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ABSTRACT 

 

 

 

 This paper presents a context dependent valuation (CDV) model of decision 

making under risk where the valuation of a gamble depends not only on its own 

probability-outcome structure but also on the other gambles that it is compared with. 

This descriptive model draws motivation from the range-frequency theory (Parducci 

1965, 1968) which states that the subjective value given to a stimulus depends on its 

position as well as its rank in the set of observed stimuli.  The CDV model is based on 

the value maximization paradigm and is shown to explain and predict 1) violation of 

non-transparent stochastic dominance (while retaining transparent stochastic 

dominance), 2) procedure invariance in the form of a wide variety of preference 

reversals and elicitation biases, 3) description invariance in the form of juxtaposition, 

event splitting and framing effects, and 4) classical phenomena such as the 4-fold 

pattern of risk attitudes, violation of monotonicity, the common consequence effect 

and the common ratio effect.   

 

Key words: Decision making; context dependence; range-frequency theory; 

stochastic dominance; procedure invariance; description invariance; 

preference reversals; monotonicity 
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1.  Introduction 

The formulation of the Expected Utility (EU) theory (von Neumann and 

Morgenstern, 1944) marked a watershed in the study of decision making.  Based on a 

set of appealing axioms, it was elegant, parsimonious and analytically tractable.  In 

the early days it enjoyed the dual status of a normative as well as a descriptive theory 

of choice and found application in a wide variety of research areas. Over the last few 

decades, however, the descriptive validity of EU has been seriously questioned. A 

large number of empirical studies have established systematic deviations of human 

choice from those predicted by EU. Significant proportions of experimental subjects 

have been found to violate one or more of the axioms of EU (see Camerer 1995 for a 

summary).   

In addition to the explicitly stated axioms, whose violations have been 

extensively documented, utility theories make certain additional background 

assumptions that are implicit and considered too obvious to state explicitly. Three of 

these crucial assumptions are “description invariance”, “procedure invariance”, and 

“context independence.” Description invariance states that different logically 

equivalent representations of the same choice problem should lead to the same 

preference behavior; procedure invariance requires preferences to be invariant to the 

procedures used to elicit them; and context independence, also known as the 

independence of irrelevant alternatives, states that the preference between two items 

should not depend on other choices that may be available. There is considerable 

evidence of the violation of all these implicit assumptions.  

The violation of description invariance is evidenced in framing effects 

(Tversky and Kahneman, 1981, McNeil, Pauker, Sox and Tversky, 1982), 

juxtaposition and display effects (Loomes, Starmer and Sugden, 1992, Starmer and 
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Sugden, 1993, Harless, 1992) and compound lottery reduction (Kahneman and 

Tversky, 1979, Conlisk, 1989). The violation of procedure invariance is evidenced in 

the systematic differences in utility functions elicited by the certainty equivalent and 

probability equivalent methods of utility elicitation (Hershey and Schoemaker 1985), 

greater concavity of elicited utility when higher probability is used in the certainty 

equivalent method (Karmakar, 1974, McCord and de Neufville, 1983), and several 

kinds of preference reversals (Slovic and Lichtenstein, 1968; Lichtenstein and Slovic, 

1971; Shafir, 1993; Ganzach, 1996) where use of different procedures for preference 

elicitation can lead to a switching of preference between two alternatives. Context 

effects can be observed in the asymmetric dominance effect (Huber, Payne and Puto, 

1982), trade-off contrasts and extremeness aversion (Simonson and Tversky, 1992), 

and attribute range and rank effects (Mellers and Cooke, 1994, Cooke and Mellers, 

1998, Vlaev and Chater, 2006, Stewart, Chater, Stott and Reimers, 2003, Janiszewski 

and Lichtenstein, 1999). 

The need to incorporate context dependence in a model of choice is 

encapsulated in the following quote: “If people commonly rely on the set of 

alternatives under consideration in order to assess the value of an option, then the 

standard theory should be thoroughly revised to accommodate decisions based on 

such inferences,” (Tversky and Simonson, 1993, p. 1181-1182).  In fact, Mellers, 

Schwartz and Cooke (1998) state: 

Some evidence suggests that the entire class of generic utility theories 

(Miyamoto 1988, 1992), including rank- and sign-dependent theories, does not 

capture preferences for gambles. Chechile and Cooke (1996) presented people 

with a reference gamble and two outcomes of a comparison gamble. Subjects 

were asked to adjust the probability of winning in the comparison gamble until 
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the overall worth of the two gambles was perceived to be identical. In this task, 

special cases of generic utility theory could be represented as linear functions 

with an invariant slope across all reference gambles and a changing intercept. 

However, both the slope and the intercept systematically varied. The overall 

worth of a gamble depends not only on the properties of that gamble, but also 

on the comparison gamble. Mellers and Biagini (1994) also show that the 

utility of an option systematically depends on the other option with which it is 

compared. Rank- and sign-dependent theories are insensitive to this 

dependency. (p. 467) 

 

This paper presents a context dependent valuation (CDV) model of decision 

making under risk which draws motivation from the range-frequency (RF) theory of 

human judgment (Parducci 1965, 1968, 1995) and demonstrates how it explains and 

predicts a wide variety of empirical phenomena reported in the literature. It should be 

noted that this model is purely descriptive and has no normative or prescriptive 

pretensions. Unlike the model of context dependent preferences presented in Tversky 

and Simonson (1993), CDV is based on the value maximization paradigm and unlike 

stochastic models of choice (González-Vallejo, 2002; Roe, Busemeyer and Townsend, 

2001), CDV is deterministic. Hence, it belongs to the family of mainstream models of 

decision making under risk such as EU, prospect theory and rank dependent utility 

theories. The proposed model uses lesser number of parameters than cumulative 

prospect theory and has been shown to explain and predict 1) violation of non-

transparent stochastic dominance (while retaining transparent stochastic dominance); 

2) procedure invariance in the form of a buying-selling price gaps, preference 

reversals and elicitation biases; 3) description invariance in the form of juxtaposition, 
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event splitting and framing effects; and 4) classical phenomena such as the 4-fold 

pattern of risk attitudes, violation of monotonicity, the common consequence effect 

and the common ratio effect. In addition, the way the model can be used to analyze 

changes in behavioral patterns with changes in specific parameters of a choice 

situation is demonstrated. 

Range-frequency theory 

Range-frequency is a psychophysical theory concerned with the judgment of 

categories like “good” and “bad” or “large” and “small” (Parducci 1965). RF theory 

predicts that the subjective value given to a stimulus depends on its position as well as 

its rank in the set of observed stimuli. Hence, the theory proposes a representation of 

the stimulus context such that judgments are best described by a compromise between 

the range and frequency principles. The range principle describes the “range” 

judgment of stimulus i in context k, , by ikR

)/()( ,,, kMINkMAXkMINiik SSSSR −−=       (1) 

where and are the maximum and minimum stimuli values in the 

contextual set. The frequency principle, on the other hand, states that the stimulus 

value is derived from the stimulus rank and is given by 

kMAXS , kMINS ,

)1/()1( −−= kikik NRankF        (2) 

where 1 is the minimum rank and is the maximum rank in the contextual set, and 

is the “frequency” judgment of stimulus i in context k. Finally, RF theory proposes 

that judgments are best described by a convex combination of the range and frequency 

judgments (Wedell, Hicklin, and Smarandescu, 2007). RF theory has been successful 

in explaining wide ranging phenomena in psychophysical domains (Birnbaum, 1974, 

Parducci, 1965, Parducci and Perrett, 1971, Wedell 1996), social domains (Smith, 

kN

ikF
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Diener and Wedell, 1989, Wedell and Parducci, 1988) as well as applied domains 

(Mellers, 1982, Niedrich, Sharma and Wedell, 2001, O’Reilly, Leitch and Wedell 

2004, Wedell, Parducci and Lane 1990).  

