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Abstract
This paper examines the nature of oligopolistic time competition
equilibria in a market where customers are price-sensitive and impatient, and firms engage in quantity or price competition. Customers
are all equally impatient and subscribe to the products, and firms
are represented by M/G/1 queues. The first result shows that the
oligopolists produce a higher quantity in equilibrium than a monopolist with the same facilities. Moreover, price competition causes more
aggressive firm behavior (higher output) than quantity competition,
but not the full welfare-maximizing amount predicted by the classical
Bertrand price competition model without impatience.
Second, as long as the firms have equal capabilities, the equilibrium
is symmetric, that is, firms divide the market equally and charge the
same prices. It is thus not possible that a competitve equilibrium with
spontaneous differentiation into high and low service niches arises, nor
is it possible that one firm unilaterally chooses to concentrate on low
volume/fast delivery in equilibrium. If a firm has superior capabilities,
it will both capture a higher market share and charge a premium price.
This is contrary to claims made in the recent popular literature on time
competition.
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1 Introduction
In recent years, fast response times have been widely recognized as important
sources of competitive advantage - see, for example, Stalk (1988 and 1990),
who has coined the name "Time Competition" for the battle to exploit this
sort of competitive advantage, Blackburn (1991), or one of the many recent
books on "business process reengineering". Specifically, time-related competitive advantages can be achieved through fast delivery of product or service.
Prominent examples are the semiconductor industry, fast food restaurants,
pizza delivery within 30 minutes, fast checkout in hotels, or loan approval
within 15 minutes in the banking industry.
In this literature on time competition, anecdotal evidence is offered that a
firm can switch to a quick response strategy without the competition catching
on. A case in point is the "Mad River" example cited in Stalk and Hout
(1990, p. 254 ff), where an office supplies company is able to reverse a
slide in profits and market share through concentrating on low volume fast
turnaround products, while the competition fails to respond. Anecdotes of
this nature do not explain under which circumstances such a story can be
true, and this paper offers a model that outlines precise conditions.
Put differently, we can ask how customer impatience influences competition and differentiation. For example, consider two identical gas stations on
opposite sides of a street - is it possible that they differentiate, without any
external asymmetries, into a high price provider with fast turnaround and a
low price discounter with long queues? The model in this paper sheds light
on this question as well.
Thus, the first contribution of this paper is to operations strategy. It
investigates under which conditions firm differentiation is sustainable in an
equilibrium with oligopolistic time competition (i.e., as a stable situation
between the oligopolistic competitors). Since delivery times are endogenous,
i.e., they depend on firm capabilities and the volumes the firms take on,
an explicit model of congestion and delay and their interaction with market
forces is necessary. We accomplish this by modeling the firms as M/G/1
queues who maximize profits in a market where customers place their orders
based on price and expected delivery times. The oligopolistic firms take each
others actions into account, and we characterize the unique Nash equilibrium
in the model.
The second contribution of the present paper is a generalization of the
existing time competition models by distinguishing between price competition and quantity competition: It is shown that price competition makes
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firms more aggressive than quantity competition. In the remainder of the
introduction, I give a brief overview of existing literature.
The idea of customer impatience and the associated externalities began
with work on how a central planner should manage a queueing system so that
the total value of the system is optimized, a problem in Operations Research.
The question of how prices should be set when waiting times matter was first
addressed by Naor (1969) and subsequently extended by multiple authors,
e. g., Yechiali (1971, 1972), Dolan (1976), Lippman and Stidham (1977) and
Mendelson and Yechiali (1981). One important insight from this research is
that users of the system should be charged the waiting externality that they
place on subsequent users by joining the system. That is, users should be
forced to internalize all costs that they cause for the system, and then individual decisions lead to an overall optimum (or "welfare maximization"). An
alternative interpretation of system optimization was pioneered by Mendelson (1985). One may consider a manager who is designing a transfer pricing
scheme for an internal service facility within a firm. In this interpretation,
"system welfare" is the total benefit gained from usage of the facility, minus
operating costs and waiting disutility. Internal "customers" are called users
of the facility.
If the service facility is a monopolist maximizing profits, it will not take
the welfare of external customers into account. As a result, the monopolist
