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Nontechnical Summary

This paper reexamines and simplifies the theory of optimal dynamic portfolio
management. We propose a new characterization of those changes in invest-
ment opportunities against which investors need to protect themselves. We
show how the relevant investment opportunities can be described in terms
of the capital market line, or the efficient mean-variance frontier, which are
well-known concepts from the static analysis of optimal portfolio manage-
ment.

The classical analysis of Merton (1973) found that the investor's optimal
portfolio can be decomposed into a number of funds. First of all, the in-
vestor should hold the so-called growth-optimal portfolio, which is a port-
folio constructed so as to maximize the long-run expected rate of return.
Second, depending on his risk aversion, he should balance the investment in
the growth-optimal portfolio by putting a part of his wealth into a short-term
low-risk investment such as a money market account. Finally, he should hold
a number of hedge funds to protect himself against the possibility that the
investment opportunities in the market may deteriorate.

The investment opportunities in the market can be described in statistical
terms by short-term expectations, variances and covariances of the returns
to the available securities. Variances are important because it is essential
to make a trade-off between risk and return. Covariances carry information
about how best to diversify among the various securities. Merton envisioned
that investors would hedge against any possible change in these expectations,
variances and covariances.

We show that investors will, in fact, at most hedge against changes that affect
the global trade-off between risk and return. This trade-off is described by
what we call the instantaneous capital market line or mean-variance efficient
frontier. It shows, at each instant of time, the maximum expected return
the investor can get, as it depends on how much risk he is willing to accept,
where risk is measured by the standard deviation of his portfolio.

The capital market line has played a central role in static mean-variance
models of optimal portfolio selection, and our analysis shows that it is equally
important in a dynamic framework. The instantaneous version of the capital
market line is defined like the capital market line in static models, except



that it is based on short-term rather than investment-horizon expectations
and risk parameters.

Our point is that there is plenty of scope for changes in the statistical prop-
erties of securities returns without any change in the capital market line,
and such changes do not give rise to hedging demands. We formulate our
result in the form of a two fund separation theorem, which says that if the
instantaneous capital market line is constant, then investors will simply hold
a possibly time varying combination of two funds that span the capital mar-
ket line: the riskless asset and the growth-optimal portfolio. We interpret
the theorem as saying that if investors deviate from the two fund strategy
and hold hedge funds in addition to the riskless asset and the logarithmic
portfolio, then they do so to hedge against changes in the capital market line.

The theorem holds even when some risks are not completely hedgeable, and
therefore, some contingent claims cannot be replicated through dynamic trad-
ing strategies using the existing securities.

Based on the two-fund separation theorem, we argue that the most relevant
concept of the investment opportunity set is the capital market line, and
therefore changes in the investment opportunity set should be equivalent to
changes in the slope or position of the capital market line.

Our two fund separation theorem applies to a single investor who makes some
minimal assumptions about the securities markets but does not make any
assumptions about how other investors behave. However, if we assume that
all investors behave like we describe, then we can aggregate over investors
and derive a market-wide capital asset pricing model.

Our capital asset pricing model is a single-factor model similar to the original
Sharpe-Lingner CAPM, except that the first and second moments of security
returns may change stochastically over time. The single factor is the return
to the market. In other words, the model predicts that the expected return
to each security, in excess of the short-term riskless interest rate, depends on
its covariance or beta with respect to the market portfolio.

Our version of the CAPM differs from the consumption CAPM of Breeden
(1979) in that we do not assume all risks to be perfectly hedgeable. Further-
more, the single factor in our model is the return to the market portfolio,
whereas in the consumption CAPM, it is aggregate consumption.



In equilibrium, the market portfolio of risky assets plots on the capital market
line, and constancy of the capital market line translates into a linear relation
between the mean and the standard deviation of the excess return to the
market portfolio. This specification was one of the empirical models proposed
by Merton (1980) for estimating the expected return to the market, and it
is also consistent with some of the autoregressive conditional heteroscedastic
in mean (ARCH-M) and generalized ARCH-M (GARCH-M) specifications
that have been used more recently in the empirical literature.



Abstract

In Merton's (1973) intertemporal portfolio selection and capital asset pricing
model, investors hold as many hedge funds as there are state variables that
drive changes in the first and second moments of asset returns. We simplify
Merton's fund separation theorem to show that investors' optimal portfolio
holdings will include only hedge funds that hedge against changes in the
slope or the position of the instantaneous capital market line. If the capital
market line is constant, then investors will hold only the riskless asset and
the logarithmic portfolio. This result implies that the capital market line is
as important in dynamic analysis as it is in static analysis. The result does
not assume that the securities prices are functions of a Markovian vector of
state variables. We allow the markets to be dynamically incomplete in the
sense that the number of sources of uncertainty is larger than the number of
risky assets. Based on our result, we redefine the concepts of the investment
opportunity set and changes in the investment opportunity set in terms of
the capital market line. Even though our result does not assume equilibrium,
we can also aggregate over investors and derive a single factor CAPM with
a constant instantaneous capital market line, where the first and second mo-
ments of security returns may change stochastically over time and markets
are potentially incomplete. This model is consistent with some of the au-
toregressive conditional heteroscedastic in mean (ARCH-M) and generalized
ARCH-M (GARCH-M) specifications that have been used recently in the
empirical literature. Our version of the CAPM differs from the consump-
tion CAPM not only by allowing capital market incompleteness but also by
the fact that the single factor is the return to the market portfolio rather
than aggregate consumption. The model resolves the paradox of Rosenberg
and Ohlson (1976) because unlike other single-factor dynamic versions of the
Sharpe-Lintner CAPM, it does not imply that the value weights in the mar-
ket portfolio are constant. The market portfolio will always be proportional
to the logarithmic portfolio, but as means, variances and covariances change,
so do the value weights in the logarithmic portfolio.



1 Introduction

This paper reexamines the definition and nature of the so-called investment
opportunity set and the role of hedge funds in intertemporal portfolio selec-
tion and capital asset pricing models with stochastically time-varying first
and second moments of securities returns and dynamically incomplete mar-
kets.