 An experiment reported in Parducci (1968) will help illustrate the principles of 

the RF theory. The experiment was in the form of a game where the player selected 

one of three cards turned face down and received an amount of money specified on 

the hidden side of the card.  After each trial he stated his degree of satisfaction with 

the reward. Each card had a different amount and the player was told what these 

amounts were and how the probabilities for the various amounts were loaded. The 

players were divided into two groups. One group played with a set of cards where the 

amounts varied from 1 cent to 21 cents, with the higher values occurring much more 

frequently than the lower ones; and the other played with a set where the values 

ranged between 7 cents and 27 cents with the lower values predominating.  In both 

cases the mean was 14 cents. Unknown to the players, all of them were given a 

predetermined sequence of winnings such that every player in both the groups 

received the same total winnings. However, reported evaluations of the reward show 

that the reactions of the two groups were very different.  The group playing with cards 

valued between 1 cent and 21 cents were more satisfied with their individual winnings 

than the other group. This can be explained by the RF theory by noting that the range 

judgment places a higher value on a reward of 18 cents in the range 1 cent to 21 cents 

than in the range 7 cents to 27 cents. In addition, a reward of 18 cents enjoys a better 

rank in the lower range than in the higher range.  

In demonstrating violations of non-transparent dominance, Tversky and 

Kahneman (1986) alters a transparently dominated relationship between two options 

such that the dominated option now has more good outcomes and fewer bad outcomes 
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than the dominant outcome, even though the dominance relationship is maintained. 

This enhances the attractiveness of the dominated alternative enough to cause a 

violation of stochastic dominance. This paradigm has been used by Birnbaum (2005) 

as well and is reflected in the proposition that “the attention people pay to outcomes 

depends on how good or bad these outcomes are,” (Diecidue and Wakker 2001, p. 

287).  Rank dependence in rank dependent utility theories (RDU) (Quiggin 1981, 

1982, Schmeidler 1989) fail to completely capture the notion of how good or bad an 

outcome is since a middle outcome of $10 or $90 has the same rank when the other 

outcomes are $0 and $100, but the former certainly feels like a bad outcome relative 

to the latter in the given context. Also, $90 is considered more attractive in a gamble 

with outcomes $0, $90 and $100 than in a gamble with outcomes $0, $90 and $1000. 

Furthermore, consider two series of several monetary stimuli between $0 and $100, 

where the distribution is positively skewed in one (for e.g. {0, 1, 2, 3,…50, 60…90, 

100}) and negatively skewed in the other (for e.g. {0, 10, 20,…50, 51, 52, 53…99, 

100}.  The $50 stimulus will be perceived to be better in the positively skewed 

distribution than the negatively skewed one due to the rank effect. This follows 

directly from the range-frequency formulation described above and has been shown to 

influence choice in decision making under risk (Mellers, Ordonez and Birnbaum, 

1992; Birnbaum, 1992; Stewart et. al., 2003). CDV assumes that the perceived quality 

of an outcome is dependent, not only on the other outcomes in the gamble, but also on 

the outcomes of the other gambles in the choice set in a way that accounts for these 

perceptual phenomena in a parsimonious way. Hence, the composition of the choice 

set influences the valuation of each gamble in the choice set. Stewart, et. al. (2003, p. 

40) states that “many studies involve only binary choices, and so, a key challenge is to 

extend range frequency theory to this situation.” They go on to state, “Hybrid models 
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where an underlying EU-type decision process is biased by the context may prove 

adequate.” This paper is a first step to address this challenge. 

 There is considerable empirical evidence in the literature which shows the 

influence of the range and distribution of stimuli on choice and pricing behavior. 

Mellers et. al. (1992) found that attractiveness judgments of a set of binary gambles of 

the form “p chance of x” were significantly influenced by the positively or negatively 

skewed distributions of the expected values of filler gambles used in the set of 

prospects presented to the subjects. Birnbaum (1992) found that the certainty 

equivalence of a gamble depended on the distribution of the amounts offered as 

possible candidates. Gambles were undervalued when the distribution was positively 

skewed (more values were small) as compared to when it was negatively skewed 

(more values were large). This context dependence is similar to psychophysical 

comparisons explained by the RF theory. Stewart, et. al. (2003) used a related 

paradigm to show that there is a large effect of available options on the values of 

prospects and that they are valued relative to one another. Vlaev, Chater and Stewart 

(2007) explored similar context effects in financial decision-making. They found that 

the range and rank of the options offered as savings amount and levels of investment 

risk influence decisions about these variables. Mellers and Cooke (1994) found that 

the effect of a given attribute difference was greater when presented in a narrow than 

a wide range. Janiszewski and Lichtenstein (1999) found that a consumer’s 

assessment of the attractiveness of a market price depends on a comparison of the 

market price to the width of the evoked price range even when the internal reference 

price remains unchanged. In a multi-attribute choice and evaluation task, Mellers and 

Cooke (1996) showed that context, in the form of varying ranges of the attribute 

values, influences the perceptions of the attributes and the task (choice or 
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attractiveness ratings) influences the weights or psychological importance of the 

attributes. In a similar set of experiments Cooke and Mellers (1998) show that 

different contexts driven by different spacing of attribute levels can bring about 

preference reversals. Their results were consistent with the RF theory. 

The frequency principle has been adopted in models of decision making under 

risk by RDU including cumulative prospect theory (CPT) (Tversky and Kahneman 

1992), where the weight of each outcome depends on its rank in the set of outcomes 

forming the risky prospect. Hence, rank dependent theories account for rank of an 

outcome within a risky option, but not the rank of the outcome in the entire choice set. 

On the other hand, the range effect has not yet been explicitly incorporated in any 

model of decision making under risk. In their paper describing the intuition behind 

RDU, Diecidue and Wakker (2001, p. 284) state, “To some extent, the decision 

weight of an outcome will depend not only on whether it is better than some other 

outcome but also on how much better it is.  Such generalizations may be considered in 

future developments.” The model presented in this paper explicitly incorporates the 

range effect by accounting for the relative position of each outcome within the set of 

gambles being compared. In addition, it accounts for the distribution of all the 

outcomes in the entire choice set. 

In summary, the contribution of this paper is threefold: 

1. It proposes a deterministic, value maximization model that accounts for context 

dependence in a parsimonious and analytically tractable way. 

2. It uses lesser number of parameters than CPT and accounts for a wide range of 

behavioral phenomena, including not only classical paradoxes like violation of 

independence, but also violations of procedure and description invariance. 
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3. The model can be used to analyze changes in behavioral patterns with changes in 

specific parameters of a choice situation.  

The structure of the paper is as follows. The model is presented in the next 

section.  Section 3 explains certain empirical phenomena that it can explain and 

predict and is followed by the final section which concludes.  

 

2.  A context dependent valuation (CDV) model 

 Let represent gamble G),...,;,( 2211 ininiiii xpxpxp i such that pij represents the 

probability of the jth outcome, xij of gamble i, Rxij ∈ , the set of real numbers, 

and , the set of natural numbers, represents the number of outcomes in the 

gamble. The probabilities of the outcomes in a gamble sum to 1, ∑ . Note that 

 indicates a sure prospect. Define a choice or comparison set  

representing the set of m gambles from which the individual needs to make a choice. 

In this paper it is assumed that n and m are finite. Note that when m = 1, the valuation 

of the lone gamble in the choice set is equivalent to a pricing or judgment task.  