will generally offer lower quantities than optimal welfare would require; he
will "undercongest" the system. This situation has been analyzed by De
Vany (1976).
In time competition models, interactions between profit maximizing firms
introduce a new dimension into the problem. Important questions are what
types of market equilibria exist, and whether the monopolistic welfare loss
will be eliminated (as predicted by the Bertrand equilibrium in the neoclassic economic theory of industrial organization) or at least be mitigated (as
predicted by the Cournot equilibrium). De Vany and Saving (1983) analyze
a situation of perfect competition, where identical firms serve homogeneous
customers as price takers, making zero profits. Firms set capacities, and
then customers generate order streams based on prices and expected waiting
times, identical at all firms. The authors show that indeed, in equilibrium all
firms invest in the same capacity, consistent with the assumption of perfect
competition.
Several variations and extensions of equilibrium models with time competition exist. Lee and Cohen (1985 a and b) split the problem into two
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parts, one with fixed actions of the firms and one with fixed customer actions. Davidson (1988) analyzes a model with a group of impatient customers
and a group of infinitely patient customers. Kalai, Kamien and Rubinovitch
(1992) present a model where firms compete on waiting times alone. Li and
Lee (1991) allow customers to choose firms dynamically depending on the
current backlogs (more about this model will be said below). Stenbacka and
Tombak (1993) model customers that explicitly prefer a lower price together
with slower service or a higher price together with faster service, and firms'
costs depend on service speeds.
All these models have in common that congestion causes endogenous externalities between customers, that is, a joining customer places a negative
effect (congestion) on other customers. The size of the externality depends
on the total number of customers served, or on the facility's utilization, and
it does so in a nonlinear (convex) fashion. The presence of these convex
externalities makes the profit functions of the firms smooth, because a small
.undercutting in price raises volume a. little bit, increasing congestion and
waiting costs. The increase in waiting costs makes up for the small price reduction. Thus, a small price reduction brings about only a small increase in
volume, allowing the existence of pure strategy equilibria with positive profits
for the oligopolists. In models without congestion externalities, a small price
reduction will cause a large number of customers to switch suppliers, making
the firms' profit functions noncontinuous and driving firms to undercut each
other until they make no profits.
A well established theory of firm differentiation in economics is provided
by location models, which explain oligopolists' profits by exogenous differentiation. The key difference to time competition models is that firms choose
the degree of differentiation once and for all in the beginning, and then it
is fixed. That means that if there are customer externalities present, their
size must be fixed after the initial capacity choice. The negative impact of
one customer on the others must be independent of the total number of customers (an example of a model with fixed customer externalities is a paper
by Reitman (1985), which directly addresses time competition)1.
In managerial language, we can describe the difference between location
models and models with endogenous externalities as follows. Location models
describe how strategic marketing and engineering decisions (such as product
design, quality, capacity, or facility location) determine differentiation and
'Oligopolistic equilibria exist in general only for mixed strategies in these models, e.,
with the assumption that firms randomly chose between several available strategies.
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thus shape competition. In the day-to-day operating world, these strategic decisions are fixed. In contrast, endogenous externalities arise when
short term operating decisions (such as pricing, production volume decisions
and service discipline) interact with customers' actions and with higher-level
strategic decisions, affecting firm differentiation in the short term.
Thus, convexity of waiting costs is a natural consequence of widely observed congestion phenomena and not a forced assumption, making endogenous externalities seem a natural way of analyzing price competition. The
result, namely, existence of a unique symmetric equilibrium, is also very robust: we derive it in a oligopolistic setting, De Vany and Saving (1983) in a
setting with perfect competition, without the connection to Bertrand competition. Li and Lee (1991) find qualitatively the same result in a model with
customers dynamically placing orders depending on queue sizes.
The present paper is organized as follows: Section 2 describes the basic
industry model. Section 3 looks at oligopolistic competition between firms.
It is,established that a unique symmetric equilibrium exists. Then I compare
equilibrium prices, quantities and welfare in the cases of price (Bertrand)
competition and quantity (Cournot) competition to the monopolistic outcomes and the outcomes with waiting costs of zero. Section 5 gives a summary and the interpretation that time differentiation can only come out of
differing capabilities of the competitors. It then outlines further research.

