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Abstract

In the intertemporal portfolio selection model of Merton (1973), any change
in means, variances or covariances of security returns is sufficient to generate
a change in the investment opportunity set. Merton's formulation suggests
that investors will hedge all such changes by including in their optimal port-
folio holdings as many hedge funds as there are state variables that describe
the dynamics of returns. In this paper, we show that investors need to hedge
only against changes in the random slope and position of the instantaneous
capital market line. If the instantaneous capital market line is constant or
deterministic, then investors will not hold any hedge funds at all, even though
means, variances and covariances of securities returns may be changing ran-
domly over time. Based on these results, we propose a new definition of the
investment opportunity set and changes in the investment opportunity set.
Our analysis allows for incomplete markets and does not assume that the
securities prices are Markovian. It provides a potential theoretical founda-
tion for certain conditional tests of asset pricing models which ignore the
intertemporal hedging premia.

JEL classification: G11, G12

Keywords: portfolio optimization, incomplete markets, capital market line,
mutual fund separation



1 Introduction

In the intertemporal portfolio selection model of Merton (1973) "a sufficient
set of statistics for the [investment} opportunity set at a given point in time
is {a;, pii }" where a.; denote the mean and standard deviation of the
instantaneous rate of return to security i, and p i; the correlation coefficient
between instantaneous rates of return to securities i and j. Furthermore.
"the dynamics for the changes in the opportunity set over time" are given by
a set of Ito processes that describe changes in a i , o-i , and potentially pij , and
which, together with the securities price processes, form a Markovian vector
of state variables'.

According to this definition, any change in means, variances or covariances
generates a change in the investment opportunity set. Merton's formulation
suggests that investors will hedge all such changes by including in their opti-
mal portfolio holdings as many hedge funds as there are state variables that
describe the dynamics of the returns.

This paper re-examines the definition and nature of the investment oppor-
tunity set, as well as the role of hedge funds in intertemporal portfolio selec-
tion. We show that investors will only hedge against changes in instantaneous
means, variances and covariances that affect the slope or position of the in-
stantaneous capital market line (ICML). This leaves plenty of room for other
changes in the first and second moments which do not affect the capital
market line and do not give rise to hedging demands.

By the instantaneous capital market line (ICML) we mean the instantaneous
efficient frontier which has intercept equal to the instantaneous riskless rate
and is tangent to the instantaneous efficient frontier of risky assets only. In
other words, it is defined like the capital market line in static models, except
that it is based on instantaneous rather than finite horizon means, variances
and covariances.

The capital market line has played a central role in static mean-variance
portfolio theory, where all optimal portfolios plot along that line. Merton
(1971) showed that the two-fund separation result also applies in a dynamic,
continuous-time setting, provided that the interest rate and the first and

'see page 483 in Merton (1992)



second moments of returns to all securities are constant. This study reveals
that the ICML is equally important when means, variances and covariances
change randomly over time.

Our results are set in a general framework with securities whose rates of
return have stochastically time varying first and second moments which,
unlike in Merton (1973), do not have to be functions of a Markovian vector
of state variables. However, we do assume that the slope and position of the
ICML either are functions of the path of a vector of state variables or are
deterministic.

In Theorem 1, the slope and position of the ICML are assumed to be functions
of the path of a vector of hedgeable state variables, one of which is propor-
tional to the logarithmic portfolio. In that case, investors will hold a possibly
time varying combination of the riskless asset and the hedge funds associated
with the state variables, including the logarithmic portfolio. If some state
variables have no effect on the ICML, then investors will not hedge against
them, even if these state variables do affect the first and second moments of
the individual security returns.

In Corollary 1, the ICML is assumed to be constant or deterministic. In
that case, investors will not hedge at all against changes in the first and
second moments of security returns. They will simply hold a possibly time-
varying combination of the riskless asset and the logarithmic portfolio. This
result provides a potential theoretical justification for ignoring intertemporal
hedging premia in conditional asset pricing tests.

Our results lead us to argue that the most relevant concept of the investment
opportunity set is not the set of first and second moments of security returns
as in Merton, but the ICML. Correspondingly, changes in the investment
opportunity set should be understood as changes in the slope and position
of the ICML.

An implication of our new definition of the investment opportunity set is
that predictability in security returns does not necessarily imply changes in
the investment opportunity set.

Markets are allowed to exhibit the type of incompleteness studied in He and
Pearson (1991) and Karatzas, Lehoczky, Shreve and Xu (1991). Specifically,
markets may be dynamically incomplete because the number of sources of
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uncertainty may he larger than the number of risky assets. In such a frame-
work. some risks are not completely hedgeable, and therefore, some contin-
gent claims cannot he replicated through dynamic trading strategies using
the existing securities. This implies that an optimal trading strategy may not
exist. He and Pearson (1991) and Karatzas et al. (1991) provide conditions
for existence of an optimal trading strategy in such an environment.

Our results suggest an alternative to the conditions of He and Pearson (1991)
and Karatzas et al. (1991). If the ICML either is driven by a vector of
hedgeable state variables, one of which is proportional to the logarithmic
portfolio, or is deterministic, then an optimal portfolio exists. Moreover, it
is unique, and it has the same form as under market completeness.

The rest of the study is organized as follows. Section 2 outlines the model.
In Section 3 we define the ICML. Section 4 discusses optimal portfolio choice
in our model and our assumptions on utility functions. Section 5 provides
our fund separation result, summarized in Theorem 1, for the case where
changes in the position and slope of the ICML are described by a vector of
hedgeable state variables. Section 6 considers the case where the ICML is
either deterministic or constant. The result is stated in Corollary 1. We
conclude in Section 7. A detailed derivation of the theorems is provided in
the appendix.