Nn∈

=

=
n

j
ijp

1

1

1=n }...,{ 21 mGGGC =

Let value function v(x) defined on R, the set of real numbers, represent the 

context free subjective value of any outcome x. The conceptualization of this value 

function is identical to the value function in prospect theory (Kahneman and Tversky, 

1979) and retains its essential features.  Outcomes are valued based on their distance 

from a reference point, assumed to be status quo or $0. The value function, v(x), is 

increasing, concave for positive outcomes and convex for negative outcomes. The loss 

aversion property is retained where a loss of a certain amount has a greater impact 

than a gain of the same amount. The functional form of the value function is 

unimportant for most of the results in the next section, but for convenience the 
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following power value function will be assumed for illustration purposes wherever 

required (Kahneman and Tversky, 1979).    

,)( αxxv =   ]1,0(,0 ∈≥ αx       (3) 

,)()( αλ xxv −−=  1,0 ≥< λx       (4) 

 It is assumed that the valuation of a gamble depends not only on its 

probability-outcome structure but also on the context sensitive perceived quality of 

the outcomes independent of their respective probabilities. Hence, the key feature of 

this model is to incorporate the perceived quality of each outcome in the choice set in 

a way which is consistent with the motivation outlined in the previous section. For 

this, status quo or $0 is assumed as the reference point from which the quality of each 

outcome is judged. This is equivalent to setting the minimum stimulus value in 

equation (1) at zero. Let },0{ CxxxI ijijij ∈≥=+ , be the set of all non-negative 

outcomes in choice set C. Similarly, −I is the set of all negative outcomes in C. Define 

}{ ++ ∈= IxxMaxO ijijMAX , as the maximum or best of all positive outcomes in C. 

Likewise, define }{ −− ∈−= IxxMaxO ijijMAX , as the minimum or worst outcome in C. 

Every outcome in C is then assigned a range index, given by if  

is positive and  if is negative. The range index represents the 

relative position of each outcome within the range of all possible outcomes. The range 

indices are then normalized by dividing by the sum of the range indices of the other 

outcomes. This is done separately for the positive and the negative outcomes. Hence, 

with representing the normalized range index for outcome , we 

have

MAXijij OxxR += /)( ijx

MAXijij OxxR −−= /)( ijx

ijr ijx

∑
+∈

=
Ix

ijijij
ij

xRxRr )(/)( , if  is positive and ijx ∑
−∈

=
Ix

ijijij
ij

xRxRr )(/)(  if is ijx
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negative. Hence, algebraically, we get ∑
+∈

=
Ix

ijijij
ij

xxr / . The normalized range index 

represents the quality, or how good or bad the outcome is in the context of the choice 

set under consideration by accounting for both the range and the distribution of 

available outcomes. The way this formulation captures the context dependence 

consistent with RF theory and the notion of good and bad outcomes is demonstrated 

in two examples later in this section. 

 It is assumed that in valuing any gamble, Gi, in the choice set C, individuals 

divide their attention between the probabilities of each outcome and the quality of that 

outcome in comparison with the other outcomes in the choice set. Consequently, the 

decision weight assigned to an outcome is a function of both its probability and its 

normalized range index. Hence, in general, with representing the value of 

gamble G

)( iC Gv

i in choice set C, we have 

∑
=

=
n

j
ijijijiC xvprgGv

1

)(),()(        (5) 

Since this general form is not of much practical use, it is proposed that the decision 

weight of an outcome is simply the convex combination of the probability and the 

normalized range index of that outcome. Letting θ be the weight given to the outcome 

quality dimension, ]1,0[∈θ , we get 

∑
=

−+=
n

j
ijijijiC xvprGv

1

)())1(()( θθ       (6) 

Note that the above valuation can also be represented as 

)()1()()()1()()(
1 1

i
P

Ci

n

j

n

j

Q
CijijijijiC GvGvxvpxvrGv θθθθ −+=−+= ∑ ∑

= =

 (7) 

where the value of the gamble is decomposed into value driven by its own 

probability-outcome structure, , and value driven by the context in which it is (.)P
Cv
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embedded, . It is worthwhile to note that is mathematically equivalent to 

cumulative prospect theory with the simplifying assumption of , where  

represents the probability weighting function. Consequently, when

(.)Q
Cv (.)P

Cv

ppw =)( (.)w

0=θ , the 

valuation of a gamble reduces to CPT with ppw =)( .  It will be demonstrated in the 

next section that the 4-fold pattern of risk attitudes (Kahneman and Tversky 1979, 

Fishburn and Kochenberger 1979) attributed to probability weighting can be 

accounted for by the proposed model without resorting to probability distortions.  

The parameter θ can be interpreted as the psychological importance that an 

individual associates with the qualitative nature of each outcome, which is context 

sensitive. It can vary with the individual and the nature of the task, such as pricing, 

choice or attractiveness rating depending on whether a task influences the salience of 

the outcome or probability dimension. This aspect is elaborated further in the section 

on buying-selling price gaps (section 3.3) and preference reversals (section 3.4). 

However, it is assumed that for a particular individual θ  remains constant across all 

gambles in a particular decision task. Though this paper does not offer an empirically 

determined value ofθ , it is suggested that it is small (< 0.5) for most individuals in 

most situations. It is interesting to note that even a small attention to context can 

potentially generate behaviors labeled as anomalies or paradoxes. This is discussed 

further in the next section.  

A potentially useful feature of this model is that the effect of memory of past 

choices or anticipated future choices on current decision making can be accounted for 

by including gambles considered in the past or foreseen in the future in the choice set 

as ‘phantom’ gambles. These gambles are not available and cannot be chosen but can 

influence the valuations of the other ‘real’ gambles. All choice sets considered in this 

14 



paper consist only of real gambles and the possibility of including phantom gambles 

in the choice set is left for future research.   

The main proposition in this paper can be stated as follows: 

Proposition:  For 2 gambles, Gi and Gj belonging to choice set C, jCi GG f , where Cf  

represents weak preference in C, if and only if , where is given 

by equation (5) above.   

)()( jCiC GvGv ≥ (.)Cv

As noted earlier, pricing is a special case where the choice set consists of a 

single gamble.  As a simple illustration of a choice-less valuation or pricing task, 

consider gamble G = (p, x; 1-p, 0) where outcome x occurs with probability p, 

otherwise nothing.  It is easy to note that the normalized range index of outcome x is 1. 

Using equation (6) the choice-less valuation of the gamble is expressed 

as )()1()()())1(1.()( xpvxvxvpGv θθθθ −+=−+= . Two illustrative examples are 

considered next. 

Example 1. An example of context dependence considered in the introduction 

above was that $90 is considered more attractive in a gamble with outcomes $0, $90 

and $100 than in a gamble with outcomes $0, $90 and $1000. Consider three outcome 

gambles G1 = (1/3, 0; 1/3, 90; 1/3, 100) and G2 = (1/3, 0; 1/3, 90; 1/3, 1000) where the 

outcomes occur with equal probability. Assume that they are single members of two 

different choice sets and we are interested in pricing them separately. EU, prospect 

theory and all rank dependent utility theories assign the same weight to the outcome 

of 90 and hence fail to capture the effect of the context in which this outcome is 

embedded. First we note that the normalized range index of 90 in gamble, G1, is 0.47 

(0.9/1.9), and in gamble, G2, is 0.08 (0.09/1.09). Using expression (6) above, the 

weight given to 90 in the first gamble is θ14.033.0)90(1 +=g and the weight given to 
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90 in the second gamble is θ25.033.0)90(2 −=g , reflecting the context dependence 

as stated above. 

