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Abstract
We argue that an evolutionary dynamic economic theory must take into account stocks of
goods, not just flows of services. We also argue that in such a theory the accumulation of
durable goods (i.e. wealth) is actually a key feature. Moreover under straightforward
assumptions, notably the `no-loss' rule for transactions wealth is a non-decreasing function
of goods and money. Explicit formulae for wealth and several derived variables (marginal
values) are derived. We also show how conventional utility functions are related to the wealth
function.

Introduction
Any theoretical accounting framework must recognize the parallel existence of both stocks
and flows of commodities (and funds). In a perfect equilibrium state with constant unchanging
stocks, all flows must balance and a representation in terms of flows alone can be justified.
This is, essentially, the underlying assumption of neo-classical economic theory, and
especially, general equilibrium theory. However, in real accounting systems stock changes
must be considered in order to balance the accounts during any period. Moreover, a system
of exchange with unchanging stocks cannot grow or expand by any endogenous mechanism.
This is one reason for the difficulty of reconciling static general equilibrium theory with (nonhomothetic) economic growth.
We argue, below, that when stock changes are taken seriously as an important phenomenon
of a dynamic economic system the important features of a static general equilibrium system
(e.g. market-clearing price formation) can be retained. More important, the dynamic system
incorporates a new feature not present in the static general equilibrium system: the possibility
of accumulation (or depletion) of private stocks of tangible goods and money. Such stocks
constitute wealth. The distinction between goods (property) and services is ignored, for
convenience, in most standard treatments, on the argument that a "good" produces a Stream
of "services".
We insist, however, that the distinction between services purchased — or not — on an "asneeded" (like the telephone) basis are very different in practice from services provided by
goods that are owned. The existence of very large transaction costs in real markets makes this
distinction vital. For many products there is no resale market at all, and even for a car, the
resale market is very restricted; an ordinary buyer who resold the next day would lose at least
20%, if not more, in the turnaround.
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In this paper, we show that one feasible starting point for a more general dynamic theory is
to introduce the notions of ownership, variable stocks and product life to the conventional
theory of demand/consumption. This means that the independent variables, used in
characterizing the economic agents will be the stocks (instead of the flows) of goods and
money. Since dynamic models of economic growth depend on introducing the notion of
capital investment and capital goods — which are stocks — this approach is hardly alien.
In an earlier working paper [Ayres & Martinàs 91] we showed that the stock representation
of the economic agents, together with several other straightforward assumptions (principally,
zero depreciation of stocks and a "no-loss" rule for transactions) are sufficient to guarantee
the existence of a non-decreasing function which we called the progress fonction. We show
that this function can be interpreted as the wealth of an economic agent. In that paper we also
introduced another new function, which can be labelled (in advance of a detailed explanation)
internai value to the economic unit. This is defined as the marginal change in the wealth of
an economic unit (or agent) attributable to a unit change in one stock variable. As will be
seen, the internai value of money is closely related to our conventional notion of liquidity.
In the present paper, for ease of explanation, the original logic is reversed. We first sum up
the essential features of the progress (wealth) function, Z, in the form of postulates. These are:
(i) Since wealth is a positive attribute (in the absence of the possibility of debt), a
function that measures wealth must be non-negative.
(ii) All goods and money that are owned l by the economic agent are included within
the function.
(iii) An increase in the agent's ownership of stocks of beneficial goods or money results,
ceteris paribus, in an increase in the agent's wealth.
(iv) An agent's wealth can only increase or stay constant (but never decrease) as a consequence of voluntary acts of exchange.2
(v) Stocks are the only independent variables.
(vi) Wealth is not necessarily additive, but it has the property of homogeneity in the first
degree: if the quantity of every stock is multiplied by a factor a, wealth is multiplied by
factor a.
The spirit of the above postulates is not strange for economics. Postulates (i) and (iii) are pure
sign conventions. Postulates (ii), (iv) and (vi) define the set of variables describing the
economic state. This is a slight modification of the standard theory. The variables appearing
explicitly in the standard theory are essentially flows (J) and sources/sinks (S), with changes
over time. Introducing stocks (X) to complete the accounting framework makes it clear that
'The terms "own", "owned", "ownership" etc. are used hereafter as shorthand for a more cumbersome phrase, such
as "to which the economic agent has enforceable exclusive access". The possible existence of legal encumbrances like
mortgages or bans can be ignored for present purposes.
2