2 The Model
The model considers two firms, modeled by 11 .1IGI1 queues, who compete for
the business of many independent atomistic customers, each of whom may
strike a single contract with a. potential vendor. The restriction to two firms
is not essential and can easily be relaxed to a finite number. Below, I first
present the formal assumptions of the model and then motivate and interpret
them in the context of time competition.

Firm Assumptions.
All firms make the same product (or service) to order. For each order, firm
i (i = 1,2) charges a price pi . Firm i is an M/G/1 queue characterized by
a mean service rate parameter p i , which applies to any customer, i.e., all
customers have stochastically identical ex ante service requirements. Since I
concentrate attention on the service rate, it is assumed that the service time
variances are the same for both firms. This assumption can also be relaxed
5

easily (see the discussion in Section 5).
All firms process customer orders according to a FIFO (first-come-firstserve) service discipline. Without loss of generality, I assume that p i >
P2, i.e., I "order" the firms according to their capacity. The service rate
parameters pi are taken as fixed. For simplicity, the marginal production
cost per order is set to zero. This assumption is not essential for any of the
results and merely simplifies the formulas.
Let Wi (Ai )-z-: W(pi , A i ) denote the steady state throughput time at firm
i with an order stream of A i (the throughput time is the sum of waiting time
in the queue and service time). The Pollaczek - Khintchine formula tells us
that W is strictly increasing convex in A i and strictly decreasing convex in
pi . A steady state exists as long as for all i, A i < pi ; thus the function WO
is defined on [0, pi ). The profit rate of firm i, finally, is 191A1.
Market Assumptions.
The market consists of many atomistic customers that are identical with
respect to their impatience: they all suffer waiting costs at a rate of c dollars
per unit of time between the points in time when they place an order and
when they receive the good or service. In other words, impatience manifests
itself by waiting costs growing linearly with time. The customers have to bear
these waiting costs. Individual customers place orders with a firm based on
the expected full price, the sum of the cash price charged plus the expected
waiting cost at that firm, independently of the other customers. Formally,
this is modeled as follows:
The overall market demand rate A = Ai is determined. by the prevailing full price via the inverse demand relationship P(A). PH is taken as
primitive here and is assumed to be decreasing. P(A) indicates what full
price the market is willing to tolerate at a market volume A. The inverse
demand function could be constructed from more primitive information, for
example a distribution of customers over the value they derive from an order.
This is carried out, e.g., in Mendelson and Wha.ng (1990). The assumption
that P is decreasing is natural and expresses the fact that the higher the
price, the lower total demand.
When the market is in equilibrium, the following demand relationship
must hold: All firms must have the same full price, because otherwise customers would switch to the firm with the lowest full price.
P ( A ) = pi + c1/17i (A i );
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i = 1,2.

(1)

The equilibrium on the customer side is simply described by this full price
condition. Taking automatic market adjustment to the customer equilibrium
into account, the firms set their decision variables simultaneously, engaging
in a game of oligopolistic competition. The firm equilibrium is then a Nash
equilibrium in the firms' actions, with automatic achievement of the customer equilibrium. I consider two types of the game: price competition and
quantity competition. In price competition, which I also call Bertrand-type
competition, each firm i sets its cash price, taking the price of the other firm
into account, to maximize:
(B)

Max over p i : Ui -..--- A,pi
subject to: Equations(1);
0 < p i < P(A — Ai).