Example 2. An effect widely observed in the psychophysical literature and 

described in the previous section is that a stimulus is perceived to be greater when it 

occurs in a positively skewed context than in a negatively skewed one due to the rank 

effect. Consider two sets of outcomes, C1 = {0, 1, 2, 3, 4, 5, 10, 15, 20}, and C2 = {0, 

5, 10, 15, 16, 17, 18, 19, 20}. Note that the first set is positively skewed and the 

second one is negatively skewed.  We are interested in how the outcome of 10 is 

perceived in the two sets. Since the range is the same in both sets, the range index of 

10 is 0.5 (10/20) in both the sets. However, the normalized range index of 10 in the 

first and second sets are 0.17 and 0.08 respectively. This is due to the fact that the 

range indices of the other outcomes in the first set are mostly small while that of the 

second set are mostly large. It is easy to see that this difference in the normalized 

range index directly translates to a higher perceived value of 10 in the first set as 

compared to the second one, as predicted by RF theory.   

 

 

Subsuming Regret and Disappointment 

 A formal analysis of the comparison between CDV and the classical regret 

(Loomes and Sugden, 1982; Bell, 1982) and disappointment (Loomes and Sugden, 

1986; Bell, 1985) theories is beyond the scope of this paper and is left for future 

research. However, a few informal observations can be made which suggest that CDV 

incorporates the essence of both regret and disappointment albeit in a distinct way 

from the classical models cited above. 
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 In general, models of disappointment in decision theory state that people 

incorporate the effect of anticipated disappointment while valuing a gamble. The 

anticipated disappointment is modeled as the summation of functions of the difference 

between each outcome and some central measure of the gamble such as the expected 

utility (Loomes and Sugden, 1982) or the difference of each outcome with every other 

outcome of the gamble (Delquie and Cillo, 2006). The value of the gamble is then the 

expected utility which is additively adjusted for anticipated disappointment.  Note that 

adjustments in disappointment models take into account only the outcomes within the 

gamble and hence are context insensitive.  

Regret models, on the other hand, account for anticipated regret while valuing 

a gamble.  They require a representation where gambles yield outcomes in different 

states of the world.  Anticipated regret (or rejoicing) in the chosen gamble is the 

comparison of the outcome in a realized state of the world with the foregone outcome 

in the alternate gamble. Hence, regret in a gamble is modeled as a function of state-

wise comparisons of outcomes with those of the alternate gamble. The value of a 

gamble is then the expected utility adjusted for anticipated regret.  Note that the value 

of a gamble depends on other gambles and hence is context sensitive. However, the 

required state of the world representation implies that such models are applicable only 

to gambles with correlated outcomes so that on receiving an outcome, the decision 

maker knows exactly what was foregone. It is not clear how existing regret models 

can account for scenarios that do not fit into this structure. For example, it is quite 

conceivable that a person might anticipate regret while choosing a gamble with a large 

positive and any negative outcome, decided over a throw of dice, over a gamble with 

two small positive outcomes, decided on a coin toss.   
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It is clear that in both, regret and disappointment, outcomes are compared with 

other outcomes and the value of a gamble is adjusted up or down depending on 

whether the outcomes are better or worse than other outcomes. Disappointment 

involves a comparison of outcomes within a gamble and regret involves a state-wise 

comparison of outcomes between available gambles.  CDV adopts a different 

approach but achieves similar ends. Each outcome is assigned a normalized range 

index which represents how good or bad it is relative to the other outcomes. Then, by 

entering the weight assigned to an outcome, this normalized range index adjusts the 

value of a gamble up or down depending on the relative attractiveness of the outcome. 

Since the comparison of outcomes is both within as well as between gambles, it can 

be seen as incorporating both disappointment and regret effects. In addition, the regret 

effect in CDV is more general in the sense that it does not have the limitations of the 

states of the world representation. 

Indifference Patterns in the Marschak-Machina Triangle 

 The Marschak-Machina triangle is a convenient way to display three outcome 

gambles in two dimensions. Let the three outcomes be denoted as XL, XM and XH such 

that XH > XM > XL and their associated probabilities be PL, PM and PH respectively. 

These outcomes could be lotteries themselves but we can assume them to be certain 

outcomes for our purpose here. The entire set of possible gambles with the three 

outcomes can be represented in a two dimensional triangle shown in Figure 1. 

 The edges represent two outcome gambles, where the left edge represents 

gambles with PL = 0, the bottom edge represents gambles with PH = 0, and the 

hypotenuse represents gambles with PM = 0. The interior of the triangle represent 

three outcome gambles with all of them occurring with positive probabilities. 

Different utility theories make different predictions about the shape of the indifference 
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curves connecting equally preferred gambles in the triangle, for example, expected 

utility theory predicts that the indifference curves are parallel to each other. 

Figure 1: The Marschak-Machina triangle (Marschak, 1950; Machina, 1982) showing 

fanning out indifference curves. 

PH 

PL 
0 1

1

 

 In CDV, 0=θ implies that the indifference curves are parallel straight lines. 

However, when 0>θ , the pattern of indifference curves is more complex and 

depends on both the value of θ  and the values of the gamble outcomes. For example, 

let choice set , },{ iiiC = BA 2,1=i , where ),1;,( MiHii xpxpA −= and 

. Also assume and . Note that gambles lie on 

the left edge and gambles  lie on the hypotenuse of the triangle. In this case, it can 

be shown that the indifference curves fan out if  

),1;,( LiHii xpxqB −= 12 pp > 12 qq > iA

iB

,0)]()([)]()([)]()([ >−−−+− MHMHLMLMLHLH xvxvxxxvxvxxxvxvxx   (8) 

fan in if it is less than 0, and are parallel if it is equal to 0 (see appendix for proof). 

The extent of divergence or convergence increases withθ . These properties are most 

similar to those of implicit expected utility (Chew, 1989; Dekel, 1986; see Camerer, 

1995, Table 8.1, p. 631 for properties of indifference curves of several competing 

theories). 
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The next section considers a wide variety of empirical phenomena that have 

been reported in the literature and demonstrates the use of the CDV model to explain 

and predict them.  Behaviors that can be successfully explained through features 

borrowed from other theories are not considered. An example is the use of loss 

aversion to explain certain framing effects (Kahneman and Tversky 1979, Tversky 

and Kahneman 1986). Since loss aversion is assumed in the proposed model, it can 

explain the same framing effects and are not discussed further.   

 

3.  Explaining empirical phenomena 

3.1 Nontransparent Stochastic Dominance  

The principle of dominance states that if one option is better than another in 

one state and at least as good in all other states, then the dominant option should be 

chosen. Relatedly, first order stochastic dominance states that, for risky prospects A 

and B, A is preferred to B if the cumulative distribution of A is to the right of the 

cumulative distribution of B, that is, the probability of earning any given amount or 

higher is greater in option A than in option B.  Tversky and Kahneman (1986) 

reported that the dominance rule is obeyed when its application is transparent, but 

masking of dominance in a way such that the dominated option yields a better 

outcome in some identified state results in significant violation of dominance. The 

following decision problems illustrate their point and are adapted from Tversky and 

Kahneman (1986): 

Problem 1: 

Option A: Probability 0.90 0.06 0.01 0.01 0.02  

Outcome $0 $45 $30 -$15 -$15 

Option B: Probability 0.90 0.06 0.01 0.01 0.02  
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Outcome $0 $45 $45 -$10 -$15 

In problem 1, the dominance relation is transparent. It is easy to see that option 

B dominates option A and all subjects chose B over A.   

Problem 2: 

Option C: Probability 0.90 0.06 0.01 0.03  

Outcome $0 $45 $30 -$15 

Option D: Probability 0.90 0.07 0.01 0.02 

Outcome $0 $45 -$10 -$15  

Problem 2 is identical to problem 1, but the dominance relation is masked. 