The payment of taxes (for example) is considered to be involuntary.
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logical relation between the two representations (setting S = 0) is that the flows are time
derivatives of stocks, viz.
dX
J=—
dt

(1)

It follows that if we know X(t) we can derive J(t). On the other hand

i
X(t) = fJdt + X(0)
0

(2)

means that the flow representation can be only a special case of the stock representation. The
two representations are equivalent only in the case of constant stocks, where flows are
balanced by source terms only.
Postulate (vi) is only needed to derive an explicit mathematical form for the progress function.
In principle, we will show (Appendix) that an alternative approach to the derivation can be
based directly on utility theory, as outlined by von Neumann & Morgenstern [von Neumann
& Morgenstern 44].

The No-Loss Rule
Postulate (iv) is not new. It is generally consistent with notions of limited or bounded
rationality introduced long ago by Herbert Simon and others. 3 The no-lors rule does not
determine when or under what conditions a trade will occur. It only defines the conditions
under which no trade can occur. It does not require maximizing behavior, but in general it
does not exclude it, except in a few special cases (such as lotteries, see below). It therefore
implies far less omniscience on the part of economic agents than "perfect" rationality.
If someone seemingly violates the von Neumann-Morgenstern axioms of rationality in real
life, the obvious (but circular) answer is "people are sometimes irrational". To explain how
such behavior could still satisfy the vN-M conditions one must assume something like "she/he

3 The organization-theory challenge was primarily due to Herbert Simon [Simon 55, 59, 65], and by Richard
Cyert & James March [Cyert & March 63]. In recent years, moreover, a number of experiments by behavioral
psychologists (e.g. [Tversky & Kahneman 74, 81, 87], and also some interesting experiments by economists [Plott
86: Smith 86: Sterman 87, 89], among others) have demonstrated beyond serious doubt that the decision rules actually
adopted by most people, including managers, in most situations are not rational in the NM sense. (In fact, both
Smith's and Sterman's simulations strongly suggest that the most common decision rule can be stated very simply
as "follow the leader"). Yet the neo-classical mainstream of economics has not surrendered. On the contrary, the socalled "rational expectations theory" asserts that impersonal markets (such as the stock market) really do optimize,
because they are able to overcome the computability limitations of individuals and take rational account of all
information available at a given time (see, for example [Sargent & Hansen 81]). The argument still rages.
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knows something we do not know". Psychologists have explored these problems much more
deeply in recent years; the main result is to conclude that humans have complex utility
functions that can give sharply different, and asymmetric, weights to prospective gains and
losses, under different circumstances. Among other things, utility is evidently a function of
wealth. Where uncertainties are involved, utility functions may also be functions of
probability.
One of the major challenges to the standard utility theory and its underlying axiomatic basis
— at least, in part — is the so-called Allais paradox. In brief, one of the Vn-M axioms is that
a rational choice between two alternatives should depend only on how those two alternatives
differ, not on any factor that is the same for both cases. To illustrate: Allais postulated a
gedanken experiment consisting of two lotteries, in each of which there is a choice between
two cases, A and B. The choice must be made before the draw. In the first lottery there is a
sure payoff of $1 million for A, regardless of the draw, while in case B there is also a 10%
chance of getting $2.5 million, but a 1% chance of getting nothing. Most people choose A,
though the expected value of B is higher (by about 14 %). In the second lottery A has an
11% chance of paying $1 million and an 89% chance of paying nothing; B has a 10% chance
of paying $2.5 million and a 90% chance of zero. In this case most people choose B, which
is also the "rational" choice.
The inconsistency with von Neumann & Morgenstem's independence axiom may not be
obvious at first glance. However, the similarities and differences between the two lotteries can
be seen more clearly adopting a variant attributed to Dawes; if both lotteries involve choosing
colored balls from an um. The um contains 1 black ball, 10 blue balls and 89 red balls. In
the first lottery all 100 balls pay $1 million in case A, but in case B the blue balls pay $2.5
million each, while the black bail pays zero. In the second lottery, case A, red and black pay
nothing, while blue pays $1 million. For case B, red still pays nothing and black also pays
nothing, while blue pays $2.5 million. Thus in both lotteries cases A and B differ only in
ternis of the payoffs for blue and black, not red. In both lotteries, blue is worth $1 million
in case A and $2.5 million in case B, while black is worth $1 million in case A and zero in
case B. Suppose red is drawn. (See Table 1).