2 The Model

The time horizon is [0, 7] for a fixed T > 0. The investors' information struc-
ture is represented by a filtration F = (F)t tE[0,71 on an underlying probability
space (C2,	 P). The interpretation is that Ft is the information set available
to the investors at time t.

There are N + 1 basic long-lived securities. Like in many models, including
Merton (1973), their price dynamics will be specified without distinguishing
between real and nominal terms.

We shall assume that security zero is a money market account with constant
interest rate. This means that its price process M (price per share) has the
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form
M(t) = ill(0) exp r ds}

. o

.t

for some M(0) > 0 and some process r E £ 1 , the interest rate. The notation
r E L 1 means that r is measurable and adapted and that

./oT 
Ir ds < oo

with probability one.

The remaining N securities are instantaneously risky. Their prices are given
by an N dimensional vector S of Ito processes, which are assumed to be
positive. This implies that there exist processes p, E G l and a E £2 such
that

dS = D(S)Adt + D(S)o- dW

where D(S) is the diagonal matrix with the vector S along the diagonal.

The notation y E L 1 means that is adapted and measurable and satisfies

< 00

with probability one. The notation a E £2 means that o- is adapted and
measurable and satisfies	

fo
T 

11011 2dS < oo

with probability one.

We refer to p, and a as the mean vector and the dispersion matrix of the
instantaneous rates of return to the N risky securities. We allow them to
change stochastically over time. Unlike in Merton (1973) and many subse-
quent models, they are not assumed to be functions of a Markovian vector
of state variables.

The process W is a K dimensional Wiener process (a vector of K independent
one-dimensional Wiener processes) with respect to the filtration F = (s).
We assume that K > N. Markets may be incomplete, in the sense that
there may be many more Wiener processes than there are instantaneously
risky securities (K N). This is the type of market incompleteness analyzed
by He and Pearson (1991) and Karatzas et al. (1991).
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=

The K Wiener processes are sources of instantaneous variations in the N
risky securities prices. Over extended time intervals, the information in the
filtration F may influence the securities prices also because it affects the
stochastic parameters it and a-.

Unlike He and Pearson (1991) and Karatzas et al. (1991), we allow for the
possibility that the information set at a point in time may contain even
more information than what can be obtained by observing the paths of the
K components of T/T7 up to that time. Technically speaking, the filtration
F may be larger (finer) than the augmented filtration generated by W, so
long as W is a Wiener process with respect to F. This means that investors
may have access to such additional information, they may make their trading
strategies contingent on it, and the parameters p, and a may vary over time
in a way that depends on it.

To compress the notation, write

(M

( Mr
D(S)p

and

(

0
D(S)o

The processes S and ji have dimension N +1, and the matrix valued process
a has dimension (N + 1) x K. With this notation, the Ito process S has
differential

dS = dt + dW

A state price process or pricing kernel for S is a positive one-dimensional ha
process II such that US has zero drift.

A process II is a state price process if and only if II(0) > 0 and

dII
—r dt — A dW

II
for some II(0) > 0 and some K dimensional row vector valued process A E L2
such that

- rt = o-AT
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The process A is called the vector of prices of risk. The prices of risk are
specific to each of the Wiener processes. Each element of A measures the
required excess rate of return on securities per unit of dispersion with respect
to the corresponding Wiener process. The total excess rate of return on a
security is a linear combination of the security's dispersion coefficients with
respect to each of the Wiener processes, where the weights in the linear
combination are the prices of risk.

Assume that
(p.—rt)T	 (p.—rt) E L1

Under this assumption, we can always make the following specific choice of
A:	 A =	 _.rt)T (0.0.Tyl 0.

With this choice, clearly

and

Ao.T	 (11 — rt)T

AAT 	 (IL _ T ) -1	 -,-
)	 cro-	 cyo. I (0.0•T\ -1

)	 — rt)
(IL — rt)T (0.0.T) -1 (p, — rt) E Li

which implies that A E £2.

3 The Instantaneous Capital Market Line

Recall from mean-variance theory that mean-variance efficient portfolios are
portfolios that maximize the expected rate of return given the variance or
standard deviation of the rate of return. We can similarly define instan-
taneously efficient portfolios as those that maximize the expected instanta-
neous rate of return given the standard deviation of the instantaneous rate
of return. Their combinations of standard deviation of returns and expected
returns plot on a straight line whose intercept with the expected-return axis
is the instantaneous interest rate. We call this line the instantaneous capital
market line(ICML).

6



It also follows from the standard theory that the instantaneously efficient
portfolios are the portfolios that are combinations of the money market ac-
count and the portfolio Oin given by

= Acr T (a. T) -1 =o-	 — (p, — rt) (co-T)

where we note that 0—U T is the covariance matrix of the instantaneous rates
of return to the various securities. We call this portfolio the logarithmic
portfolio because, as is well known and will also follow from the analysis
below, it is indeed the optimal portfolio for an investor with a logarithmic
utility function.

The logarithmic portfolio should be distinguished from the tangency portfolio,
which consists of investments in instantaneously risky securities only and
plots on the capital market line at the point where it is tangent to the risky-
security frontier. The tangency portfolio Otan can be calculated from the
logarithmic portfolio O in by scaling the fractions of wealth invested in risky
securities so that they add up to one:

,tan = 1 ,1n
Olnt

Note that with the specific choice we have made for the prices of risk A,

A 1= (1.1. roT (0. (TT )	cr. =

The slope of the capital market line is the ratio of excess expected instanta-
neous rate of return and the standard deviation of the instantaneous rate of
return to the logarithmic portfolio. We can calculate this slope as follows.