In the intertemporal portfolio selection model of Merton (1973) "a sufficient
set of statistics for the [investment] opportunity set at a given point in time
is {ai , ai , pii }" where ai , cri denote the mean and standard deviation of the
instantaneous rate of return to security i, and pig the correlation coefficient
between instantaneous rates of return to securities i and j. Furthermore,
"the dynamics for the changes in the opportunity set over time" are given by
a set of Ito processes that describe changes in ai , (xi , and potentially pi j , and
which, together with the securities price processes, form a Markovian vector
of state variables'.

According to this definition, any change in means, variances or covariances is
sufficient to generate a change in the investment opportunity set. Merton's
formulation suggests that investors will hedge all such changes by including
in their optimal portfolio holdings as many hedge funds as there are state
variables that describe the dynamics of the returns.

We show that investors will, in fact, at most hedge against changes in instan-
taneous means, variances and covariances that affect the slope or position of
what we call the instantaneous capital market line. This leaves plenty of
room for other changes in the first and second moments which do not affect
the capital market line and do not give rise to hedge demands.

The capital market line has played a central role in static mean-variance mod-
els of optimal portfolio selection and equilibrium, and our analysis shows that
it is equally important in continuous time models. By the capital market line
we mean the efficient frontier in the presence of a risldess asset, which has
intercept equal to the riskless rate and is tangent to the efficient frontier of
risky assets only. Since in most of our analysis, we do not impose equilib-
rium, it is not necessarily true that the tangency point corresponds to the

'see page 483 in Merton (1992)
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market portfolio. Only in equilibrium do we know that this is the case. The
instantaneous version of the capital market line is defined like the capital
market line in static models, except that it is based on instantaneous rather
than finite horizon means, variances and covariances.

We formulate our result in the form of a two fund separation theorem, which
says that if the instantaneous capital market line is constant, then investors
will simply hold a possibly time varying combination of two funds that span
the capital market line: the riskless asset and the logarithmic portfolio. This
theorem holds in a general framework with securities whose rates of return
have stochastically time varying first and second moments which, unlike in
Merton (1973), do not have to be functions of a Markovian vector of state
variables.

The theorem holds even under market incompleteness along the lines of He
and Pearson (1991) and Karatzas, Lehoczky, Shreve and Xu (1991). Markets
may be dynamically incomplete because the number of sources of uncertainty
may be larger than the number of risky assets. In such a framework, some
risks are not completely hedgeable, and therefore, some contingent claims
cannot be replicated through dynamic trading strategies using the existing
securities. • We do not need to use the device of completing the markets by
introducing fictitious securities like He and Pearson (1991) and Karatzas,
Lehoczky, Shreve and Xu (1991).

Based on the two-fund separation theorem, we argue that the most relevant
concept of the investment opportunity set is the capital market line, and
therefore changes in the investment opportunity set should be equivalent to
changes in the slope or position of the capital market line.

Even though our two fund separation theorem assumes that the capital mar-
ket line is constant, its importance does not depend on the hypothesis that
this is empirically true. We interpret the theorem as saying that if investors
deviate from the two fund strategy and hold hedge funds in addition to the
riskless asset and the logarithmic portfolio, then they do so to hedge against
changes in the capital market line.

Like other mutual fund separation results, our two fund separation theorem
is not an equilibrium result, since it does not assume market clearing. It
applies to a single investor who makes some minimal assumptions about
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the securities markets but does not make any assumptions about how other
investors behave.

The two fund separation theorem allows us subsequently to aggregate over
investors and derive a single factor CAPM where the first and second mo-
ments of security returns may change stochastically over time and markets
are potentially incomplete.

Our version of the CAPM differs from the consumption CAPM of Breeden
(1979) in that the consumption CAPM assumes complete markets whereas
our model does not. Furthermore, the single factor in our model is the return
to the market portfolio, whereas in the consumption CAPM, it is aggregate
consumption.

In equilibrium, the market portfolio of risky assets plots on the capital market
line, and constancy of the capital market line translates into a linear relation
between the mean and the standard deviation of the excess return to the
market portfolio. This specification was one of the empirical models proposed
by Merton (1980) for estimating the expected return to the market, and it
is also consistent with some of the autoregressive conditional heteroscedastic
in mean (ARCH-M) and generalized ARCH-M (G ARCH-M) specifications
that have been used more recently in the empirical literature.

Finally, the model resolves the paradox of Rosenberg and Ohlson (1976). The
paradox can be restated as follows in the present context. If the interest rate
and the means, variances and covariances of returns to the risky securities
are constant, then the Sharpe-Lintner CAPM implies that the value weights
in the market portfolio are constant. In the absence of random changes in
the supplies of the securities, this means that all the prices must be perfectly
correlated. This is inconsistent both with the Sharpe-Lintner model and with
reality.

Our model resolves the paradox in the sense that it yields the single-factor
CAPM equation without implying that the value weights in the market port-
folio are constant. The market portfolio will always be proportional to the
logarithmic portfolio, but as means, variances and covariances change, so do
the value weights in the logarithmic portfolio.

The rest of the study is organized as follows. Section 2 outlines the model.
Section 3 defines the instantaneous capital market line and our concept of
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the investment opportunity set. Section 4 states our main results. Section
5 discusses the single-factor CAPM with changing means, variances and co-
variances. Sections 6 explains and derives our results, based on a series of
propositions and lemmas which are proved in the Appendix. Section 7 con-
cludes.

2 The Model

Our analysis is carried out within a continuous time trading model which may
exhibit a dynamic market incompleteness similar to the one analyzed by He
and Pearson (1991) and by Karatzas et al. (1991), because there are fewer
risky securities than sources of risk. This section summarizes the notation
and main assumptions underlying the model.

The time horizon is [0, T] for a fixed T > 0. The investors' information struc-
ture is represented by a filtration F = t tE[0,71 on an underlying probability
space (S/, .F, P). The interpretation is that .Ft is the information set available
to the investors at time t.

There are N + 1 basic long-lived securities. Like in many models, including
Merton (1973), their price dynamics will be specified without distinguishing
between real and nominal terms.