Red
Blue
Black

Table I: Allais Payoff Matrix
Lottery 2
Lottery I
Case A Case B Case A Case B
1
1
0
0
(89)
1
2.5
(10)
1
2.5
1
0
(1)
1
0

Under the independence axiom, the choice between A and B in either lottery should depend
only on the payoffs for black and blue (which differ from A to B), not the payoff for red. Yet
the actual choice between A and B differs between the two lotteries, even though the payoffs
for blue and black are the same for A and B in both. Consequently, the choice between A and
B does depend on the payoff to red, after all. This contradicts the axiom.
The paradox can be resolved, in a sense, by the following observation. Since $1 million is
assured in case A, any possibility of a lower (e.g. zero) payoff in case B — however
4
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improbable — must be regarded as a loss, as compared to the true reference state. The
equivalent payoff matrix is shown in Table II.

Red
Blue
Black

Table II: Equivalent Payoff Matrix
Lottery 2
Lottery I
Case B
Case B
Case A
Case A
0
0
0
0
(89)
1
2.5
0
1.5
(10)
1
0
0
-1
(1)

In effect, case B offers a 10% chance of winning $1.5 million as against a 1% chance of
losing $1 million. In both lotteries the expectation values of B exceeds that of A, by the same
margin as in Table I. The original symmetry between the two lotteries was more apparent
than real, since lottery I can result in a real loss, while lottery II cannot. In this variation of
the original experiment, the independence axiom is rot violated. However, we have discussed
the Allais paradox at so much length in order to make a rather simple and different point:
under the no-loss rule case A is selected in lottery I whereas under utility maximization, case
B would be selected. Clearly no-loss is rot simply a "weaker" version of utility maximization;
it can and does lead to different choices in some cases. It also corresponds more closely to
real behavior. While some gamblers (including entrepreneurial types) would opt for case B
in lottery most people would rot.
An important caveat is that the no-loss •rule can be applied only to voluntary choices.
Taxation, theft, confiscation, and depreciation due to wear and tear are all examples of nonvoluntary processes. Nevertheless the existence of voluntary processes gives rise to a
framework (the progress function formalism) in which involuntary processes can later be
included.

Dynamics
The non-decreasing Progress Function (PF) plays a role in the dynamic theory analogous but
rot the same to that played by utility in the static theory. For the present microeconomic
theory the central figure is the consumer. The consumer's problem is to choose a bundie from
any set of objects. The agent's choice is presumed to be based on ordinal preference relations
from which a utility function is derived. The set of individual agent's utility functions permits
the derivation of a demand curve. A free market in which actors maximize utility in
accordance with these ordinal preferences will eventually approach an equilibrium set of
prices that equilibrate supply with demand.
In our