The excess instantaneous expected rate of return to Ohl is

— r	 — 7.0T (0.0.T)-1 (ti —	 AAT

The variance of the instantaneous rate of return to Ohl is
oln acToln T AAT

and the standard deviation is -\157-r . Hence, the slope of the ICML is
oln

I	

AAT

Oln aT Oln T	 ITTr

= VTAT
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It follows that the ICML is the straight line with intercept r and slope \ATT.
While the individual elements of the vector A are prices of risk with respect
to the individual Wiener processes, VrA .-T- is the price of risk in the aggregate.
We can also think of it as the instantaneous Sharpe ratio for instantaneously
mean-variance efficient portfolios. It also happens to be the volatility of the
state price process.

In the following two sections, we prove that investors will optimally hedge
only changes in moments that lead to changes in the slope and position of
the ICML. We shall therefore argue that for the purpose of optimal portfolio
selection, the capital market line is the most useful concept of the "investment
opportunity set."

4 Optimal Portfolios and Utility Functions

We define a trading strategy as an adapted measurable (N + 1)-dimensional
row vector valued process A = (so, A). The interpretation is that A(t) is the
position held at time t: for each security i 0, , N, Ai (t) is the number
of units of security i held at time t. The value process of a trading strategy
A is the process AS.

The set of trading strategies A such that 0 E .C 1 and :60. E .C2 , will be
denoted £(S). A trading strategy A in £(S) is self-financing if it satisfies
the budget constraint:

A(t)S(t) = A(0)S(0) + fot A dS

A portfolio strategy is an adapted measurable N dimensional row vector
valued process 9. The interpretation is that 9 tells us the fractions of wealth
invested in the various risky securities, while the remaining fraction, 1-0c, is
invested in the money market account. Here, c is the N dimensional column
vector all of whose entries are one.

If 3. = (so, A) is a trading strategy such that the value process V = 3.:51 is
positive, then the corresponding portfolio strategy is given by

= AD(S)IV
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Conversely, we can recover a unique value process and a unique self-financing
trading strategy from knowledge only of the portfolio strategy and the initial
value of the trading strategy. If A is a portfolio strategy and 1110 > 0 is an
initial wealth level, then there is a unique self-financing trading strategy A
such that 0(0)S(0) = wo, AS > 0, and _A is the portfolio strategy corre-
sponding to A. The value process V = AS of A is the unique Ito process
such that V(0) = top and

dV = ((1 —	 + p) dt + Da dT/I7

and 0 = (so, A) is given by

A = D(S)-13.V

and
Ao/t// + AS = V

If II is a state price process for S, and if 2 S E £(S) is a self-financing trading
strategy, then IIAS has zero drift.

In order to keep things simple, we restrict ourselves to a model with a finite
time horizon and with only final consumption'.

Let wo > 0 be the investor's initial wealth level, and let u be his utility
function, defined on the positive half-line (0, oo).

The investor chooses a self-financing trading strategy 0 E L(S) subject to
the constraints 0(0)S(0) = wo and AS > 0, so as to maximize the expected
utility Eu(L(T):S(T)) of final payoff.

A self-financing trading strategy 0 E 451) is optimal given initial wealth
wo > 0 if &(0)S(0) = wo, OS > 0, u(0(T):51(T)) is integrable above, and if
for every self-financing trading strategy S E £(S) such that (0),.5'(0) = wo
and S3 > 0, u(6(T)g(T)) is integrable above with

Eu(A(T)S(T)) Eu(5(T)S(T))

2 We expect that as is usually the case in models like this, the results can be generalized
to a model with a flow of consumption over time and with a finite or an infinite time
horizon.
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Choosing a self-financing trading strategy with positive value process is
equivalent to choosing the corresponding portfolio strategy. So, a portfo-
lio strategy A is optimal given initial wealth wo if A is optimal given initial
wealth wo, where A is the unique self-financing trading strategy with initial
value A(0)S(0) = wo and such that the portfolio strategy corresponding to
A is 3,.

Assuming that the utility function u is twice differentiable with u" < 0, let
RR (u)(x) denote the coefficient of relative risk aversion at the wealth level x.

We shall impose the following assumption on the investor's utility function:

Assumption 1 The utility function u is twice continuously differentiable
with u' > 0, u" < 0, and u1 (x) --* 0 as x -- oo .

Assumption 1 implies that marginal utility goes to zero at high wealth levels:
u' (x) -4 co as x --÷ 0. The assumption is quite general and attractive. It is
satisfied by the logarithmic and power utility functions.

In Corollary 1, we shall also impose the following assumption.

Assumption 2 There exist constants -y > 0 and x0 > 0 such that RR(u)(x) >

7 for all x > xo•

Assumption 2 says that the relative risk aversion is bounded below away from
zero at high wealth levels. This is an economically meaningful and reasonable
condition. For example, the classical paper by Arrow (1965) argued that the
utility functions could reasonably be assumed to have decreasing absolute
but increasing relative risk aversion. If relative risk aversion is increasing,
then certainly it will be bounded away from zero at high wealth levels. We
also require marginal utility to go to infinity as final wealth or consumption
goes to zero. This ensures that the optimal final consumption will be positive
with probability one.3

Finally, in Theorem 1, we shall impose the following assumption, which is a
combination of Assumption 2 with an integrability requirement on the state
price process.

3We expect that our results can easily be generalized to allow for finite marginal utility
at zero, but we abstain from doing so since it would divert attention from our main point.
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Assumption 3 II(T) is integrable, and there exist constants 7 > 0 and
'o > 0 such that RR (u)(x) > -y for all x > x0 , and such that

• if 7 = 1, then In II(T) is integrable below

^f- t 
is• if 7 < 1, then II(T) "r s integrable.

5 Optimal Portfolios: Random ICML

In this section, we show that if investors do hold hedge funds, then these
funds hedge against changes in the slope and intercept of the capital market
line and not against general changes in the instantaneous means, variances
and covariances.

We model random changes in the ICML as driven by a number of state
variables which are independent Wiener processes relative to the filtration
F. We assume that the slope and intercept of the ICML are functions of the
paths of the state variables (technically, they are measurable and adapted to
the filtration generated by the state variables), but we do not assume that
they are functions of the current levels of the state variables4.