We shall assume that security zero is a money market account with constant
interest rate. This means that its price process M (price per share) has the
form

M(t) = M(0) exp {rt}

for some M(0) > 0 and some constant r, the interest rate.

The remaining N securities are instantaneously risky. Their prices are given
by an N dimensional vector S of Ito processes, which are assumed to be
positive. This implies that there exist processes E Ll and o E L2 such
that

dS = D(S)Adt + D(S)cr dW

where D(S) is the diagonal matrix with the vector S along the diagonal.
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The notation A E r l means that A is adapted and measurable and satisfies

foT II/Lilds < oo

with probability one. The notation a E L2 means that a is adapted and
measurable and satisfies

10T 
'lairds < oo

with probability one.

We refer to A and o- as the mean vector and the dispersion matrix of the
instantaneous rates of return to the N risky securities. We allow them to
change stochastically over time. Unlike in Merton (1973) and many subse-
quent models, they are not assumed to be functions of a Markovian vector of
state variables. In this sense, our framework is more general than Merton's.

The process W is a K dimensional Wiener process (a vector of K independent
one-dimensional Wiener processes) with respect to the filtration F = (Ft).
We assume that K > N. Markets may be incomplete, in the sense that
there may be many more Wiener processes than there are instantaneously
risky securities (K >> N). This is the type of market incompleteness analyzed
by He and Pearson (1991) and Karatzas et al. (1991).

The K Wiener processes are sources of instantaneous variations in the N
risky securities prices. Over extended time intervals, the information in the
filtration F may influence the securities prices also because it affects the
stochastic parameters A and a.

Unlike He and Pearson (1991) and Karatzas et al. (1991), we allow for the
possibility that the information set at a point in time may contain even
more information than what can be obtained by observing the paths of the
K components of W up to that time. Technically speaking, the filtration
F may be larger (finer) than the augmented filtration generated by W, so
long as W is a Wiener process with respect to F. This means that investors
may have access to such additional information, they may make their trading
strategies contingent on it, and the parameters A and a may vary over time
in a way that depends on it.
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To compress the notation, write

and
=
	 0
D(S)o-

The processes S and have dimension N + 1, and the matrix valued process
5- has dimension (N + 1) x K. With this notation, the Ito process S has
differential

dt + 5-dW

A trading strategy is an adapted measurable (N + 1)-dimensional row vector
valued process Z1 = (A0 , A). The interpretation is that A(t) is the position
held at time t: for each security i = 0, , N, OZ (t) is the number of units
of security i held at time t. The value process of a trading strategy A is the
process AS.

The set of trading strategies 0 such that 	 E .C1 and ZiOr E L2 , will be
denoted .C(g).

A trading strategy 0 in £(S) is self-financing if it satisfies the budget con-
straint:

A(t)S(t) = (0)g(0) + jot

or in differential form,
:51) = 0 dg

A portfolio strategy is an adapted measurable N dimensional row vector
valued process 0. The interpretation is that 0 tells us the fractions of wealth
invested in the various risky securities, while the remaining fraction, 1— Ot, is
invested in the money market account. Here, t is the N dimensional column
vector all of whose entries are one.
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If z = (A0, A) is a trading strategy such that the value process V = AS is
positive, then the corresponding portfolio strategy is given by

A = AD(S)/v

Conversely, we can recover a unique value process and a unique self-financing
trading strategy from knowledge only of the portfolio strategy and the initial
value of the trading strategy. If A is a portfolio strategy and wo > 0 is an
initial wealth level, then there is a unique self-financing trading strategy i
such that A(0)S(0) = w0 , AS > 0, and A is the portfolio strategy corre-
sponding to A. The value process V = AS of A is the unique Ito process
such that V(0) = wo and

dV 
= ((1 — A Or + L1/i) dt + Au dW

V

and i = (A o, A) is given by

A = D(S)-10V

and
AoM + AS = V

A state price process or pricing kernel for S is a positive one-dimensional Ito
process II such that HS has zero drift.

If H is a state price process for SI , and if A E G(g) is a self-financing trading
strategy, then HAS has zero drift.

A process H is a state price process if and only if II(0) > 0 and

dIIIT = —r dt — AdW

for some II(0) > 0 and some K dimensional row vector valued process A E L2
such that

p — ri, = oAT
Since the interest rate r is assumed to be constant, the process p is deter-
mined by a and A through this equation. For the purpose of our analysis, we
can think of a and A as exogenous variables (processes) and p, as endogenous.
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The process A is called the vector of prices of risk. The prices of risk are
specific to each of the Wiener processes. Each element of A measures the
required excess rate of return on securities per unit of dispersion with respect
to the corresponding Wiener process. The total excess rate of return on a
security is a linear combination of the security's dispersion coefficients with
respect to each of the Wiener processes, where the weights in the linear
combination are the prices of risk.

It will be shown in the following section that the process jArr in a certain
sense describes the price of risk in the aggregate. Specifically, -VW is the
slope of the instantaneous capital market line.

We shall assume that the vector A of prices of risk has the property that

A = AuT(0.0.T)-1.0.

This is a fairly innocent assumption, for the following reason. If A is a vector
of prices of risk, then the process

A = A0.T(0.0.T)-10.

is also a vector of prices of risk, provided that A E L2 . This follows from the
fact that

p — rt = TAT = [T (0 T ) _1] 0.AT __ 0. [0.T (0.0.T)-10.AT] = 0.AT

Moreover, A does satisfy the assumption that

A = A0.7. (0.07)-10.

because

atuT (0.c.T r 10. = [A0.T (0.0.T) -101 0.T (0.0.T \ -1
) o.

= AcrT [(0.0.-r 1 -10rril (0.07)-10.

= Ao.T(0.0.-r-rio.

= A

So, if A does not satisfy this assumption, then we can simply replace A by A.
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3 The Instantaneous Capital Market Line

Recall from mean-variance theory that mean-variance efficient portfolios are
portfolios that maximize the expected rate of return given the variance or
standard deviation of the rate of return. We can similarly define instan-
taneously efficient portfolios as those that maximize the expected instanta-
neous rate of return given the standard deviation of the instantaneous rate
of return. Their combinations of standard deviation of returns and expected
returns plot on a straight line whose intercept with the expected-return axis
is the instantaneous interest rate. We call this line the instantaneous capital
market line.