modified picture, decisions can be (and, in general, are) functions of monetary wealth,
and of the composition of tangible wealth. This means that consumer preferences as expressed
by actual choices can change as stocks of tangible goods are accumulated or depleted. To
indicate how reasonable (indeed, necessary) this modified assumption is, consider a couple
living in a flat with two bedrooms. Suppose (for any reason) they decide to move to a larger
flat with three bedrooms. In this case they will probably be interested in buying another bed
and other new furniture.
5
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On the other hand, suppose another couple living in a 2 bedroom flat decides to move to a
smaller place (for whatever reason). This couple has too much fumiture. They will probably
be interested in selling a surplus bed. The number of beds they need depends on the number
of bedrooms they have. In short, their apparent (revealed) preferences depend on their existing
stock of goods, i.e their wealth. A change in wealth results in a change in preferences.
Another example concerns gasoline. A car owner will probably want to buy gasoline for the
car. If the car owner sells or scraps his/her car, he/she will have no use for gasoline. Again,
preferences (which determine the composition of demand) depend on the composition of
existing stocks of goods. In both examples, changes in stocks (wealth) will result in changes
in apparent preferences.
All this is It is also generally assumed that relative preference for a particular
consumption bundle, relative to all others, declines as the bundle becomes larger in size. This
phenomenon is recognized as declining marginal utility, a fundamental element of demand
theory. In mathematical terms, the utility set is assumed to be convex. The fact that some
goods tend to be consumed jointly with others is categorized in theory as complementarity.
(The reverse phenomenon, known as substitution is also important). But it is less widely
recognized that static general equilibrium theory does not allow for stock changes or wealthdependent preferences. In fact, by introducing these features into the economic system, we
have invalidated the conventional utility function approach. In a dynamic system where each
economic units' stock (wealth) can change, the asymmetry axiom (in the above-stated form)
fails, and the utility function is undefined.
To be sure, one can adopt the standard model to quasi-dynamic situations where the distant
future state of the world can be specified. Then an "optimal path" to that state can then be
determined. This is accomplished by reducing dynamic choice to a static once-for-all choice.
The usual methodology for this approach is calculus of variations or some form of dynamic
optimization, either using optimal control theory or dynamic programming. Two simple
examples of this approach are the optimal savings problem posed by Ramsey [Ramsey 42],
and the optimal depletion problem posed by Hotelling [Hotelling 25, 31]. If it is also assumed
that the economic system is now in its Pareto-optimal state (i.e. it represents the outcome of
a set of optimal choices in the past), and that this ideal condition will continue in the future,
then the optimal path can be interpreted as a forecast.
The optimal control literature proliferated since the 1960's [e.g. Arrow 68; Dorfman 69;
Dasgupta & Heal 79]. Probably the most significant applications, however, have been the socalled computable general equilibrium (CGE) models, which are now being used in a wide
variety of applications (e.g.to assess the impact of long-term environmental programs, or
energy policy [Willett 85; Conrad & Henseler-Unger 86; Manne & Richels 89, 91; Goulder
& Summers 89; Jorgenson & Wilcoxen 90, 90a]). However, despite the large number of
simple optimal control and CGE models that have been proposed, the optimal-path-as-forecast
paradigm is rarely applicable to real situations in a straightforward way. This is due to two
problems. The first is our inherent inability to characterize the target "state" of the world",
due to uncertainties of a fundamental nature. The second problem is that the real economic
system may not be very close to Pareto equilibrium now, as a consequence of various lags
in the equilibration mechanisms. In this case, projections of "optimal paths" from non-optimal
starting points are likely to be meaningless if not seriously misleading.
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To cope with uncertainties of a stochastic nature the dynamic optimization approach has been
further generalized in recent years by the addition of some probabilistic decision-theoretic
machinery. However, it would be a mistake to assume that the combination of optimal control
theory and probabilistic analysis of uncertainty makes the static theory truly dynamic. It does
not. A probabilistic dynamic optimization is only possible when the uncertainties are also of
a relatively limited kind: namely, where the probability distributions of future events or
constraints can be characterized in advance. When the probability distributions of future
events — such as technological or political changes — cannot be so characterized, the optimal
path-as-forecast approach cannot be justified.
In a truly dynamic economic system, economic decisions are based on personal assets as well
as market information. The progress function determines which voluntary exchanges are not
feasible (i.e. result in a decrease of personal wealth). The 'no-loss' rule allows for the
possibility of optimization at each stage, but does not presume it. In the present paper we
show that the PF reduces to the conventional utility function in the static case if besides the
"no loss" rule, economic agents are assumed to be perfectly rational and subject to budget
constraints. The elements of a more general dynamic model are described in [Ayres &
Martinàs 91a].