This way of using state variables is inspired by Chamberlain (1988). Indeed,
our Theorem 1 below is a version of Chamberlain's mutual fund separation
result, but formulated in terms of the logarithmic portfolio, the hedge funds,
and the intercept and slope of the ICML5.

The state variables will be assumed to be hedgeable in the following sense.
If B is an m, dimensional Wiener process relative to the filtration F, then
we say that B is hedgeable if there exists an m, x N dimensional measurable

4 Merton (1973) assumed that the state variables followed a multi-dimensional diffusion
process. Our assumption, that they follow an m-dimensional Wiener process, is not as
restrictive as it may seem. An m-dimensional diffusion process can, under appropriate
regularity conditions, be seen as driven by an m-dimensional Wiener process. If the
diffusion coefficient is a continuous function, then the diffusion and the Wiener process
generate the same filtration, as shown by Harrison and Kreps (1979).

'The case of a deterministic ICML, where II(T) is lognormally distributed, is not
covered by Chamberlain's analysis. He assumes that II(T) (or p in his notation) is bounded
above and below away from zero.
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and adapted process b such that bo E	 , bo-o-T bT = I, the 771, x m, identity
matrix, and

B(t) = bo- W
o

We can interpret b as a vector of m. portfolio strategies which are perfectly
instantaneously correlated with the elements of B. We call them the hedge
funds associated with B.

We shall assume that the logarithmic portfolio is proportional to the first
hedge fund. We take this to mean that there exists a one-dimensional mea-
surable and adapted positive process 77 such that

=

where bl_ is the first row of b, representing the first hedge fund.

Theorem 1 Let B be an In dimensional Wiener process relative to F. As-
sume that

1. B is hedgeable with associated hedge funds b

( ,u — roT 
(0.T) 

—12. The logarithmic portfolio O	 (

	

in =	 is proportional to
the first hedge fund

3. The intercept and slope of the ICML are measurable and adapted with
respect to FB

Then for each utility function u which satisfies Assumptions 1 and 3, and
for each initial wealth level wo > 0, there exists a unique optimal portfolio
strategy. It has the form = fib
for some 1 x M, dimensional measurable and adapted process [3.

There is a detailed proof of Theorem 1 in the appendix. The proof uses the
following steps. We build a reduced trading model driven by B and FB , with
the same money market account as the original model and m, risky securities
with values equal to the values of the hedge funds. This reduced model has
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complete markets. The interest rate and the slope of the ICML are the same
in the reduced model as in the original model. Since they are adapted and
measurable with respect to F 8 , it follows that the state price process is also
the same in the reduced model as in the original model. We define a claim
Y* by the first order condition

u'(Y*) = KII(T)

where is a positive Lagrangian multiplier chosen such that Y* satisfies the
intertemporal budget constraint

II(0)wo = .E[II(T)Y*]

It is shown in Lemma 3 in the appendix that if Y* can be replicated by
a trading strategy with initial value wo, then that trading strategy is the
unique optimal trading strategy. In fact, Y* can be replicated within the
reduced model, which has complete markets, and hence the trading strategy
involves only the money market account and the hedge funds.

Remark: Suppose the interest rate and the slope of the ICML are functions
of the paths of a subset of the state variable processes Bk (including the first
of them). Then the remaining state variables are superfluous in the sense
that they do not affect the slope and intercept of the ICML and that investors
will not hold them. Investors will only hold the money market account, the
logarithmic portfolio, and hedge funds that hedge against changes in the slope
and the position of the ICML.

Theorem 1 and its associated remark simplify Merton's separation theorem,
since they reveal that it is not necessarily optimal to hedge all changes in the
instantaneous means, variances and covariances. They also lead us to redefine
the concept of an investment opportunity set provided in Merton (1973), and
consequently, the concept of changes in the investment opportunity set.

Definition: The investment opportunity set is the instantaneous capital mar-
ket line. Changes in the investment opportunity set are described by changes
in the intercept and slope of the instantaneous capital market line.

Theorem 1 is derived in the presence of market incompleteness. As mentioned
earlier, the potential market incompleteness is of exactly the same type as
in Karatzas et al. (1991) and He and Pearson (1991). Those papers give
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conditions for existence of an optimal trading strategy which are, however,
difficult to interpret economically. The reason why portfolio choice under
market incompleteness is difficult is that in general, the optimal final claim
becomes a function of the final value of the state price process only after a
sophisticated choice has been made among the infinitely many possible state
price processes that are consistent with the given securities price processes.

Our analysis reveals that within the same model, a simple and meaningful
condition is sufficient to guarantee the existence of a unique optimal portfolio
strategy and to characterize it. Specifically, if the capital market line either
is driven by hedgeable state variables or, in the simplified case of Corollary
1 below in Section 6, is deterministic, then the optimal portfolio holdings
of the investor are unique and will have the same form as in the case of
complete markets. This indicates that the capital market line is as important
in continuous-time analysis as it is in discrete time.

Theorem 1 does not require that all the instantaneous means, variances and
covariances of the securities prices are driven by the state variables. Only
the slope and intercept of the ICML are assumed to be driven by the state
variables, and so long as they are, the instantaneous moments of the securities
returns can follow general processes.

6 Optimal Portfolios: Deterministic ICML

The following corollary says that when the ICML is deterministic or constant,
investors do not at all hedge against changes in the first and second moments
of security returns. We allow first and second moments to vary randomly over
time. As in Theorem 1, they do not have to be functions of the levels or the
paths of a Markovian vector of state variables. The only restriction imposed
on the dynamics of returns is that the interest rate and the slope of the ICML
should be deterministic.

