 0 1 4 .0583 .1583 .6916 .3084 .0048

52.1+ 0 0 5 0 .1417 .7083 .2917 0



TABLE 5 (cont'): SIMULATED EQUILIBRIUM PATHS

CASE3: F = 0.4, C I = 0.90, C2 = 0.15 .

Path 1: probability of this path is 0.0945

TIME 4 Z1 Z2 Q1 Q2 Q PRICE R&D

0-0.8 5 0 0 0 0 0 1 .290

0.8-1.6 4 1 0 0.050 0 .050 .950 .326

1.6-3.0 3 2 0 0.033 0 .067 .933 .243

3.0-4.2 2 3 0 0.025 0 .075 .925 .237

4.2-7.0 2 2 1 0 .4250 .425 .575 .066

7.0-15.8 2 1 2 0 .2833 .567 .433 .013

15.8+ 2 0 3 0 .2125 .6375 .3625 0

CASE3: F = 0.4, C1 = 0.90, C2 = 0.15 .

Path 2: probability of this path is 0.300

TIME 4 Z1 Z2 Q1 Q2 Q PRICE R&D

0-0.8 5 0 0 0 0 0 1 .290

0.8-1.7 4 1 0 0.050 0 .050 .950 .326

1.7-3.1 4 0 1 0 .425 .425 .575 .124

3.1-8.1 3 1 1 0 .425 .425 .575 .040

8.1+ 3 0 2 0 .2833 .567 .433 0



TABLE 5 (cunt'): SIMULATED EQUILIBRIUM PATHS

CASE 3: F = 0.4, CI = 0.90, C2 = 0.15 .

Path 3: probability of this path is 0.6055

TIME Zo Z1 Z2 Q1 Q2 Q PRICE R&D

0-0.8 5 0 0 0 0 0 1 .290

0.8-1.6 4 1 0 0.050 0 .050 .950 .326

1.6-3.0 3 2 0 0.033 0 .067 .933 .243

3.0-8.0 3 1 1 0 .425 .425 .575 .040

8.0+ 3 0 2 0 .2833 .567 .433 0

Notes:
Q is output per firm of type i.
Q is aggregate output, Q = Q 1Z1 + Q2Z2.
R&D is aggregate R&D expenditures, R&D = Xo4 + X1Z1.



TABLE 5 (cont'): SIMULATED EQUILIBRIUM PATHS

CASE 4: F = 0.1, CI = 0.90, C 2 = 0.15 .

Chart of Equilibrium Paths



TABLE 5 (cony): SIMULATED EQUILIBRIUM PATHS

CASE 4: F = 0.1, C, = 0.90, C2 -= 0.15 .

Chart of Equilibrium Paths

(t 5/1)

t,C,1	 L°12"15
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