Assumptions concerning Economic Decisions, Economic Units (EU's) &
Economic Systems
In the standard theory consumers evaluate "consumption bundles" and make choices among
them. Preferences may be strict, or weak. Consumers may seek to maximize or only to
"satisfice". In either case a utility function for each consumer can be imputed. This function
is unchanging or (in the so-called dynamic optimization case) it changes in a probabilistically
predictable way.
By contrast, we propose to allow economic actors to perform functions other than pure
consumption and exchange. In brief, we also allow them to accumulate private tangible goods,
both "consumption goods" with short lifetimes and "durable goods" with long lifetimes.
Finally, we explicitly assert that economic decisions by our actors will be based on
preferences for long term accumulation of goods (including durables and money) rather than
by preferences for immediate consumption. Translated into immediate decisions to buy, sell,
transform or hold, these long-term preferences imply that short-term decisions must be wealthdependent in a much more fundamental sense than is implied by declining marginal utility.
It may be useful to emphasize similarities and links between the two theories rather than
stressing only the differences. In the standard static theory preferences are defined on current
consumption possibilities. In the generalized dynamic theory we propose, preferences are
defined on assets, consisting of stocks of goods including durables and money. Having made
this slight modification in the problem definition, we can apply the two axiomatic conditions
on preferences (asymmetry and negative transitivity) noted at the onset. In effect, we insist
that economic actors must be able to rank-order asset bundles, rather than consumption
bundles. As already noted, when buy-sell decisions are made on the basis of asset preferences
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rather than immediate consumption preferences, the actual transactions will be functions of
assets (wealth).
Evidently immediate consumption preferences may not be satisfied, because actors can Save
for future acquisition of durables. When durables like flats or cars are acquired, consumption
(expenditure) pattems in the short mn can be sharply changed, even though current
preferences (e.g. broccoli vs. cauliflower) are unchanged. Thus revealed preferences will not
satisfy the asymmetry condition, though real preferences do. Admittedly, saving for future
consumption is theoretically possible in the conventional dynamic optimization framework.
Even changes in consumption preferences resulting from the acquisition of some durable (e.g.
a car) can be accommodated by the theory, provided they are foreseeable. Thus, up to this
point, the modified new model, which explicitly includes stocks, is closely paralleled by the
dynamic version of the standard model.
To proceed further we articulate several other assumptions:
1. The existence of an economic unit (EU), which may (or may not) be one of many
units which together constitute an economic system (ES). An EU is defined for our
purposes as the smallest entity capable of ownership, exchange or consumption. If the
EU's are part of an ES then a system-wide medium-of-exchange can be assumed. It is
called money. (We assume that the total quantity of money in the ES is fixed).
2. An EU is capable of either consumption, production or exchange. (An EU would
normally be either a firm or an individual.) We assume that EU's may interact directly
with each other via pairwise exchanges of goods 4 and money. Both material goods and
money are conserved in exchange transactions. (Obviously goods are not conserved in
consumption).
3. The criterion for a positive decision to exchange one asset (or money) for another is
that the EU not be left worse off than it was before. This can be restated in more precise
terms. We assume that well-offness (welfare) is a function of the economic state of the
EU. The latter is determined by the stocks of money and goods owned, which can be
sold, (exchanged) or consumed.
4. An EU (i.e. a firm) can possess and accumulate two kinds of wealth, viz. material
goods and monetary assets. The former consists of capital goods, raw materials,
inventory of work-in-progress and unsold final goods. The second comprises investments,
ban portfolios, bank accounts and cash. A good is any commodity that can be exchanged
and/or produced-consumed. The term commodity is quite general. (It could mean knowledge, artworks or shares of stock for instance).
5. For purposes of this paper, material goods do not depreciate. (This assumption is fairly
easy to relax, as we hope to show in a subsequent paper).

4

In general, services can also be exchanged for goods (or other services). However we restrict ourselves at this
stage to transactions involving only tangible goods or labor. The extension to other services will be considered later.
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It is convenient, and important, for what follows to distinguish between extensive variables,
which measure the size or magnitude of the system, and intensive variables, which measure
characteristics that are independent of size. Stocks of goods and money are examples of
extensive variables. Intensive variables are usually ratios of extensive variables. The time rate
of change of extensive variables can always be expressed in terms of flows (inputs and
outputs) and sources or sinkss:
dXp

dt

u + sr'

(3)

= Ji

a

where is net imports of the i" commodity (imports minus exports) and Si is the net
production (production minus consumption) of the i m commodity within the a th EU. By
similar logic, one can write
dMa = -EPaJ;a +

la

dt

(4)

eh

where Pia is the money cost (price) of one unit of the good or commodity and P is the
net financial inflow, i.e. the difference between credits, subsidies, interest or dividends
received, loans or investments from outside the EU (e.g. dividends or capital gains) and debits
(interest or dividends paid, taxes paid, losses on external investments, etc.).
With one major exception, all of the above assumptions are commonplace in the economics
literature. The exception is our decentralized version of the exchange process. In our case it
is not necessary to assume an equilibrium market price known to all EU's. In other words,
the money cost (price) can change from transaction to transaction. We have shown in an
earlier paper [Ayres & Martinàs 91a] that even this weak form of (bounded) economic
rationality (the no-loss rule), with no posted prices and only pairwise transactions is sufficient
to assure convergence — over a succession of transactions — to a Pareto optimal state
indistinguishable from Walrasian equilibrium. Perfect rationality and perfect information are
sufficient not necessary conditions to organize the market. In short, the no-loss rule together
with other standard assumptions is sufficient to create the equivalent of an "invisible hand".