It also follows from the standard theory that the instantaneously efficient
portfolios are the portfolios that are combinations of the money market ac-
count and the portfolio Oln given by

01n = A0.-r- (uorT) - 1 . vi, _ rtyr (craT) -1

where we note that c-o-T is the covariance matrix of the instantaneous rates
of return to the various securities. We call this portfolio the logarithmic
portfolio because, as is well known and will also follow from the analysis
below, it is indeed the optimal portfolio for an investor with a logarithmic
utility function.

The logarithmic portfolio should be distinguished from the tangency portfolio,
which consists of investments in instantaneously risky securities only and
plots on the capital market line at the point where it is tangent to the risky-
security frontier. The tangency portfolio e be calculated from the
logarithmic portfolio Oln by scaling the fractions of wealth invested in risky
securities so that they add up to one:

1
(1) t an =	 4) in

4) in t

The slope of the capital market line is the ratio of excess expected instanta-
neous rate of return and the standard deviation of the instantaneous rate of
return to the logarithmic portfolio. We can calculate this slope as follows.
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The excess instantaneous expected rate of return to Oln is
01n(i, — rt) = )0.T (701-1 0.AT = AAT

The variance of the instantaneous rate of return to Oin is
olncia.T oln 

T = Ao.T (.70.T) -1 o.o.T (0.5T) -1 uAT

= AcrT (o-o-T
/

1
 crAT

= AAT
and the standard deviation is VArr.

Hence, the slope of the instantaneous capital market line is
oln (ii _ rt)	 AAT 

AAT
VOln 0-0-T Oln T V-AAT

It follows that the instantaneous capital market line is the straight line with
intercept r and slope NrArr . We shall argue that for the purpose of optimal
portfolio selection, this capital market line is the most useful concept of the
"investment opportunity set."

While the individual elements of the vector A are prices of risk with respect
to the individual Wiener processes, VTIT is the price of risk in the aggre-
gate, since it is the slope of the capital market line, or the ratio between
instantaneous excess return and instantaneous volatility for portfolios that
are instantaneously mean-variance efficient. We can also think of it as the
instantaneous Sharpe ratio for instantaneously mean-variance efficient port-
folios. It also happens to be the volatility of the state price process.

We shall explore the consequences of the condition that the capital market
line is constant. This means that both the interest rate r and the slope
AAT are constant. The condition is equivalent to a constant ratio between
the expected excess rate of return and standard deviation of the tangency
portfolio.

A constant slope .VW does not require that the elements of A stay constant.
They may change according to virtually any adapted processes so long as
their sum-of-squares is constant. At the same time, all the elements of the
matrix a may change in virtually any non-previsible way so long as the matrix
continues to have full rank.
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4 Two Fund Separation

In this section, we shall show that under quite attractive and general con-
ditions on the utility function, if the instantaneous capital market line is
constant, then there exists a unique optimal portfolio strategy, and the op-
timal portfolio at each instant is on the instantaneous capital market line.
In other words, the optimal portfolio is a combination of the money market
account and the logarithmic portfolio even when the instantaneous means,
variances and covariances vary over time.

This implies that if investors do hold hedge funds, then these funds hedge
against changes in the slope and intercept of the capital market line and not
against general changes in the instantaneous means, variances and covari-
ances.

When the capital market line is constant, it turns out that we do not need
to use the device of introducing fictitious securities to complete the markets
as in Karatzas et al. (1991) and He and Pearson (1991).

In order to keep the model simple and focus on the main issues, which are
stochastically time varying first and second moments and market incomplete-
ness, we restrict ourselves to a model with a finite time horizon and with only
final consumption2.

Let ?Do > 0 be the investor's initial wealth level, and let u be his utility
function, defined on the positive half-line (0, oo).

The investor chooses a self-financing trading strategy 0 E £(S) subject to
the constraints A(0)S(0) = wo and AS > 0, so as to maximize the expected
utility Eu(A (T):5(T)) of final payoff.

We shall make sure that EuC0(7):5(T)) is well defined in the sense that
u(A(T)S(T)) is integrable above for all self-financing trading strategies sat-
isfying the constraints.

A self-financing trading strategy O E .C(S) is optimal given initial wealth

2We expect that as is usually the case in models like this, the results can be generalized
to a model with a flow of consumption over time and with a finite or an infinite time
horizon.
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wo > 0 if A(0)51(0) = wo, AS' > 0, u(7(T)51(T)) is integrable above, and if
for every self-financing trading strategy 8 E .C(3) such that S(0)51(0) = wo
and SS > 0, u(S(T)S(T)) is integrable above with

EuCli(T)g(T)) >. Eu(S(T)Sr(T))

Choosing a self-financing trading strategy with positive value process is
equivalent to choosing the corresponding portfolio strategy. So, a portfo-
lio strategy A is optimal given initial wealth to) if A is optimal given initial
wealth wo, where A is the unique self-financing trading strategy with initial
value A(0)S(0) = wo and such that the portfolio strategy corresponding to
D ist.

Assuming that the utility function u is twice differentiable with u" < 0, let
RR (u)(x) denote the coefficient of relative risk aversion at the wealth level x.

The following theorem is our main result. It is a two-fund separation theorem
for an intertemporal portfolio selection model with time-varying first and
second moments, where the slope and intercept of the instantaneous capital
market line is constant.

Theorem 1 Assume that

1. the interest rate r is constant,

2. the slope V)ZS r of the instantaneous capital market line is a positive
constant,

S. the utility function u is twice continuously differentiable with u' > 0,
u" < 0, u' (x) —0 : ) as x --- oo, and u' (x) ----* oo as x -- 0, and

4. the relative risk aversion is bounded below away from zero at high wealth
levels: there exist constants 7 > 0 and xo > 0 such that RR (u)(x) > 7
for all x > xo.