Option C is formed by coalescing the last two states in option A, and option D is 

formed by coalescing the second and third states in option B. The formulation of 

problem 2 “enhances the attractiveness of C, which has two positive outcomes and 

one negative, relative to D, which has two negative outcomes and one positive,” 

(Tversky and Kahneman, 1986, p. S264-S265). In addition, there is an easily 

identified state where C is better but none where D is better. The result was that 58% 

of respondents chose the dominated option C. This result is lends support to the 

assumption in CDV that some attention is paid to the subjective quality of the 

outcomes independent of the probabilities.   

A similar paradigm was used by Birnbaum (1997, 2005) to generate 

substantial violation of stochastic dominance. An example of a pair of gambles used 

in these studies is shown below: 

Problem 3: 

Option E: Probability 0.90 0.05 0.05  

Outcome $96 $14 $12 

Option F: Probability 0.85 0.05 0.10  
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Outcome $96 $90 $12 

 Here, option A dominates option B, but as in the previous example, the 

dominance relationship is masked. The dominance is clear if one writes option E as 

(0.85, 96; 0.05, 96; 0.05, 14; 0.05; 12) and option F as (0.85, 96; 0.05, 90; 0.05, 12; 

0.05; 12). Within the context of the gambles, option B can be considered to have 2 

good outcomes and 1 bad outcome, while option A has 1 good outcome and 2 bad 

outcomes. About 74% of subjects were found to violate dominance by choosing 

option B (Birnbaum 2005). 

 In order to analyze the problem from the perspective of CDV, let choice set C 

consist of 2 gambles, and ),;,;,( 3211 zpypxpG = },;',;,( 3212 zqyqxqG = such that 

.  Transparency, for our current purposes, is the requirement that the 

states of the world are represented identically in both the gambles, that is, if two or 

more states are coalesced in one gamble, then they are coalesced in the other one as 

well, and if a state is split into multiple states in one gamble, then it is split in the 

other one as well. In the transparent case, we have 

zyyx >>> '

3,2,1, == iqp ii in the two gambles 

above, and dominates . Applying CDV, we get 2G 1G

]1,0[0))]()'(()[1()]()()'()'([)()( 212 ∈∀>−−+−=− θθθ yvyvpyvyryvyrGvGv CC . 

The inequality follows as implies and . Hence, CDV 

satisfies transparent stochastic dominance. 

yy >' )()'( yryr > )()'( yvyv >

 The more interesting case of nontransparent stochastic dominance occurs 

when in the general case of gambles and . This is clearly seen if we 

represent as 

121 pqq ≤+ 1G 2G

1G ),;,;),(;,;,( 3221121 zpypxqqpxqxq +− and as 

.  In this case dominates . Violation of 

stochastic dominance will occur if 

2G

),;,;),(;',;,( 3221121 zpzpzqqpyqxq +− 1G 2G

0)()( 12 >− GvGv CC . Applying CDV and dropping 
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subscripts for simplicity, we get the following necessary and sufficient condition for 

violation: 

γθ =

−
−

+
>

)()(
)()(1

1

21

12

GvGv
GvGv

PP

QQ        (9) 

Note that since , we have and since preserves dominance, 

we have . Hence, we get 

yy >' )()( 12 GvGv QQ > (.)Pv

)()( 21 GvGv PP > 10 << γ  in inequality (9) above. This 

shows that violation of dominance is possible under certain plausible conditions. Note 

that as γ increases the condition for violation will become stiffer and the extent of 

violation will decrease. Also,  implies 'yy = 1=γ  and since ]1,0[∈θ , there should be 

no violation of dominance in this case. 

 Applying CDV to problem 3 above, where 14,90',96 === yyx  and , 

and assuming linear  for simplicity, stochastic dominance will be violated when 

12=z

(.)v

016.0>θ .  In problem 2 above, stochastic dominance will be violated when 02.0>θ , 

assuming linear  and (.)v 2=λ .   

 Performing a comparative statics analysis on the condition for violation of 

dominance, we can make the following predictions: 

1. 0'/ <∂∂ yγ , implying that as  increases, 'y γ decreases and satisfying the 

violation condition becomes easier. Hence, violations are predicted to increase 

with . This prediction has empirical support in study 4 reported in Birnbaum 

(2005). When  was increased from $20 to $90, violations increased from 

53% to 66%. 

'y

'y

2. 0/ >∂∂ yγ , implying that as y  increases, γ increases and consequently 

violations of stochastic dominance decrease. 
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3. 0/ >∂∂ xγ , implying that violations decrease as x increases, with the other 

outcomes fixed. 

4. 0/ <∂∂ zγ , implying that violations increase as z increases, with the other 

outcomes fixed. 

5. Keeping or  fixed, we have 2q 3q 0/ 1 <∂∂ qγ , implying an increase in 

violations as  increases. This prediction has empirical support in studies 1, 2 

and 3 reported in Birnbaum (2005). In studies 1 and 2, was fixed at 5%, and 

when was increased from 25% to 85%, violations rose from 35% to 74%. In 

study 3, was fixed at 10%, and when was increased from 15% to 85%, 

violations rose from 60% to 74%. 

1q

2q

1q

3q 1q

Standard choice theories like EU, RDU, rank and sign dependent utility theory 

(Luce and Fishburn, 1991), CPT (Tversky and Kahneman, 1992), lottery dependent 

utility theory (Becker and Sarin, 1987), aspiration level theory (Lopes and Oden, 

1999), and generalized utility theory (Machina 1982) do not allow violation of 

stochastic dominance and cannot explain the above findings.  

3.2 Violations of Monotonicity 

 The principle of monotonicity is closely related to dominance and states that if 

any outcome of a gamble is increased then the judged value of that gamble should 

increase. This is among the most compelling principles of normative decision theory. 

However, this principle has been shown to be violated under certain conditions. This 

section illustrates how the CDV can explain specific instances of violations of 

monotonicity reported in the literature. In the interest of space, the discussion is 

selective and does not provide a comprehensive coverage of the topic.  
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Let ),1;,( ypxp − represent a gamble G, where yx < . Monotonicity requires 

that the judged value of the gamble increases when either x or y or both increases. 

However, Birnbaum, Coffey, Mellers, and Weiss (1992) found that when , the 

gamble (p, $24; 1-p, $96) was valued less than the gamble (p, $0; 1-p, $96) in a 

judgment task, thus violating monotonicity.  Different pricing methods, such as, 

willingness to pay, willingness to accept, and pricing from a neutral point of view, all 

showed the same results. Mellers, Weiss, and Birnbaum (1992), using a different 

format and real money, found consistent violations when judgments of (p, x; 1-p, y) 

were compared to (p, 0; 1-p, y), when p was low (< 0.2) and 0 < x < y/3.  However, no 

violations were found when x and y were of opposite sign. Significantly, there were 

fewer violations when comparison was facilitated by printing the gambles being 

judged on the same page. CDV can explain all the above findings.   

2.0≤p

Assuming with x < y in gamble G = (p, x; 1-p, y) and applying the 

CDV, the pricing valuation of the gamble is given by 

0, ≥yx

)]()1()()[1()]()([)( yvpxpvyv
yx

yxv
yx

xGv −+−+
+

+
+

= θθ   (10) 

The condition for violation of monotonicity, 0/)( <∂∂ xGv  is satisfied when 

τθ =
+−−++

+
>

)(')()]()([)(')(
)(')(

2

2

xxvyxxvyvyxpvyx
xpvyx    (11) 

At x = 0, we have 

)1,0(
)()('

)('| 2

2

0 ∈
+

== yyvxpvy
xpvy

xτ       (12) 

Results (11) and (12) show that conditions for violation of monotonicity can be 

satisfied at x = 0.  Note that sinceτ  increases with p, violations will increase as p 

decreases. This is consistent with the empirical finding that significant violations 

occur at low values of p.   
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 Assuming, for simplicity, a linear value function, it can be shown that 

, implying a reduction in violations as x increases. Under the 

same assumption,

0)(4/ 2 >+=∂∂ yxpyxτ

1>τ  when x > 0.41y showing that the condition for violation is not 

satisfied when x increases beyond a point relative to y. This is remarkably consistent 

with the empirical finding that violations occur when 0 < x < y/3.   