5 The general bookkeeping equation for any extensive quantity
dX

dt

X (such as a physical commodity) is

=F+G

where F is a generalized current (inflow) that crosses the boundary of the economic unit and G is a
generalized source (or, with a negative sign, a sink). By assumption X can be any commodity that can be
bought, sold, produced or consumed, including money or shares of stock. A quantity is conserved if G = O.
This is the so-called "materials-balance" condition.
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Properties of the Progress Function Z
In the introduction we listed the postulates ensuring the existence of a unique function of
assets and money (i.e. wealth) for each actor. We called this the progress function (PF). Here
we examine in detailed form the mathematical and economic consequences of the postulates.
This function has the property that it never decreases in any voluntary exchange transaction.
The situation can be restated: a necessary criterion for every voluntary transaction between
two parties is that the progress functions must not decrease for either party. (For simplicity,
we called this the "no-lors" rule). The progress function is a function of time. However, in
the static equilibrium case the usual static utility function, can be determined from it, as we
show hereafter.
The non-decreasing progress function has no counterpart in standard static theory, where there
is no time dimension at ail. In the dynamic case, however, the idea of increasing or
decreasing some stock is usually explicit. The usual problem is to allocate production or
consumption optimally over time. For instance, most of the examples in the economics
literature have assumed an initially fixed resource base that is used up (consumed) over some
time horizon. The case we now want to consider is essentially an elaboration of the Ramsey
case: accumulation of tangible wealth (durable goods and money) over time. In principle, the
dynamic optimization machinery is applicable here, at least, in some simplified models.
However, our computational procedure is rather different.
The progress function Z is a function of extensive variables because of postulates (ii) and (y).
All goods that are owned by the economic agent are included within the function together
with the EU's stock of money. These stocks are the only internai variables. In mathematical
form:
Z =Z(X1,X2,..,M) = Z(X,M)

(5)

The most important consequence of the postulates is that Z has no explicit time-dependence.
Time-dependence occurs only through changes in the stocks held by the EU, viz.

dZ
dt

E

aZ dX . az dM 1
=
T
axi dt
aM dt

E

dX . dM
+
dt
dt

(6)

For convenience, the following short-hand notation can be introduced:
1 az
T am

and
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az
aXi

(8)

For beneficial goods the functions wi must be positive (postulate iii). The same is true of T.
The no-loss behavior of EU's (postulate iv) implies restrictions on voluntary exchanges, viz.
a necessary condition for every voluntary action by an EU is that its progress function must
not decrease in consequence.
To clarify the economic meaning of wo consider an exchange process. For the sake of
simplicity, assume a small increment of one good (the iM) is sold (dXi < 0) or bought
(d'Yi > 0), for an increment of money dM. The EU's marginal change of wealth will be:
1
dZ = — (wi clXi + dM)
T

(9)

Let us now define the price p, for this (private) transaction as follows:
dM
dXi

(1 0)

The incremental change in the EU's progress function Z becomes
1
dZ = —(wi - pi)dXi
Now wi can be interpreted as the internai value of one unit of the ith good to the economic
unit, expressed in money terms. The economic unit feels itself richer by an amount
proportional to (w-p)IT, if it sens or buys the good at the price p. In general
n w.
dM
dZ = E dX. +
T
T

(12)

The no-loss property of the Z function, (postulate iv) implies that for every voluntary
economic action dZ s 0. Thus, pi > wi is a condition such that the EU is willing to sell. If
the price is higher than the value to the EU, then his/her willingness to buy diminishes.
Similarly, pi < ensures that the EU does not self the good. This property of Z leads us
toward a new quantitative measurement of value. In principle, there exists a limiting price po
at which the EU is indifferent between buying, holding or selling. (This price is sometimes
called the reservation price.) Nevertheless, this limiting price can be accessed from non-
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equilibrium measurements. The new measure does not apply only to market equilibrium: It
is applicable in any pairwise encounter between economic units.
Imagine a collection of N EU's, indexed by i = 1, ... N. Each is endowed with a different
stock of goods and money, and a different set of long-terra preferences. Select the nth EU,
namely EUE. It by assumption, unique and identifiable. Every EU offers to trade with others,
one at a time, in some random sequence. The EU with the lowest index number initiates the
process (i.e. makes an offer to buy, or sell, a certain quantity of some commodity at some
price. The offer may or may not be accepted. The collection of EU's constitute an ES. Now
imagine a large number of repiicas of the ES, differing only in terms of the sequence of
interactions. If one could conduct such a gedanken experiment, monitor the results, and plot
the results of many offers might look like Figure 1. In the absence of the no-loss rule, the
results might look like Figure 2.