Corollary 1 Assume that the interest rate is deterministic and that the slope
of the ICML is positive and deterministic. Then for each utility function u
which satisfies Assumptions 1 and 2, and for each initial wealth level wo > 0,
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there exists a unique optimal portfolio strategy. It has the form.
Q = aoin

for some one-dimensional measurable and adapted process a.

The proof of Corollary 1 is provided in the appendix. The idea of the proof
is to define a Wiener process B by

	

. t 	 1

	

B(t) = I	 I/VT A d0  AA 

We show that B is hedgeable with a hedge fund which is proportional to the
logarithmic portfolio, and then appeal to Theorem 1.

Note that the ICML will be constant if and only if the state price process has
constant relative drift and volatility. This is so because the state price process
has relative drift —r and volatility 077, while the ICML has intercept r

and slope -4-7.

In Corollary 1, the value weight invested in the logarithmic portfolio is given
by a. It can be shown that a equals the relative risk tolerance of the investor's
indirect utility function. This follows from the fund separation theorem in
Merton (1973) for the case of constant moments, and from Corollary 1.

Even with a constant capital market line, the value weight a invested in the
logarithmic portfolio will in general change over time in response to changes
in the investor's wealth and resultant changes in the risk aversion of his
indirect utility function. Changes in a can be interpreted as sliding up and
down the ICML.

For an investor with logarithmic utility, the optimal portfolio strategy is the
logarithmic portfolio strategy O ln . That was why we used that name for it,
of course.

In the remainder of this section, we shall discuss the significance of Corol-
lary 1 and the degree to which its assumptions are reasonable.

Apart from the case of logarithmic utility, the only previously known result
that we are aware of where all investors will simply invest in the money
market account and the logarithmic portfolio is Merton's (1973) example
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where all moments are constant. Corollary 1 generalizes this result, because
a, p. and A are allowed to change randomly over time, so long as the relation

i t — rt = crAT

is satisfied and r and AA T remain deterministic.

If there are one thousand risky securities, then the case of constant mo-
ments requires the constancy of 501,500 parameters, because this is the num-
ber of free parameters in the instantaneous excess return vector p. — r t and
the instantaneous covariance matrix 0 T . Corollary 1 imposes only a two-
dimensional restriction on these parameters: the intercept and slope of the
ICML should be constant (or equal to deterministic functions of time). In
this sense, the corollary has 501,498 more degrees of freedom than the case
of constant moments.

A special case of Corollary 1 is where the interest rate and the slope of
the ICML are constants. A constant slope VXrr does not require that the
elements of A stay constant. They may change according to virtually any
adapted processes so long as their sum-of-squares is constant. At the same
time, all the elements of the matrix o may change in virtually any non-
anticipating way so long as the matrix continues to have full rank. The
example below illustrates this. In the example, the elements of A change
randomly because of changes in the vector of instantaneous means, while the
elements of o remain constant.

Example 1 Suppose N = K. Suppose the interest rate r > 0 and the
matrix o- are deterministic constants. Let x E C , X 0 0, and suppose

1
	 0' 04/ +
II W 	XII

Then
1

A = 	  w
ii W +

and AAT = 1. According to Theorem 1, the optimal portfolio is proportional
to the logarithmic portfolio. Although the instantaneous means vary over
time in a highly random manner, investors will not hold hedge funds to
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hedge against these changes. Even so, the composition of their portfolio will
change stochastically over time, since we find

OIn = Au-1 = 	 1 (W + x)To--1

0

We can well generate other instances of securities price processes which have
a constant ICML. The following example exhibits a class of processes where
the second moments are random and the vector A is constant.

Example 2 Consider any process for the dispersion matrix o-. Let it incor-
porate any kind of time varying conditional second moments that may be
considered suitable or used in the empirical literature of conditional asset
pricing, such as ARCH or GARCH. Let A be a constant vector, and define
the instantaneous mean return processes u by

p, = r t o- AT

Or

r =	 +	 + • • • + criKAK

for each security i. Then the ICML is constant. 0

The assumption of a constant ICML is consistent with specifications that
have been used or proposed for empirical work. The assumption means
that portfolios on the ICML have expected rates of return that are an affine
function of their standard deviation. Combined with a partial equilibrium
argument, it implies that the market portfolio is on the ICML, and therefore
that its expected rate of return is an affine function of its standard deviation.

This is consistent with Merton (1980), who proposed the assumption of a
constant capital market line as one of his empirical models for estimating
the expected return to the market.

It is also consistent with some of the literature on applications of ARCH-M
and GARCH-M processes. These processes model the expected excess rate
of return to a security or to the market portfolio as a function of its standard

17



deviation or variance, in addition to modeling the dynamics of the second
moments.

For example, French, Schwert and Stambaugh (1987) tested two versions of
GARCH-M, where the excess expected rate of return to the market port-
folio is an affine function of either the standard deviation or the variance.
Bodurtha and Mark (1991) compared three versions of the ARCH-M model,
where the excess expected rate of return on the market portfolio is an affine
function of either the variance, the standard deviation, or the logarithm of
the variance. In both cases, the specification where the expected rate or
return to the market is an affine function of the standard deviation corre-
sponds to our assumption in Corollary 1 of a constant ICML, combined with
a partial equilibrium argument to ensure that the market portfolio is on the
ICML.

The assumption of a constant slope of the ICML is not easily rejected empir-
ically, as we shall argue now. As noted earlier, the assumption of a constant
slope of the ICML in conjuction with the joint hypothesis that the market
portfolio is on the ICML will imply that the expectation of the return to
the market portfolio is an affine function of its standard deviation. This has
been tested by French, Schwert and Sta.mbaugh (1987) and Bodurtha and
Mark (1991). However, the point of doing portfolio theory is that one hopes
to do better than investing in the market portfolio. Therefore, in the context
of portfolio theory, it is not desirable to impose, a priori, the assumption
that the market portfolio is on the ICML. The hypothesis that the slope of
the ICML is constant, without, the joint hypothesis that the market portfolio
(or some other observed portfolio) is on the ICML, is testable in principle,
although we are not aware of any study that derives and implements such
a test. The test would probably involve estimating the ICML from data on
individual securities. Because of the estimation error, it is unlikely that the
test would have enough power to reject the hypothesis. In that sense, one
can argue that the assumption of a constant slope of the ICML cannot easily
be shown to be empirically unrealistic.