Then for each initial wealth level w° > 0 there is a unique optimal portfo-
lio strategy A. It is a combination of the money market account and the
logarithmic portfolio: it has the form

A = coin

for some one-dimensional process a E .C2.
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It is important to note that in Theorem 1, r, ii, or A can change over time,
so long as the relation

it — rt . o-AT

is satisfied and r and AAT remain constant 3 . The processes o-, p, and A do
not have to be functions of a Markovian vector of state variable processes.
To our knowledge, the result in the theorem has previously been shown only
in the case of constant u and u. This case follows from Merton (1973).

We interpret the theorem as saying that if investors deviate from the two
fund strategy and hold hedge funds in addition to the riskless asset and
the logarithmic portfolio, then they do so to hedge against changes in the
capital market line. Our result simplifies Merton's separation theorem, since
it implies that state variables which affect the instantaneous means, variances
and covariances but do not affect the capital market line will not give rise to
hedge funds.

It follows that the most relevant concept of an "investment opportunity set"
is the instantaneous capital market line. Changes in the investment oppor-
tunity set can be understood as changes in the slope and the intercept of
the instantaneous capital market line. Recall that Merton (1973) defined
changes in the investment opportunity set as any changes in instantaneous
means, variances or covariances.

An implication of our analysis which is interesting for empirical purposes is
that security returns and moments may be predictable while the investment
opportunity set is constant. Thus, one should be cautious in interpreting
predictability as evidence of a changing investment opportunity set.

Our separation theorem makes quite general and attractive assumptions on
the utility function. We require relative risk aversion to be bounded from
below away from zero at high levels of wealth. This is an economically
meaningful and reasonable assumption. For example, the classical paper by
Arrow (1965) argued that the utility functions could reasonably be assumed
to have decreasing absolute but increasing relative risk aversion. If relative
risk aversion is increasing, then certainly it will be bounded away from zero
at high wealth levels. We also require marginal utility to go to infinity as

3The theorem can easily be generalized to the case where AAT changes over time in a
purely deterministic manner.
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final wealth or consumption goes to zero. This ensures that the optimal final
consumption will be positive with probability one. It rules out some utility
functions with hyperbolic absolute risk aversion4.

Note that the potential market incompleteness in our model has no effect on
optimal portfolio holdings. The form of the optimal portfolio holdings would
be the same if the last K — N Wiener processes did not exist and if the
filtration F were equal to the (augmented) filtration generated by the first N
Wiener processes. By exhibiting conditions under which market incomplete-
ness does not matter, the theorem will help identify those situations where
market incompleteness is truly important.

Note that even with a constant capital market line, the value weight a in-
vested in the logarithmic portfolio will in general change over time in response
to changes in the investor's wealth and resultant changes in the risk aversion
of his indirect utility function. Changes in a can be interpreted as sliding up
and down the instantaneous capital market line.

With additional regularity conditions, we would be able to interpret the
value weight a invested in the logarithmic portfolio as the risk tolerance
of the investor's indirect utility function. See Cox and Huang (1989) . for a
discussion of the relevant regularity conditions.

Instead of pursuing the general case, we will treat the case of constant relative
risk aversion in the following proposition. In this case, the weights a can be
interpreted as the risk tolerance not only of the investors' indirect utility
function of wealth, but also of his direct utility function, because that will
be the same.

Proposition 1 Assume that the investor has constant relative risk aversion
> 0. If	 1 assume that AAT and the interest rate r are constant. If
= 1 assume that In II(T) is integrable below. Then there is a unique optimal

portfolio strategy A. It is independent of Ivo and is given by

4We expect that our theorem can easily be generalized to allow for HARA utility, but
we abstain from doing so since it would divert attention from our main point.
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To our knowledge, Proposition 1 has previously been shown only in the case
of dynamically complete markets. That case is developed in Examples 6.4
and 6.5 of Karatzas et al. (1991).

The proposition says that the investor holds a combination of the logarith-
mic portfolio and the money market account, with value weights given by his
relative risk tolerance 1/7. For an investor with logarithmic utility (corre-
sponding to y = 1) the optimal portfolio strategy is the logarithmic portfolio
strategy limn . That was why we used that name for it, of course.

5 The Single-Factor CAPM

In this section, we develop a single factor CAPM where the first and second
moments of security returns may change stochastically over time and markets
are potentially incomplete. It differs from the consumption CAPM in that
the single factor is not aggregate consumption but the return to the market
portfolio. Our model is consistent with empirical specifications of the return
to the market portfolio based on ARCH-M and LARCH-M models. We
observe that the model resolves the paradox of Rosenberg and Ohlson (1976).

Assume that there are n investors i = 1, ... , n. Investor i has initial wealth
wt > 0 and utility function ui . Continue to assume that r and AAT are
constant, and assume that each investor's utility function ui satisfies the
assumptions of Theorem 1.

It follows from Theorem 1 that each investor has a unique optimal portfolio
strategy Ai which has the form

Ai = ajOin

for some one-dimensional process ai E £2.

Let A be the portfolio strategy that describes the market portfolio of risky
assets. Let V be the value process of investor i's holdings, and let V be the
aggregate value:

v . E vii
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Market clearing requires that

vi —	 vi • 1	 _ IA' . E_Ai.Eceon. a0 n
. V	 . Vt	 t

where Oh' is the logarithmic portfolio and Et is defined by

_ _ 1 ( Viaia— - -Tr

So, 3. is also proportional to the logarithmic risky portfolio.

Provided that a 0, the equation

A = On

implies
T(pc — rt)T = Ao- = 1-_-A (cal

a

This is a version of the CAPM equation. It says that the excess instantaneous
expected rate of return to each asset is proportional to the covariance between
the rate of return on the asset and the rate of return on the market portfolio
3..
The important feature of this version of the CAPM equation is that there
is no assumption that a or A are constant. The covariance matrix can vary
stochastically over time, so long as the capital market line stays constant.
Yet, unlike in Merton (1973), the equation contains no risk premia on hedge
funds which hedge against the stochastic changes in a and A.

In general, it is rare to find equilibrium results in models with incomplete
markets. The papers by Karatzas et al. (1991) and He and Pearson (1991) do
not analyze what happens in equilibrium. In our case, it is the assumption
of a constant capital market line which allows us to derive the CAPM.