 Now assuming a mixed gamble G = (p, x; 1-p, y), where x < 0 and y > 0, CDV 

implies 

 )]()1()()[1()]()([)( yvpxpvyvxvGv −+−++= θθ  and 

0)('])1([/)( >−+=∂∂ xvpxGv θθ .  Hence, CDV predicts no violations for mixed 

gambles consistent with the empirical findings.  Finally, the observation of fewer 

violations when comparison was facilitated by printing the gambles being judged on 

the same page is not surprising since CDV predicts no violation of transparent 

dominance. Any comparison between the gambles in question would make the 

transparent dominance apparent thereby leading to fewer violations. 

3.3 Buying-Selling Price Gaps 

 According to economic theory, a person’s buying and selling price of a good 

should be the same. However, a large number of studies show that significant 

differences between buying prices, or willingness to pay (WTP), and selling prices, or 

willingness to accept (WTA) exist (Kahneman, Knetsch and Thaler, 1991; Horowitz 

and McConnell, 2002).  

.People tend to set a higher selling price for a good than the price at which they are 

willing to buy the same good, for example, Kahneman, Knetsch and Thaler (1990) 

found that the median selling price for a mug was $7.12 while the median buying 

price was $2.87. 
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The predominant explanation for this phenomenon revolves around the notions 

of reference dependent utility and loss aversion from prospect theory (Tversky and 

Kahneman, 1991). Hence, while selling the giving up of the good is seen as a loss 

while during buying the acquiring of the good is seen as a gain and since losses loom 

larger than gains, we get the WTA-WTP gap. However, recent research has cast doubt 

on the legitimacy of loss aversion as an explanation for WTA-WTP gaps and has 

raised the possibility of the gaps being experimental artifacts (Plott and Zeiler, 2005, 

2007). Other research has explored the boundary conditions for loss aversion and 

found that this effect depends on the substitutability of goods in an exchange 

(Chapman, 1998). Similar goods in an exchange and items, such as money, given up 

in routine transactions induce no loss aversion (Novemsky and Kahneman, 2005). 

Also, “loss aversion operates on benefits rather than on attributes of goods,” 

(Novemsky and Kahneman, 2005, p. 123-124). Given the above results and that 

money gambles and money are similar goods, it is not clear that WTA-WTP gaps 

observed for risky lotteries can be attributed solely to loss aversion.   

This section does not offer a comprehensive review of the WTA-WTP gap 

literature nor does it provide a thorough critique of the explanations for this 

phenomenon. It simply offers an alternative explanation for the buying-selling price 

gaps that may be observed in risky monetary gambles, brought about by the logic on 

which the CDV is based. The explanation relies on the intuition that while selling a 

monetary gamble of the type “p chance of a payoff of x,” people tend to focus more 

on the possible reward that is foregone. On the other hand, while buying the same 

gamble people tend to focus more on the probability of winning the reward. 

Somewhat related is the contingent weighting hypothesis used to explain response 

mode effects such as preference reversals (Tversky, Sattath and Slovic, 1988). 
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According to this hypothesis, dimensions that are psychologically compatible with the 

response mode are weighted more, such as payoffs in a pricing task. In case no 

dimension is compatible, then the more prominent one is weighted more, such as 

probability in a choice task. In similar vein, it is conjectured here that the payoff 

dimension is weighted more while selling and the probability dimension is weighted 

more while buying. This translates to a higher value of θ in WTA than in WTP. 

Consider a gamble G = (p, x; 1-p, 0). Pricing G according to CDV we get, 

)())1(()( xvppGv −+= θ . It is easy to see that when )()( GvGv BS > BS θθ > , where 

and denote selling and buying prices respectively and )(GvS )(GvB Sθ and Bθ denote 

weight assigned to the payoff dimension while selling and buying respectively. Under 

this explanation, WTA-WTP gaps should disappear if both dimensions are made 

equally prominent. This could also happen due to learning in repeated play or when 

experimental participants take on roles of both buyers and sellers within the same 

experiment. Some evidence of these effects exists in the domain of preference 

reversals which we turn to next.   

3.4 Preference Reversals (Pricing vs. Choice) 

 Preference reversals refer to the phenomenon where in one task, for example, 

in simple choice, option A is preferred over option B, but in another task, for example, 

in separate pricing evaluations of the options, option B is preferred over option A. 

Two separate instances of preference reversals are explored below from the CDV 

perspective. 

3.41 $-bet vs. P-bet 

The most common type of preference reversals, first observed by Slovic and 

Lichtenstein (1968), occurs when a gamble with high probability of a low payoff (“P-

bet”) is preferred over a gamble with low probability of a high payoff (“$-bet”), but 
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the latter is priced higher in a separate evaluation of the two gambles. As mentioned 

in the previous section, the contingent weighting hypothesis is one of the chief 

explanations of this type of preference reversal. This hypothesis states that payoffs are 

weighted more in a pricing task due to the compatibility of that gamble dimension 

with the response mode and probabilities are weighted more in a choice task as this is 

the more prominent dimension (Tversky et. al., 1988). Also, Mellers and Cooke 

(1996), in exploring multiattribute decision making, found that the task (choice or 

attractiveness ratings) “influences the weights (or the psychological importance) of 

the attributes,” (p. 76). Schkade and Johnson (1989) used a computer display with 

boxes hiding the payoff and probability information and found that subjects accessed 

the payoff information for a longer time in pricing tasks compared to choice tasks. 

Contingent weighting is operationalized in the CDV by letting CR θθ > , where Rθ  

denotes the psychological importance given to payoffs in a pricing task and Cθ  

denotes the same in a choice task.  

Let denote a P-bet and )0,1;,( HLH pxp − )0,1;,( LHL pxp − denote a $-bet, 

where subscripts H and L denote high and low respectively. Applying CDV, the 

pricing values are 

)()1()()( LHRLRR xvpxvbetPv θθ −+=−                          

(13) 

)()1()()($ HLRHRR xvpxvbetv θθ −+=−                          

(14) 

The choice values are 

)()1()()( LHCL
HL

L
CC xvpxv

xx
xbetPv θθ −+
+

=−                         

(15) 
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)()1()()($ HLCH
HL

H
CC xvpxv

xx
xbetv θθ −+
+

=−                         

(16) 

The commonly observed preference reversal requires 

)()($ betPvbetv RR −>− and )($)( betvbetPv CC −>− . The first thing to notice is that 

is a necessary condition for this type of violation, failing which 

the $-bet dominates the P-bet in both pricing and choice. In pricing, 

)()( HLLH xvpxvp >

)()($ betPvbetv RR −− f if and only if, 

R

HLLH

LH
R

xvpxvp
xvxv λθ =

−
−

+
>

)()(
)()(1

1              

(17) 

In choice, if and only if, )($)( betvbetPv CC −− f

C

LHHLLH

LLHH
C

xxxvpxvp
xvxxvx λθ =

+−
−

+
<

)))(()((
)()(1

1             

(18) 

Conditions (17), (18) and together constitute the set of 

necessary and sufficient conditions for preference reversal. It is easy to show that 

)()( HLLH xvpxvp >

CR λλ > . Hence, the greater the attention to payoffs in pricing vis-à-vis choice, the 

more likely is the occurrence of preference reversals, consistent with the contingent 

weighting hypothesis. How preference reversals depend on θ  is made clear in Figure 

2. 