The assumption of a constant interest rate is admittedly easy to reject em-
pirically. However, if the slope of the ICML is constant but the interest rate
changes randomly, then investors will only hedge against interest rate risk.

18



Recall that we have identified the investment opportunity set with the in-
stantaneous capital- market line. An implication of our new definition of the
concept of the investment opportunity set is that security returns and their
moments may he predictable while the investment opportunity set is con-
stant. Thus, one should be cautious in interpreting empirical evidence of
predictability as implying that the investment opportunity set is changing
over time.

Corollary 1 potentially resolves a prevalent problem in asset pricing tests
with time-varying conditional moments. It explicitly allows for time-varying
moments, yet there will be no intertemporal hedge funds, and hence, no in-
tertemporal hedging premia in equilibrium. Empirical work often uses time
varying conditional moments while ignoring the intertemporal hedge premia
that theoretically would be present. For example, Dumas and Solnik (1995)
explicitly acknowledge this issue. Corollary 1 provides a theoretical justi-
fication for ignoring the intertemporal hedging premia in conditional asset
pricing tests, when they explicitly or implicitly assume a constant ICML.
Tests where the specification violates the assumption of a constant (or de-
terministic) ICML cannot be justified by appeal to Corollary 1, however.

7 Conclusions

This study has reexamined the role of intertemporal hedge funds in optimal
portfolio selection. We showed that only changes in the slope and position of
the instantaneous capital market line (ICML) give rise to hedge funds. Hedge
funds that hedge against changes in moments that do not lead to changes
in the position and slope of the ICML are superfluous. This result simplifies
the fund separation theorem of Merton (1973).

Because of our finding that investors hedge only against changes in the ICML,
we proposed a new definition of the concept of an "investment opportunity
set," according to which the investment opportunity set is identical to the
ICML. With this definition, predictability in returns does not automatically
constitute evidence of a changing investment opportunity set.

It is common in the empirical asset pricing literature to allow for randomly
time varying moments of the returns to securities or to the market portfolio,
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while ignoring the intertemporal hedging premia that should he present in
the specification according to Merton (1973). Our analysis provides a po-
tential resolution of this problem. A constant or deterministic ICML implies
that the intertemporal hedging premia disappear. Therefore, they can he
ignored in empirical tests whose specification is consistent with a constant
or deterministic ICML.

All of our results allow for the type of market incompleteness studied in
He and Pearson (1991) and Karatzas et al. (1991). We found that market
incompleteness does not matter so long as changes in the position and slope
of ICML are driven by a vector of hedgeable state variables, one of which
is proportional to the logarithmic portfolio. It does not matter in the sense
that it does not upset the existence and uniqueness of an optimal portfolio
or affect its composition.
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Appendix

In this appendix, we prove Theorem 1 and Corollary 1. The proof of Theo-
rem 1 will require a series of auxiliary Lemmas.

PROOF OF THEOREM 1:

Given Assumption 1, u' has an inverse

I : (0, oo)	 (0, oo)

Lemma 1 II(T)/(y11(T)) is integrable for all y > 0.

PROOF:

From Assumption 3, we have the inequality

x)xu"(
RR(u)(x) =	 > -y

u%(x)

for x > x0 , which implies

(— ln u'(x))'	
u,' (x)

 RA (u)(x) =	 —
u
i(x)
(x)	 x

and

Hence,

In 
(u/(xo)

u1(x)
= — In u'(x) + ui(x0)

= [— u/(t)}:0im dtt
= 7 [ln tjxxo

=	 ( ln x — In xo)

=
xo

u'(x0)4
<

u'(x)
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For 0 < z < u' (x0 ), set x = 1(z). Then z = u'(x), .1. (z) > xo,

I(z) 7 < (x0)xj.z-1

and
.1. (z) < CZ-4I

where
1C = U/ y7:0)1370

If y > 0, then

11(T)/(01(T)) < eY 2.41 (71) 27,-' 1 if 11(T) < td(x0)/y
II(T)u/(x0) if II(T)	 u'(xo)/y

It follows from Assumption 3 that right hand side is integrable, because II(T)
is integrable, II(T) 

1 
is integrable if 7 < 1, and

fzil(x0)/yi

if sy > 1 and R < u/(xo)/Y.

0

Since II(T)/(yII(T)) is integrable for all y > 0, we can define a function
h: (0, co)	 by

h(y) = E	 ))1
II(0)
II(T) 	 r,,„

This function h is continuous and strictly decreasing with h((0, oo)) = (0, oo).
Hence, it has an inverse rs: : (0, oo) (0, oo) which is continuous and strictly
increasing with k((0, oo)) = (0, oo).

Define Y* by
Y* = /(K(w0)11(T))

Lemma 2 u(Y*) is integrable above.

PROOF:
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Let y be the parameter from Assumption 3, and let u..), be the utility function
on (0, oo) defined by

x
{	

if -y . 1
ul,(x) =	

In
1 x i--y if 7 7_4 1

1-y

It has constant relative risk aversion -y.

We will prove first that there exist constants b > 0 and a such that

u(x) < a, + bu,y(x)

for all x > xo. Then we will show that u(Y) is integrable above.