The consumption CAPM of Breeden (1979) and Duffle and Zame (1989) is
also a single factor model which allows for stochastically changing means,
variances and covariances. However, it assumes complete markets, while
ours does not. Furthermore, in the consumption CAPM, the single factor is
aggregate consumption rather than the return to the market portfolio. This
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is problematic, because consumption data are sampled less frequently than
financial data, and the model has been found to perform poorly in empirical
tests. Our model has the advantage that the single factor is the return to
the market portfolio.

In equilibrium, the market portfolio of risky assets plots on the capital market
line. Hence, the constancy of the capital market line translates into a linear
relation between the mean and the standard deviation of the excess return
on the market portfolio.

The assumption of a constant capital market line is one of the empirical
models proposed by Merton (1980) for estimating the expected return to
the market. It is also consistent with some of the autoregressive conditional
heteroscedastic in mean (ARCH-M) and generalized ARCH-M (GARCH-M)
specifications that have been used in the empirical literature.

The classes of ARCH-M and GARCH-M processes were proposed by Engle,
Lilien and Robbins (1987) and Bollerslev, Engle and Woolridge (1988), re-
spectively. These specifications model the expected excess rate of return to
a security or to the market portfolio as a function of its standard deviation
or variance. Our model corresponds to specifying the expected excess rate
of return to the market portfolio as a linear function of its standard devia-
tion. Such a relation has been examined, for example, by French, Schwert
and Stambaugh (1987) and by Bodurtha and Mark (1991). French, Schwert
and Stambaugh (1987) tested two versions of GARCH-M, where the excess
expected rate of return to the market portfolio is an affine function of either
the standard deviation or the variance. Bodurtha and Mark (1991) com-
pared three versions of the ARCH-M model, where the excess expected rate
of return on the market portfolio is an affine function of either the variance,
the standard deviation, or the logarithm of the variance.

In the single-factor Sharpe-Lintner model, if the interest rate r, the mean
vector p and the variance covariance matrix acrT are constant, then the
market portfolio has to be constant, i.e., the value weights in the market
portfolio are constant. In the absence of random changes in the supplies of the
securities, this means that all the prices must always change proportionally,
and hence, they must be perfectly correlated. This is of course completely
inconsistent both with the model and with reality. This was first observed
by Rosenberg and Ohlson (1976).

17



Our model resolves the Rosenberg-Ohlson paradox. Since it allows the co-
variance matrix to change over time, the value weights of the market portfolio
will change, even though the capital market line stays constant. It follows
that the instantaneous price changes of the various securities will not be
proportional to each other.

6 Explanations and Derivations

In this section, we explain the logic behind our results and outline their
derivation. The derivation uses a series of propositions and lemmas that are
proved in the Appendix.

As mentioned earlier, we use the so-called martingale approach to optimal
portfolio choice. The central idea behind it is that we can explicitly write
down the investor's optimal final wealth (consumption) as a function of the
final value II(T) of the state price process. All we then need to do is calculate
a trading strategy or portfolio strategy which replicates this optimal final
wealth. This can be done also in the present case where there are more
sources of risk (Wiener processes) than instantaneously risky securities.

The candidate for the optimal final wealth will be a random claim Y* whose
marginal utility u'(Y*) is proportional to the final state prices II(T) and
whose initial value is wo. It is defined as follows.

Assume that u' is continuous, positive and strictly decreasing, with uV) --> 0
as x --> oo and u' (x) —' oo as x --* 0. Then u' has an inverse

I : (0, oo) —> (0, oo)

Assume that II(T)I(yII(T)) is integrable for all y > 0.

This assumption allows us to define a function

h : (0, oo) —p

by
II(T) 

h(y) =--- E[
II(0) 

gyII(T))1
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This function his continuous and strictly decreasing with h((0, oo)) = (0, oo).
Hence, it has an inverse

rc : (0, oo) --- (0, oo)

which is continuous and strictly increasing with n((0, oo)) = (0, oo).

The candidate for the optimal final consumption claim, given initial wealth
wo > 0, is

Y* = /(K(wo)II(T))
It has been constructed in such a way that E[11(T)Y1 = 11(0)wo. The
following proposition says that if there is a self-financing trading strategy
which replicates Y*, then it is the unique optimal trading strategy.

Proposition 2 Assume that 11(T)/(yll(T)) is integrable for all y > 0. Sup-
pose A is a self-financing trading strategy such that OS > 0,

A(T)S(T) = Y*

and
A(0),S(0) = wo

Then HAS is a martingale. If u(Y*) is integrable above, then A is the unique'
optimal trading strategy given initial wealth WO.

Proposition 2 assumes that II(T)/(yII(T)) is integrable for all y > 0, and
that u(Y*) is integrable above. We need to know that these assumptions will
indeed hold under the conditions of Theorem 1 and Proposition 1.

For this purpose, we need to observe that when r and AA T are constant, II(T)
follows a lognormal distribution. That will follow from the following lemma.

Lemma 1 If V-Arr is a positive constant, then the process

B (t) =  
1
7 0

ft AdW
TAN- 

is a Wiener process relative to F.

5To be precise, uniqueness means uniqueness almost everywhere with respect to the
product measure P ® A on SI x [0, 7], where P is the probability measure on n and A is
Lebesgue measure on [0, T].
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When r and \AV are constant, for 0 < t < T,

In 11(t) — In II(0) = — (r + 1AAT) t -- 4 TT - B(t)

Hence, it follows from Lemma 1 that II(T) follows a lognormal distribution.

We have made the assumption that II(T)/(yll(T)) is integrable for all y > 0.
If u is logarithmic, then this assumption is trivially satisfied, and if II(T) is
lognormal, a sufficient condition is that the relative risk aversion RR(u)(x)
is bounded below away from zero for sufficiently large x > 0. This follows
from Proposition 3, applied to R = In II(T).

Proposition 3 Assume that u is twice continuously differentiable. Let R be
a positive random variable. Suppose there exist constants 7 > 0 and xo > 0
such that RR (u)(x) > 7 for all x > xo and such that

R 7

is integrable. Then RI(yR) is integrable for all y > 0.