*
* *

**
*

*
*
*

*

price
Cr

*

*

Figure 1: Exchanges with
the no-loss property

•

*
•

t
Ô

price

•
*

*
*

*

•

* *

*

**

Figure 2: Exchange without
the no-loss property

In Figure 1, there is a maximum offer price po at which the EU will agree to buy, and a
minimum price ps at which the EU will sell. The inequality ps < po holds. As the number of
increases, the difference ps - po —> O. We can now formalize a definition of internai value:
For the EU the intemal value of the ith good is po.
Repeating the above experiment with other cases where the EU begins with differing stocks,
the result will be to determine value as a function of the extensive variables, viz.
w. = wi(X,M)

(13)

In summary, the internai value of a good is defined for (and by) each EU. Moreover, it is
known only to the EU. It is important to note that, since each EU may have a different
decision rule, two EU's would not be likely to assign the same value for each good, even if
both were momentarily in the same economic state.
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The Liquidity T
In addition to the progress function and the value-functions a further new variable was
introduces above T. In effect 1/T measures the internai value of money to the EU, in the same
way that w measures the value of a good. If the EU is in a state of T1, and it gains an
increment dM of money, then its wealth increases marginally as

dZ = dM

(14)

Now we can compare two economic states 1,2. Assuming a given marginal increase in
wealth dZ

T1

CIM1

T2

elM2

(15)

Thus T1lT2 is the ratio of money increments needed to attain the same increment of wealth
increase for the economic unit in states 1 and 2, respectively. This variable cannot be
determined on the basic of simple exchanges, as it does not appear there. Nevertheless T is
defined by the value functions, over their whole range. The symmetry of the second partial
derivatives of the progress function implies that the T function cannot be chosen arbitrarily,
but has to obey the following relations:
27

8 2Z
ax,ax,

"
Since az/mi

(16)

w1/T and az/am = 11T, we obtain:
a 1nT
aX

InT
aw.
— wa—
aM

aM

(17)

In (17) it is permissible to replace Z with an arbitrary function Z • () = f(Z( )). The
relationships above define the T function except for a multiplying factor df(Z)1dZ. To
eliminate this ambivalence we need postulate (vi).
The linear homogeneity property of the progress function (postulate vi) ensures that Z is a
sum of bilinear products of stocks and their values. The homogeneity property means that

mZ(X, ,M) = Z(mX,... , mM). Differentiating both sides by m, and taking m = 1, one
obtains Z = Ei az(mx, , mM)18.Xi d(mX)/dm =
As dZ = Ei (wilT)dXi + dM/T, by definition,
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(18)

T t

and dZ = Ei (wi lT)dXi + (11T)dM + EiXi d(wi lT) + Md(11T) from the bilinear foret,
so EiXid(wilT) + Md(11T) = 0. Thus, we obtain the following differential equation for T:

d

E

=

Xidwi

T [2.
7 wixi m
(1)

(19)

which can be integrated from state 1 (X1, , M1 ) to state 2 (X2, M2)

In

T2
T1

2
=

E

E

Xidwi
(20)

w +M

yielding

T = Toexp

fEXAvi
E

(21)

WiXi + M

We are free to choose T. arbitrarily. An alternative derivation that does not require the
homogeneity assumption is given in the Appendix.
The progress function itself is now fully specified. If (by series of transactions) the EU
evolves from the state a (X1a,M ") to the state b (Xib,M b ), its progress function will change
as follows:

AZ

EL
I / i dX +

MT

(22)

Clearly the progress function is a cardinal quantity. It is uniquely defined by the economic
characteristics of the economic unit. We have only to specify its unit of measurement and to
define its "zero point" or reference point.
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A 'Simple' Progress Function
Functions Z and T are uniquely characteristic of each EU. An explicit determination can only
be derived from experience. Nevertheless the present formalism makes it possible to guess
the mathematical form of these functions from general considerations. One of the simplest
expressions for T satisfying ail the required conditions is:

T

=

E giX

(23)

where the gi are constant coefficients. Putting this form of T into equation (17) one obtains

E (ex. -

=

M

w.