(1):

As in Lemma 1, we find
u'(x) <
u'(x0 )	 x-Y

and
(x) < (x0)x3x-7

for x > xo. Hence,

u(x) — u(xo) = [uV)] xxo < u' (x0 )4 I t"—Y dt
• xo

If -y 1, then this implies

u(x) — u(xo) < ui (x0 )xo [in
= ui (x0 )xo (ln x — In xo)
= a + bu.),(x)

where a —7.il(x0 )1nx0 and b = u/(x0)xo. If -y 1, we find

	

u(x) — u(x0) <	 (x0)4
1 —

1  [tl—lxxo7 

	

=	 (x0)4  1 (2:1-7 —1 —
= a + bu..y(x)

where a = —u1 (x0)x0/(1 — y) and b = (x0)4.
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(2):

If 7 > 1, then u is bounded above because u l, < 0.

If -y = 1, then it suffices to show that

In Y* = ln[II(T)Y1 - In II(T)

is integrable above. The first term is integrable above because II(T)Y* is
integrable and In is concave. The second term is integrable above because
In II(T) is integrable below.

If 'y < 1, set q = 1/(1 - 7) and p = 1/7. Then

1	 1
— + — = 7 + (1 - -y) = 1
P q

It suffices to show that

(Y*) 1-7 = [II(T)Y*]1-7 II(T)7-1

is integrable. By Holder's inequality, it is enough to observe that

[II(T)Y*](1-7)4 = II(T)Y*

and
II(T) (7-1)P = II(T)2--Ti

are integrable.

0

The claim Y* has been constructed in such a way that E[11(T)Y1 = II(0)wo.
The next lemma says that if there is a self-financing trading strategy which
replicates Y*, then it is the unique optimal trading strategy.

Lemma 3 Suppose 0 is a self-financing trading strategy such that OS > 0,
3(T):S(T) = Y* and A(0)S(0) = wo. Then HAS is a m,art,ingale, and A is
the unique6 optimal trading strategy given initial wealth wo.

6To be precise, uniqueness means uniqueness almost everywhere with respect to the
product measure P 0 A on SI x [0, T], where P is the probability measure on C2 and A is
Lebesgue measure on [0, T].

24



PROOF:

First,

E(II(T)A(T)S(T)) 	 E(II(T)Y*)

= E(II(T)/(tc(wo)11(T)))
= II(0)17.(K.(w0))

= II(0)wo

= II(0)0(0)5(0)

Since 0 is a self-financing trading strategy such that AS > 0, II3S is a non-
negative stochastic integral. Since II (T) A (T),3 (T) is integrable, it follows
that II3.:5' is a supermartingale. Hence, for 0 < t < T,

E[II(T)A(T)S(T) I Ft] < II(t) Z.(t)..5(t)

and

II(0)0(0)5(0) = E[II(T)A(T)S(T)]
= E(E[II(T)A(T)S(T) I _Ft])
< E[Il(t)A(t)S(t)]

< II(0)6(0)S(0)

which implies that

E[II(T)A(T)S (T) 1 Ft]) = II(t)0(t)S(t)

This shows that 113.,3 is a martingale.

To show that A is optimal, suppose 3 is a self-financing trading strategy such
that II(T)S(T)S(T) is integrable, S(0)S(0) = wo, and JS > 0. Then 1133,
like HAS, is a supermartingale, and so

E[II(T)8(T)S(T)] � 11(0)6(0)5(0) = ll(0)wo

Because u is differentiable and concave,

u(Y*) > u(8(T)S(T)) + u/ (Y*)(Y* — 3(T)S(T))

= u(6(T)S(T)) + tqwoRT)(y* — 6(T)S(T))
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Here. II(T)(Y* - (T ) (T )) is integrable and

E[II(T)(Y* - S(T)S(T))] = II(0)w0 - E[11(T)5(T)5(T)] 0

Hence, since u(Y*) is integrable above by Lemma 2, so is u(3(T)3(T)), and

Eu(Y*) > Eu(S(T):5; (T))

This shows that A is optimal.

Finally, to show that A is the unique optimal trading strategy given initial
wealth w0 , suppose both A and S are optimal. Set

71)=_13,+_1(3.
2	 2

Then is a self-financing trading strategy with positive value process and
initial value w0 , and u( (T) :5' (T)) is integrable above. Because u is strictly
concave,

Eu(1-1)(T)3(T)) = Eu 1L(T)3(T) + 13(T),S(T))

1
- Eu(A(T):5'	

1
(T)) + -

2
Eu(S(T):5(T))

2 
= Eu(0(T)3(T)) = Eu(S(T)3(T))

with strict inequality unless A (T) :51 (T) = S (T) S (T) with probability one.
But since 0 and S are optimal, the inequality indeed is not strict, and so
L(T) (T) = (T) . By what has already been shown, both HAS and
II -SS are martingales. Therefore, for every t with 0 < t < T,

n(t)0(t)3(t) = E[II(T)0(T)3(T)IFt]

= E [II (T)3 (T) (T) 1.7;j
= n(t)S(t)3(t)

which implies that AS = 35. Write = (Ao, A) and S = (So, 6). Then

AD(S)cr = La = 65 = SD(S)o

Since the matrix D(S)o has rank N, this implies that A = 5. Since Zs. and
S are both self-financing and have the same initial value, it follows that they
are identical.
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Given Lemma 3, it remains to show that the claim Y* can be replicated by
a self-financing trading strategy whose corresponding portfolio strategy has
the form stipulated in the theorem.

Recall that
B(t)	 bo-14(

o
where b is an m. x N dimensional measurable and adapted process b such
that bor. E L2 , bo-o-T bT = I. Each row in B is interpreted as a hege fund.

The assumption that the logarithmic portfolio is proportional to the first
hedge fund means that there exists a one-dimensional measurable and adapted
positive process 77 such that

1 n = 77b1_

where b1 _ is the first row of b. The vector of prices of risk is

and so

and

A = 01n 0. = 7i/71_0.