We have also made the assumption that u(Y*) is integrable above. If u is
logarithmic, then u(Y*) will be integrable above provided that In II(T) is
integrable below. If r and .VTr are constant, so that II(T) is lognormally
distributed, then u(Y*) will be integrable above provided that there exist
constants 7 > 0 and xo > 0 such that RR(u)(x) > 7 for all x > xo. This
follows from Proposition 4, applied to R = II(T).

Proposition 4 Let /y > 0 and xo > 0 be constants. Assume that u is twice
continuously differentiable with u' > 0. Assume that RR(u)(x) > 7 for all
x > xo. Let R be a positive random variable. If 7 = 1, assume that In R is
integrable below. If 7 < 1, assume that

R2V-

is integrable. Then u(Y) is integrable above for all positive random variables
Y such that RY is integrable.
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All that remains in order to prove Theorem 1 is to construct a self-financing
trading strategy which replicates Y* in the precise sense of Proposition 2,
and which involves only the riskless asset and the logarithmic portfolio.

To this end, we consider a simplified market model with one money market
account and one instantaneously risky security, driven by one source of un-
certainty, a one-dimensional Wiener process B. The instantaneously risky
security will be the logarithmic portfolio. Even though there are incomplete
markets in the original model, the simplified model will have complete mar-
kets relative to B. It turns out that the optimal payoff Y* can be replicated
in the simplified model at an initial cost equal to the initial wealth wo. The
replicating portfolio strategy can then be re-expressed as a portfolio strategy
in the original model.

Let B be the process defined in Lemma 1. Then B is a Wiener process
relative to F, and in particular, B is a Brownian motion. Let FB be the
augmented filtration generated by B. Then B is a Wiener process relative
to FB

Let Sin be the value process of one unit of account initially invested in the
logarithmic portfolio. Then

d Sin = ( (i _ (pnor + (kin p) dt + Dina- dW
Sin

= + AAT) dt + A dW

=	 + AAT) dt + aS dB

ln S111 (0 — ln Sin (0) = r + -1- AAT) t + A V-VB(t)2

So, Sin is adapted to the filtration FB .

The simplified market model has two basic securities, the money market
account (with interest rate r) and one instantaneously risky security with
price process Sin . The underlying filtration is FB , and the model is driven by
the one-dimensional Wiener process B. This model has dynamically complete
markets (with respect to B, but not with respect to W).

The state price process for the simplified model is II, which is the same as
the state price process for the original model. To see this, observe from the
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expression

Sln

the price of risk with respect to B is NAV. This implies that the state price
process in the simplified model is H.

The payoff Y* = grc(w 0)11(T)) is measurable with respect to the final in-
formation set in the filtration .FB , since it follows from the expression above
for In II(t) as a function of B(t) that II(T) is a measurable function of B(T).
Furthermore, II(T)Y* is integrable. Since the simplified model has dynami-
cally complete markets, there exists a trading strategy in the simplified model
which replicates Y* and whose value process V has the martingale property,

E[II(t)V(t){.Ff] = II(s)V(s)

for 0 <s<t<T.

Notice that the definition of dynamically complete markets and the com-
pleteness result that we refer to are simpler than what is usually found in
the literature. In particular, we do not at all need the regularity conditions
on A which are necessary in order to make sure that the so-callled risk ad-
justed probability measure exists. The only integrability condition on the
payoff Y that we need is that 11(T)Y* be integrable. For details, see Nielsen
(1996).

We need to verify that the initial cost V(0) of replicating Y* in the simplified
model is equal to the initial wealth wo. Recall that Y* is constructed in
such a way that E[II(T)Y*] = 11(0)wo. But since IIV is a martingale and
V(T) = Y*, we have

E[11(T)Y1 = E[II(T)V(T)] = II(0)V(0)

and hence, V(0) = wo.

In II(t) — 1n11(0) = — (r + --1 AAT) t — N/WB(t)

that ri is adapted to the filtration FB . Since the instantaneously risky secu-
rities price process Sin has differential

dSln = (r + AAT) dt + NAV dB
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Let a be the portfolio strategy in the simplified model which corresponds
to the trading strategy that replicates Y*. It is then clear that the trading
strategy aq5', implemented with initial wealth tbo, replicates Y*.

This concludes the derivation of Theorem 1.

To prove Proposition 1, we observe that the simplified model has a constant
interest rate, a single instantaneously risky security, and dynamically com-
plete markets. Furthermore, in the case where 7 1, we have assumed
that Niftrr is constant, so that the price of the instantaneously risky secu-
rity follows a geometric Brownian motion. It is well known that the optimal
portfolio strategy in such a model for an investor with constant relative risk
aversion 7 is to hold the proportion a = 1/7 of wealth in the risky security.

7 Conclusions

This study has reexamined the role of hedge funds in the intertemporal port-
folio selection and capital asset pricing model of Merton (1973). Using less
restrictive assumptions than Merton regarding the security price processes
and the completeness of capital markets, we showed that only specific changes
in the first and second moments of security returns may give rise to hedge
funds in the optimal portfolio selection.

The concept of the investment opportunity set as introduced in Merton
(1973) was redefined. We showed that changes in the investment oppor-
tunity set are equivalent to changes in the instantaneous capital market line.
This result simplifies considerably the fund separation theorem of Merton.

We derived a single factor CAPM with time-varying first and second mo-
ments and dynamically incomplete markets. Our model is consistent with
one of the empirical specifications proposed in Merton (1980) for estimating
the expected return to the market, and with ARCH-M and GARCH-M spec-
ifications that have been used in the empirical literature. It is different from
the consumption CAPM of Breeden (1979) and Duffle and Zame (1989) in
two important ways. First, it allows for market incompleteness, and second,
the single factor is the return to the market portfolio rather than aggregate
consumption.
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Finally, our model resolves the paradox of Rosenberg and Ohlson (1979).