In quantity competition, which I will also call Cournot-type competition, firm
i sets a quantity A i , taking the quantity of the other firms as given, in order
to maximize:
/Max over A i : Ui E- Aipi
subject to: P(A) = p, + c147, (Ai);
(C)
A, > O.
Since W( . ) is only defined on [0, /2), the constraints will guarantee that the
A i and the pi are always nonnegative. Throughout the paper, I consider only
Nash equilibria in pure strategies. In order to avoid trivialities, I require
that Ai > 1/P(0) for all i. Any firm that does not meet this condition has so
little capacity (performs service so slowly) that even without any congestion,
orders take so long that no customers are interested. In that case, this firm
will not produce anything in equilibrium.
This concludes the formal description of the model. It is illustrated in Figure 1. I now turn to motivation and interpretation of the model assumptions.
I have already stated above that the restriction to two firms is not critical.
It turns out that the same holds for the assumption that all customer are
equally impatient with waiting cost rate c: If there exist several customer
groups with differing impatience, the results of this paper essentially continue
to hold. This is shown, together with an analysis of issues of asymmetric
information, in a companion paper (Loch 1994). The assumption of linear
waiting costs, however, is critical: nonlinear waiting costs make a dynamic
search for the shortest queue more attractive and thus destroy the equivalence
of static and dynamic customer ordering (discussed below).
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Figure 1: Two Firms Competing in an Impatient Market
8

Ak..

The market structure is such that a customer signs an agreement with a
vendor at the beginning of the period, and then places orders to that vendor
at random points in time, forming a Poisson stream of unit rate A = 1.
Thus, customers place subscriptions with the suppliers. For illustration, the
reader may think in terms of the following example: The customers are
single-person households buying laundry detergent. A customer patronizes
one of several supermarkets, depending on long term experience and loyalty,
de facto striking a long term agreement with the supermarket. The demand
rate is the same for all single-person households, and we normalize it to one.
The superposition of many independent customer order streams justifies the
assumption of a Poisson demand process: If a number of customers A has
subscribed to a given firm, then that firm will see a Poisson stream of orders
with rate A during the period.
The situation where customers subscribe to a firm's services is called
"static", as opposed to a situation where customers go out and search for the
best deal whenever the need for an order arises, which I term a "dynamic" or
"spot market" structure. The spot market structure is modeled, for example,
by Li and Lee (1991). The subscription situation has two advantages. First,
a model with subscriptions is simpler and easier to analyze than a model
with spot market demand, because the queueing phenomenon reduces to a
functional form of the response time. Second, there are many situations in
which the subscription model is actually the more realistic model of reality.
I give two classes of industries for which this is the case.
First, relationships between industrial customers and strategic vendors
are typically long-term in nature. For example, a computer manufacturer
selects a printed circuit board vendor for a longer period of time, based on a
track record of performance and associated expectations for the future. Once
the two firms have negotiated an agreement, individual shipment orders are
placed randomly over time, as the need arises. The point is that the customer
does not go out and search for the best deal whenever a. shipment of boards
is needed.
Second, even in consumer marketing the relationships between customers
and vendors are often long-term and characterized by loyalty. Many people,
for example, go always to the same grocery store or to the same gas station.
They do not search for the shortest lines or lowest daily prices, but remain
loyal to a firm they are satisfied with over a long time, as long as their expectations are met on average. This motivation also holds for industries where
an individual customer buys only once over a longer period of time (e. g.,
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cars, furniture, insurance, or a house). The role of the "average customer experience" is played here by the reputation of the supplier. The superposition
of many independent customers with single purchases at random points in
time still yields a Poisson process. The critical features are that customers
are atomistic, act independently of one another, and base their decisions on
reputation rather than an ad hoc search.
The mechanics of the subscription process can be imagined to work as
follows. If the firms engage in price competition, the firms post their service
rates pi and their prices per order A, i = 1, 2, at the beginning of the period.
Individual customers can observe the overall arrival rates, A i , for all firms and
can thus infer the expected throughput time for an order - the firms acquire a
service reputation (this can happen, for example, through word-of-mouth or
casual observation of queues). An individual customer then takes the overall
arrival rates as given (customers are atomistic) and places a subscription at
the firm with the lowest full price, if the value of the order for her exceeds that
full price. The full price is defined as the sum of price p, and the expected
waiting cost cWi (Ai ). This terminology follows De Vany and Saving (1983).
Switching back and forth takes place as the two arrival rates unfold, until an
equilibrium is reached.
If the firms engage in quantity competition, then each posts its service
rate it, and the production quantity A, to which it commits at the beginning
of the period. The market then evaluates the expected waiting costs and
determines the market-clearing price it is willing to pay for the committed
output.
Price competition is typically observed in service industries. One can, for
example, think of a gas station or barber shop in a local oligopoly where price
and average length of the waiting line together determine demand. Quantity
competition is more characteristic for a. commodity manufacturing setting.
Pure commodity combined with make-to-order is very rare, however many
manufacturing industries today experience growing importance of service in
addition to the product. We can thus imagine the example of a supplier of
industrial chemicals, for whom capacity is equivalent to quantity put out on
the market (because the chemical process is continuous and always running).
Still, each delivery of the chemical to customer has a service character, because the truck must be scheduled and the delivery be made. Thus, this is a
situation where price is determined by supply, and delivery delay still plays
a role. It is important to note that the two types of competition are not
necessarily equivalent (as is suggested by De Vany and Saving (1983)). The
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differences of the equilibria resulting from the different types of competition
will become clear below. I now turn to analysis of the model.