Figure 2: The dependence of preference reversals on θ  
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 Since, preference reversals require that θ make a jump over the bridge AB 

when moving from choice to pricing, an approximate measure of preference reversal 

likelihood for a given pair of gambles could be CR λλ − . It can only be used as a 

heuristic since the extent of preference reversals will also be determined by the 

frequency distribution of θ over the interval [0, 1] in the subject pool. Note that 

people with ),( RC λλθ ∈  for both pricing and choice will exhibit preference reversal 

in the opposite direction to the one discussed, that is, prefer the $-bet in choice and 

price the P-bet higher.  

We can infer from the analysis so far that conditions which reduce the shift of 

θ between choice and pricing tasks should lead to a reduction in preference reversals. 

This leads to three specific predictions which explain empirical findings in the 

literature: 

1. Learning from repeated choice and pricing tasks is likely to lead not only to 

a reduction in the shift of θ but also to a reduction in the value of θ , which is a bias in 

itself.  This should lead to a reduction in preference reversals consistent with the 

findings of Wedell and Bockenholt (1990).   

2. As posited in the previous section, people have lower θ for WTP than for 

WTA.  Hence use of buying price in the pricing task should reduce shift inθ , thereby 

reducing preference reversals. In addition, if the shift is small enough, people 

with Cθ in the bridge AB in Figure 1 will have Rθ in AB as well, thereby leading to an 

increase in the occurrence of the preference reversal in the opposite direction.  
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3.  The use of high stakes in the gambles is likely to cause people to invest 

more of their cognitive capacities in their decision making, thereby leading to a 

reduction in the shift of θ . As in the use of WTP, this should reduce the usual 

preference reversals and increase the occurrence of preference reversals in the 

opposite direction. Predictions 2 and 3 are consistent with the findings in Casey(1991). 

3.42 Preference Reversals in Equal Probability Gambles, WTA vs. WTP 

 Ganzach (1996) used gambles with equal probability positive outcomes that 

differed in the variance of the outcomes to show that when WTA (possession 

condition) was used the higher variance gamble was preferred more in pricing than in 

choice, while when WTP (nonpossession condition) was used the lower variance 

gamble was preferred more in pricing than in choice (Panel A of Exhibit 4, p. 102). 

The author attributed this finding to the anchoring and adjustment effect. A specific 

pair of gambles employed in the experiments will be used in order to demonstrate the 

use of CDV in explaining this phenomenon.   

 Consider the high variance gamble, HV = (0.2, 5; 0.2, 9; 0.2, 27; 0.2, 40; 0.2, 

45) and low variance gamble LV = (0.2, 14; 0.2, 22; 0.2, 26; 0.2, 28; 0.2, 36) 

(Ganzach, 1996, pair 1 in Exhibit 1, p.98). Assuming , we get that HVf LV 

if and only if 

9.0)( xxv =

06.0>θ .  As proposed in section 3.3, θ for WTA is likely to be higher 

than that for WTP, thereby leading to a higher preference for the HV gamble when 

selling price is used compared to when buying price is used. In choice, LV HV 

when 

f

11.0<θ , and level of preference should remain the same in both the possession 

and nonpossession conditions. Hence, CDV can account for the specific interactions 

observed in equal probability gambles. 

3.5 Example of Elicitation Bias 
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The certainty equivalence (CE) method is a popular technique to measure 

utility functions of individuals. In this method, subjects are asked to indicate the sure 

amount, called the certainty equivalent that would make them indifferent to the 

gamble .  This example constructs the utility function in the interval 0 to 

x. The utilities of 0 and x are normalized at 0 and 1 respectively. Hence, if is the 

certainty equivalent elicited from the individual, EU gives us . In the next 

iteration the certainty equivalent, of the gamble 

)0,1;,( pxp −

ex

pxU e =)(

'ex )0,1;,( pxp e − is elicited. According 

to EU, . In this way, the iterated elicitation of several CE responses is 

used to construct the individual’s utility curve.  The elicitation bias that has been 

found is that higher values of 

2)'( pxU e =

p in the iterated elicitation procedure yields more 

concave utility functions (Karmakar, 1974; McCord and de Neufville, 1983).  

To show that CDV implies the above bias, consider 

gambles and )0,1;,( LL pxpL −= )0,1;,( HH pxpH −= where, without loss of generality, 

such that . Say, gambles L and H are being used to measure the 

utility function of an individual between 0 and x. Let and be the certainty 

equivalent elicited in the iteration using gamble L and H respectively. EU implies 

that = since .  Applying CDV to gamble L gives 

LH pp > LH pp =2

L
ix H

ix

thi

Lx1
Hx2 LH pp =2

)())1(()( 1 xvppxv LL
L θ−+=        (19) 

Applying CDV iteratively to gamble H based on the CE method gives  

)())1(()( 2
2 xvppxv HH

H θ−+=        (20) 

Subtracting the valuations of the two elicitations gives 

0)()1)(1()()( 2
21 >−−=− xvpxvxv H

HL θθ      (21) 
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This implies , or the elicited certainty equivalent in the first iteration of the 

low probability case is higher than the elicited certainty equivalent in the second 

iteration of the high probability case. But, EU assigns the same utility to and , 

thereby lending higher concavity when higher probability is used. 

HL xx 21 >

Lx1
Hx2

3.6 Example of Description Invariance - Juxtaposition and Event-Splitting Effect 

 Event-splitting effects refer to the empirical finding that “the subjective weight 

given to an outcome depends on the number of states of the world in which it occurs,” 

(Starmer and Sugden, 1993, p. 235). Specifically, if an event on which an outcome is 

dependent is split into 2 sub-events, then the subjective weight given to that outcome 

increases. This effect is predicted by CDV. 

 For simplicity, consider a general two outcome gamble, ),;,( 2211 xpxpG = and 

the gamble where the first event is split into two, ),;,";,'( 221111 xpxpxpGE = such that 

. The subjective weight assigned to outcome in gamble G, 

, is less than that in gamble G

111 "' ppp =+ 1x

1211 )/( pxxx ++ E, 1211 )2/(2 pxxx ++ , thereby 

predicting the event- splitting effect.  

 One of the predictions of regret theory is the juxtaposition effect, where 

choices over prospects are systematically influenced by the juxtaposition of outcomes 

in the payoff matrix.  Starmer and Sugden (1993) found that the juxtaposition effects 

reported in empirical studies were primarily due to event-splitting effects. Hence, 

models allowing for event-splitting are required to explain this description invariance 

phenomenon. 

3.7 Fourfold pattern of risk attitudes 

 Empirical evidence suggests that people are risk seeking for gains and risk 

averse for losses of low probability and risk averse for gains and risk seeking for 
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losses of high probability (Kahneman and Tversky, 1979, Tversky and Kahneman, 

1992, Fishburn and Kochenberger 1979).  Since this pattern of risk attitudes occur 

over a wide range of payoffs, explanations based on the shape of the utility function 

(Friedman and Savage, 1948, Markowitz, 1952) have been rejected.  Instead, an 

inverse S-shaped pattern of probability transformation, where low probabilities are 

overweighted and high probabilities are underweighted, has been suggested to explain 

this phenomenon. However, CDV can accommodate the 4-fold pattern of risk 

attitudes without assuming non-linear probability transformations. 

 Consider a gamble G = (p, x; 0, 1-p). According to CDV the choice-less 

valuation of gamble G is given by )())1(()( xvppGv −+= θ . It can be seen that when 

p is high, the behavior observed is driven by the concavity of the value function since 

the additive term )1( p−θ  in the decision weight is very small. On the other hand, 

when p is low, the observed behavior is driven by this large additive term in the 

decision weight which inverses the concavity of the value function. A simple example 

will help clarify this assertion.    