8 Appendix: Proofs

PROOF OF PROPOSITION 2:

First,

E(11(T)A(T)S(T)) = E(II(T)Y*)

= E(11(7')/(n(wo)11(T)))
= 11(0)h(K(wo))
= 11(0)wo
= 11(0)A(0)S(0)

Since A is a self-financing trading strategy such that AS > 0, HAS is a non-
negative stochastic integral. Since 11(T)0(T):9(T) is integrable, it follows
that 11.6S is a supermartingale. Hence, for 0 < t < T,

ERI(T)A(T)S(T) 1 .Ft] 5_ H(t)o(t)S(t)

and

11(0)A (0)S(0) = E[II(T)A(T)S(T)]

= E(E[II(T)A(T)S(T) I Ft])
5_ E[I1(t)0 (t) S (0]

< H(0)6(0)S(0)

which implies that

E[II(T)A(T)S(T) 1 ,Ft]) = II(t)A(t)S(t)

This shows that 11A75' is a martingale.

To show that A is optimal, suppose S is a self-financing trading strategy such
that II(T)8(T)S(T) is integrable, 8(0):9(0) = wo, and SS > 0. Then HE',
like 11L5, is a supermartingale, and so

E[II(T)S(T)S(T)] 5 11(0)6(0)S(0) = 11(0)wo
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Because u is differentiable and concave,

u(Y*) > u(6(T)S(T)) + u/(Y*)(Y* — 6(T)S(T))

= u(6(T)S(T)) + tc(wo)I1(T)(Y* — 6(T)S(T))

Here, 11(T)(Y* — S(T)S(T)) is integrable and

E[II(T)(Y* — 6(T)S(T))] =11(0)wo — E[11(T)6(T)S(T)] > 0

Hence, if u(Y*) is integrable above, then so is u(S(T),9(T)), and

Eu(Y*) > Eu(6(T)S(T))

This shows that A is optimal.

Finally, to show that A is the unique optimal trading strategy given initial
wealth wo, suppose both A and 6 are optimal. Set

7/-)_ 1 46,- + ls
2	 2

Then 7/) is a self-financing trading strategy with positive value process and
initial value wo, and u('b(T)S(T)) is integrable above. Because u is strictly
concave,

Eu(t-P(T)S(T)) = Eu( -
1
A

(T)S(T) + -1 6(T)S(T))

11	 -	 - 	 -
—
> — Eu(A(T)S(T)) + —

2
Eu(6(T)S(T))

= Eu(A(T)S(T)) = Eu(6(T)S(T))

with strict inequality unless A (T):5 (T) = S (T) Sy (T) with probability one.
But since A and S are optimal, the inequality indeed is not strict, and so
A (T),S(T) = S(T)S(T). By Proposition 2, both HAS and 116,9 are martin-
gales. Therefore, for every t with 0 < t < T,

II(t)A(t)S(t) = E[II(T)0(T)S(T)I.Ft1
= E[II(T)6(T)S(T)1.71]

= 11(06 (t) S (t)

which implies that AS = SS. Write A = (Do, A) and S = (60,6). Then

AD(S)o- = A5 = SO.- = 6D(S)o-
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Since the matrix D(S)o- has rank N, this implies that A = 6. Since A and
6 are both self-financing and have the same initial value, it follows that they
are identical.

0

PROOF OF LEMMA 1:

Clearly, B is a continuous square integrable martingale with B(0) = 0. For
0 < s < t,

E [(B (t) — B (s))2 I .7.81 = AA1T E [(fst AdW) 2 I Fs]

[ist AATdu I .Fs]=--

AAl TTE(t — s)AAT,

= t — s

This shows that B is a Wiener process relative to F.

0

PROOF OF PROPOSITION 3:

The inequality
II" (X)X 

RR(U) (X) =	 > 7
U'(X)

for x > x0 implies

(— lnu'(x)) ' = R A (21) (X) = — u',(x)
 

> 7
((X
x)) —

X

and

(71(x°))In 	  = — In u'(x) + hi 11(x0)
ui(x)

= [--- ln u'(t)]:.

>ix 11 dt
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= 7 [ln t]:.
. 7 On x — In xo)

= In (1
xa

Hence,
U1(X0)Xg 

x7 
-
< 

u/(x)
Now for 0 < z < u' (x0 ), set x = I(z). Then z = 71(x),

I(z)7 < u'(x0)xaz-1

and
I (z) < CZ-

where
c = ul(xo)ixo

Now use the fact that
R

-I:1
'Y

is integrable. If y > 0, then

if R < u'(xo)/yRI(yR) < { cY-"-R1.7r2
RI' (x0) if R � u'(xo) jY

This is integrable for all y > 0.

0

PROOF OF PROPOSITION 4:

Let u7 be the utility function on (0, oo) defined by

ln x	 if 7 = 1
1
1 x1-7 if '-y	 1-1,

It has constant relative risk aversion 7.

We will prove first that there exist constants b > 0 and a such that

u(x) < a + bul,(x)
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for all x > xo. Then we will show that u(Y) is integrable above.

(1):

As in Proposition 3, we find

u' (x)	 xa----
u' (x0 )	 Xli

and

for x > xo. Hence,

u(x) — u(x0 ) = [7.11(01:0

If 7 = 1, then this implies

u(x) — u(x o)

<
 ii(x

x0)4x t
--1 dt

o

u'(x) < u'(x0)44-7

< c/(x0 )xo [ln tgo
= u1 (x0 )xo (ln x — In xo)
= a + bu-y(x)

where

and

If 7 1, we find

a = —ti (x0) In Xo

b = u' (x0)xo

u(x) — u(x0) < u/(x0)4 1

= u' (x0)4
1

1 	
[t1-71

z

— 7	 zo

1 
(X1-7 — XP-7)

—
= a + bu7(x)

where	
a = —u1(x0)xo 

1 —
1
 7

and
b = u'(x0)xil
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(2):

If 7 > 1, then u is bounded above because u.7 < 0.

If 7 = 1, then it suffices to show that

In Y = ln[RY] – In R

is integrable above. The first term is integrable above because RY is inte-
grable and In is concave. The second term is integrable above because In R
is integrable below.

If 7 < 1, set q = 1/(1 – 7) and

Then
1	 1
—+—=7-F(1-1)=1
P q

It suffices to show that

Y1-ry = [R111-7 Rry--1

is integrable. By Holder's inequality, it is enough to observe that

[RY](1.--Y)q = RY

and
1:67-1)P = R2-=,1

are integrable.

0
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