AA T = 77bi_caT b-ir 77 = 772

77 = N57
In particular, 77 E L2 , 77 is measurable and adapted with respect to FB , and

A dW = f 77b 1 _c dW = f (77,0, . . . ,O)bo- dW = f (77,0, . . . , 0) dB

This process is an Ito process with respect to B and FB . Now,

In II(t) In II(0) = jt (—r — AA T) ds — I A c/147

= fo (—r — 772 ) ds — I (77, 0,	 , 0) dB

Since r and 77 are adapted and measurable with respect to FB , the process
II is an Ito process with respect to B and FB

For k = 1, ... 771, let bk_ denote the k'th row in b, and let	 be the 77Z

dimensional column vector valued process whose k'th element (1) k is the value
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process of the portfolio strategy bk_, assuming an initial value of (I) k (0) = 1.
Then

d(13. = D(1)) [(bcrA T + re,) dt + bo dW]

= D(<1. )[(bacrT br_77 +	 dt + dB]

D(1)) [(77 + r,r,	 ,r) T dt + d.B]

The process (I) is adapted and measurable with respect to FB.

Consider the reduced economy driven by B and FB , where the risky asset
prices are (I) k , k = 1, , m and the money market account is the same as
in the original economy. In the reduced economy, the vector of prices of risk
is (ii, , 0), and the state price process is 11, like in the original economy.
The reduced economy has complete markets.

The claim Y* is measurable with respect to .7-13, and II(T)Y* is integrable.
Since the reduced economy has dynamically complete markets, there exists
a self-financing trading strategy =y- = (yo, -y) in the reduced economy which
replicates Y* and whose value process

V = -yoM + -ycl)

has the property that IIV is a martingale with respect to FB . Since Y* and
II are positive, the value process V is positive. Since IIV is a martingale, in
particular,

II(0)V(0) = E[11(7')V (T)] = E[II(T)Y*] = II(0)wo

and so V(0) = wo.

Now let 13 be the portfolio strategy in the reduced economy corresponding to
the trading strategy

0 = 7D(cD)

Then

dV
V = 

[(1 — 007- + 0 (77T + 7.01 dt + 0 dB

= [(377T + dt + fib dW
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Consider the portfolio strategy in the original economy

= 13b

Start this trading strategy off at the initial wealth level wo. Let w denote its
value process. Then

= (Z\crAT + r) dt + 0o- dW

= Pbo-(77bo-) T r) dt + Obo- dW

= (Obo-orT bT 77 1- + r) dt + Obo- dW

= (,(377T + r) dt + Obo- dW
dV

= V

Hence, w = V, and 0 replicates Y* in the original economy. It follows that
A = Obi is the unique optimal portfolio strategy in the original economy.

0

PROOF OF COROLLARY 1:

Set m. = 1,
1 AcT (cr .T r =  1 

1,1A3t7 	115■71

and
= NrArr

dw
w

Then
1 

bo- = 	 Ao- (0.0.T) —I =

and 1	 1bo-o-7 bT =	 AAT 	 A = 1
VSAT -\57:

Define B by
t 	 1 

B(t) = I bo- dW = 	 A dW
AAT
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Then B is a Wiener process relative to the filtration F, and B is hedgeable
with hedge fund b. The logarithmic portfolio is proportional to b, since

01n = VEC7b = 77b

Since r and 77 are deterministic, they are, in particular, adapted and mea-
surable with respect to FB . The final value II(T) is lognormally distributed
because r and )\T are deterministic. Hence, Assumption 2 implies Assump-
tion 3. So, Theorem 2 says that there exists a unique optimal portfolio
strategy, and that it has the form A = Ob for some adapted and measurable
one-dimensional process ,8. But then

A = fib =	
1 

Oin = Oin57-

where
a=,a= ,Q 1

30



8 References

1. Arrow, K. J.: "Aspects of a Theory of Risk Bearing," YrjO Jahnson
Lectures, Helsinki (1965). Reprinted in Essays in the Theory of Risk
Bearing (1971). Chicago: Markham Publishing Co.

2. Bodurtha, J. N. and N. C. Mark: "Testing the CAPM with Time-
Varying Risks and Returns," Journal of Finance 46 (1991), 1485-1505.

3. Chamberlain, G.: "Asset Pricing in Multiperiod Securities Markets,"
Econometrica 51 (1988), 1305-1323.

4. Dumas, B. and B. Solnik: "The World Price of Foreign Exchange Risk,"
Journal of Finance 50 (1995), 445-479.

5. French, K. R., G. W. Schwert and R. F. Stambaugh: "Expected Stock
Returns and Volatility," Journal of Financial Economics 19 (1987),
3-29.

6. Harrison, J.M., and D. Kreps: "Martingales and Arbitrage in Mul-
tiperiod Securities Markets," Journal of Economic Theory 20 (1979),
381-408.

7. He, H., and N. D. Pearson: "Consumption and Portfolio Policies with
Incomplete Markets and Short-Sale Constraints: The Infinite Dimen-
sional Case," Journal of Economic Theory 54 (1991), 259-304.

8. Karatzas, I., J. Lehoczky, S. E. Shreve and G. Xu: "Martingale and
Duality Methods for Utility Maximization in an Incomplete Market,"
SIAM Journal of Control and Optimization 29 (1991), 702-730.

9. Merton, R. C.: "Optimum Consumption and Portfolio Rules in a Con-
tinuous Time Model," Journal of Economic Theory 3 (1971), 373-413.
Chapter 5 in Merton (1992).

10. Merton, R. C.: "An Intertemporal Capital Asset Pricing Model," Econo-
metrica 41 (1973), 867-888. Chapter 15 in Merton (1992).

11. Merton, R.: Continuous-Time Finance, Blackwell Publishers, Cam-
bridge, Ma. (1992).

31



12. Nielsen, L. T.: Pricing and Hedging of Derivative Securities, forthcom-
ing, 1998.

32


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35