 Letting 1.0=θ and x = 100, when p = 0.05, we get 

 , and when p = 0.95, we get 

. Note that the decision weight in the low 

probability case is considerable higher than p, leading to risk seeking behavior, while 

the decision weight in the high probability case is marginally higher than p, leading to 

risk averse behavior due to the concave value function. The analysis is identical when 

the payoffs are negative. 

=+= )100()095.05(.)( vGv )100(145.0 v

)100(955.0)100()005.95(.)( vvGv =+=

3.8 Common ratio effect 
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 In the common ration effect, due to Allais (1953), subjects choose between 

gambles G1 = (1, 1 million) and G2 = (0.8, 5 million), and between L1 = (0.05, 1 

million) and L2 = (0.04, 5 million). Note that the payoffs and ratio of probabilities in 

G1 and G2 are the same as in L1 and L2.  It can be shown easily that the frequent 

choice of G1 over G2 and L2 over L1 constitutes a violation of EU. Another example is 

from Kahneman and Tversky (1979), where G1 = (1, 3000), G2 = (0.8, 4000), L1 = 

(0.25, 3000), and L2 = (0.20, 4000). 

 Generalizing the problem, let choice set C = {G1, G2}, where G1 = (p, x) and 

G2 = (q, kx) and choice set C' = {L1, L2}, where ),(1 xpL β= and ),(2 kxqL β= . Here, 

we have p > q, k > 1, and 1<β . Hence, for the first example above, we have x = 1 

million, p = 1, q = 0.8, k = 5, and 05.0=β . Note the following relations from CDV 

(subscripts are dropped for simplicity): 

)1/()()()( 11 kxvLvGv QQ +==       (22) 

)1/()()()( 22 kkxkvLvGv QQ +==       (23) 

From the above we have . Then implies . 

Also, note that .   

)()( 12 GvGv QQ > 21 GG Cf )()( 21 GvGv PP >

)]()([)()( 2121 GvGvLvLv PPPP −=− β

The commonly observed preferences of  and imply  12 GG Cf 2'1 LL Cf

)]()([)]()()[1( 1221 GvGvGvGv QQPP −>−− θθ     (24) 

)]()([)]()()[1( 1221 GvGvGvGv QQPP −<−− θθβ     (25) 

Solving these inequalities gives us the following condition on θ for occurrence of the 

common ratio effect: 
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 In addition, implies  )()( 21 GvGv PP >

qpxvkxv /)(/)( <         (27) 

Conditions (26) and (27) together constitute the necessary and sufficient condition for 

the common ratio effect. Since 0/1 >∂∂ βψ , it can be predicted that violations will 

decrease as β  increases. Both 1ψ and 2ψ change in the same direction with p, q and k. 

Hence, knowledge of the distribution of θ values in the population is necessary to 

make specific predictions with respect to these variables. 

 Taking a numerical example, G1 = (1, 3000), G2 = (0.8, 4000), L1 = (0.25, 

3000), and L2 = (0.20, 4000) yield 02.01 =ψ  and 07.02 =ψ , assuming . 7.0)( xxv =

3.9 Common consequence effect (Allais paradox) 

 The most famous example of the violation of the common consequence axiom 

is the ‘Allais paradox’. Subjects choose between gambles G1 = (0.10, 5 million; 0.89, 

1 million; 0.01, 0) and G2 = (1, 1 million), and between L1 = (0.10, 5 million) and L2 = 

(0.11, 1 million). The common choice pattern of G2 over G1 and L1 over L2 can be 

shown to violate the common consequence axiom of expected utility theory. 

  Generalizing the problem, let choice set C = {G1, G2}, where G1 = (p1, kx; p2, 

x; p3, 0) and G2 = (1, x) and choice set C’ = {L1, L2}, where 

and),( 11 kxpL = ),1( 22 xpL −= . Here, we have k > 1 and p1 + p2 + p3 = 1. Hence, for 

the example above, we have x = 1 million, p1 = 0.1, p2 = 0.89, p3 = 0.01, and k = 5.   

The commonly observed preferences of  and implies  12 GG Cf 2'1 LL Cf
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It is easy to see that )1,0(, 21 ∈μμ as and . 

Furthermore, necessarily follows from the latter since . 

)()( 21 LvLv QQ > )()( 21 GvGv QQ >

)()( 12 GvGv Pp > )()( 12 GvGv >
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Finally, implies  since satisfies the common 

consequence axiom.   

)()( 12 GvGv Pp > )()( 12 LvLv PP > (.)Pv

Solving 21 μμ < (from inequality 28), we get . Solving 

, a necessary condition for violation, we get .  

Hence, the necessary and sufficient conditions for occurrence of the common 

consequence effect are 

kkxvkxv /)2()(/)( +>

)()( 12 GvGv Pp > 13 /1)(/)( ppxvkxv +<

),( 21 μμθ ∈  and 13 /1)(/)(/)2( ppxvkxvkk +<<+ .   

4.  Conclusion 

 This paper proposes a model of decision making under risk where the value of 

a gamble under consideration depends not only on its own outcomes and probabilities 

but also on the other gambles with which it is compared. Empirical research has 

shown that the subjective value of a particular stimulus depends on both its position 

within the range of available stimuli and the distribution of the set of stimuli with 

which it is compared. The CDV model characterizes this subjective value into a single 

context dependent index and incorporates it into the decision weight of the value 

function in a parsimonious and analytically tractable way. The result is a deterministic 

model of choice under risk based on the value maximization paradigm which can 

potentially (subject to further research) subsume both regret and disappointment 

effects as well.  

 The model, using lesser number of parameters than CPT, is applied to a wide 

variety of empirical phenomena documented over the years and is shown to account 

for not only the classical violations of explicitly stated axioms but also instances of 

violations of implicit assumptions like description invariance, procedure invariance 

and context independence. Hence, this paper includes application of CDV to 

violations of non-transparent stochastic dominance, violations of monotonicity, 

buying-selling price gaps, preference reversals, instances of elicitation bias and 
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description invariance, the 4-foold pattern of risk attitudes, the common ratio effect 

and the common consequence effect. In addition, CDV can be used to predict changes 

in behavior patterns with changes in specific features of the gambles under 

consideration. Another potentially useful feature of this model is that the effect of 

memory of past choices or anticipation of future choices can be incorporated easily by 

including past or foreseen gambles into the choice set under consideration. Whether 

this feature helps predict new behavioral phenomena or explain related existing 

phenomena will be explored in future research.  

 In conclusion, the way human decision making depends on the context is a 

complex issue. The model presented here attempts to capture only a subset of issues 

related to context dependence. The challenge is to integrate different models and 

develop a more comprehensive theory of the influence of context on decision making 

in general.  
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Appendix 

Marschak-Machina triangle 

Let choice set , },{ iii BAC = 2,1=i , where ),1;,( MiHii xpxpA −= and 

. Also assume and . Note that gambles lie on 

the left edge and gambles  lie on the hypotenuse of the triangle. Applying CDV, we 

get 

),1;,( LiHii xpxqB −= 12 pp > 12 qq > iA

iB

))()1()()(1())()(()( 11 MHM
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M
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The indifference condition, )()( ii BvAv = , implies 

)()(1)()(
)()()1(1

MHLH

MH
ii xvxv

K
xvxv
xvxvpq

−−
−

−
−

−=−
θ

θ      (A3) 

where, 

0)]()([)]()([)]()([ >−−−+−= MHMHLMLMLHLH xvxvxxxvxvxxxvxvxxK   (A4) 

Now, it can easily be shown that )1/()1()1/()1( 2121 ppqq −−>−− if 

implying fanning out indifference curves. Likewise, 

if 

0>K

)1/()1()1/()1( 2121 ppqq −−<−− 0<K implies fanning in indifference curves. 

Finally,  gives us parallel indifference curves. 0=K
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