E

T

(24)

Simple mathematics yields explicit expressions for the internai value functions:

V. =

E giX 1[1n
giM

(M) +

ci l

(25)

where is a constant of integration. The progress function has a logarithmic dependence on
stocks:

Z=

M
E giX ln 1
1 1 + ci = E giXi ln kix.
X.

(26)

i

An important caveat must be emphasized: the above is only one possible form. In fact, there
is no guarantee that this particular form is the correct one in any given case. Nor is it
necessarily true (or even likely) that ail EU's in the real world will be characterized by a Tfunction (or the corresponding V-, Z-functions) having the same form. The actual form would
have to be determined by experiment or observation on a case-by-case basis.

Dynamics, Utility & Non-equilibrium Economic Processes
The progress function itself characterizes only the state of EU. In voluntary processes the noloss rule is reflected in the non-decreasing character of the progress function. As we have
noted repeatedly, the no-loss rule excludes exchanges requiring coercion.
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Let us now revisit the neoclassical model. The neoclassical consumer, who has perfect
knowledge on the market, faces a problem that can be formulated as follows [Kreps 90]:
"Choose the consumption bundle x that is best according to preferences, subject to the
constraint that total cost of x is no greater than the consumer's incarne."
In the progress function approach the corresponding consumer's problem would be: to find
the vector of q, of goods and money which maximizes his/her progress function. (Bear in
mind that, normally, we do not assume maximizing behavior). The quantity to be maximized
is similar to the utility function. However to stress the difference we refer to Z-utility and use
the subscript Z, viz.
Liz

Z

+.7,M -79.7) - Z ( X , M)

(27)

If X, M are constant then Uz reduces to
Uz = Uz(7)

(28)

The indirect utility function can now be introduced. This function defines how much utility
the consumer receives from his/her optimal choice(s) at prices p and incarne Y. The function
vz measures the wealth gain of the consumer (EU) resulting from its optimal choice(s), viz.
vz (i', = max { Uz(-x-):Ti s Y and x  0 }

(29)

The marginal Z-utility derived from the Uz function is:
au
axi

- Pi

(30)

The marginal Z-utility of the eh good is the wealth increment of the EU that results from
exchanging a unit of its money for a unit of this good.
The Z-utility function has most features of conventional utility functions, nevertheless there
are some differences. Most important, the conventional utility function U can be rescaled. It
has no particular cardinal significance. It is legitimate to replace U with any monotonic
function f(U( )). By contrast, Uz is fully specified by the characteristics of the economic
unit. There is only one free parameter in Z, namely To, the unit in which wealth (utility) is
measured. Similarly, the conventional value function v is homogeneous of degree zero in
prices p and income Y. By comparison, vz is homogeneous of degree zero in p and Y only in
the special case of monetary inflation, where the general money stock in the economic system
is increased, i.e. there is a rescaling of money. In all other cases, the Z-values of the EU can
change in a non-homogeneous manner.
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Appendix: An Alternative Approach to Construction of the Z-function
The standard von-Neumann-Morgenstern expected utility paradigm applied to our model starts
with an imaginary situation where individual economic agents are offered choices involving
different bundles of goods and money, with different probabilities and must choose among
them to establish indifference points. Suppose an EU with two such offers, namely Mlmoney
with p1 probability, or M2 money with p 2 probability. Since there is no cost involved, the noloss mie does not apply. The EU is indifferent•between the two possibilities when the wealth
probability products are equal i.e.
Pi (z(m. +mi) - Z(M0) > 192
This can be solved for

g

(M

+Af2) - z

(m6) )

(31)

Z:
(32)

The liquidity T is the derivative of Z with respect to m:
1

aZ(Mo+m) aP(m) 1
[ZO f 0 +m o) - Z(M0)]
am
-am PQncY

(33)

This last equation defines T as a function of money. The constant multiplier signifies the
arbitrariness of the choice of units of wealth, and correspondingly, of liquidity.
In the case of composite choices one has to be cautious. The economic behavior of real
economic agents suggests the no loss mie. The above scheme makes it possible to map the
wealth function over all combinations of arguments by construction of Z = constant surfaces.
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