3 Characterization of the Equilibrium
Before describing the Nash equilibria of (B) and (C), I briefly digress to show
the equilibrium policies of a monopolist and of a social planner who maximizes total welfare, for later comparison. Consider a monopolist controlling
the same 2 facilities with capacities pi introduced above. He can set a different price at each facility, and he chooses the prices in order to maximize
total profits from both facilities. Then the monopolist's problem becomes
Max over pi , p2 : Um .7-= EL- 1 Ail),

Equa.tions(1);
0 < P1, P2 < P(0).

(M) / subject to:

The solution to problem (M) is described in the following lemma:
Lemma 1 Assume that PO is concave. Then the solution to problem (M)

requires that Ai > A2 E A, which are uniquely characterized by the relationship
) + A, 11,7( A,)]= 0.
(2)
P(A)-F A Pi(A ) —
The associated prices are

pi = cAinAi ) — AP'(A).

(3)

If all facilities have the same capacities, i.e., pi = p for all i, then all volumes
(and prices) are the same, i.e., Ai = A for all i.
Proof

Since there is only one firm, optimizing over prices is equivalent to optimizing over quantities, and we can rewrite the problem as
Ai[P(E.1=1 ) j) — cliTi(Ai)]
Max over A i , A2 :
Ai) — cWi (Ai ) > 0 Vi.
subject to: A i , A2 > 0;
Assume for now that the solution is interior. Then the problem is unrestricted. Furthermore, the Pollaczek-Khintchine formula in queueing theory
tells us that throughput time is increasing and strictly convex in the arrival
11

rate (see, for example, Gross/ Harris (1985), p. 256). This and our assumptions on P guarantee that the objective function is strictly concave in all
arguments. Therefore, the problem has a unique maximum.
We can write the first derivatives as
au

Sam

= P(A) + AP(A) — c[Wi(A 2 ) + A,W:(Ai)].

For A, = 0, this expression is positive, and for P(A) — cWi (Ai ) = 0, this
expression is negative. Therefore, the maximum is interior. Equation (2) is
the first order condition (FOC); i.e., it follows from setting the first derivative
to zero.
If all the p i are the same, then all the FOC are the same and so must,
therefore, be the volumes A i . o
The first summand in the monopolist's price corresponds to the queueing
externality that an order places on all subsequent orders. This summand corresponds to the optimal transfer price proposed by Mendelson and Whang
(1990), which maximizes total system welfare. The second summand corresponds to the total revenue loss associated with the price decline caused by
a volume increase. This summand is the monopolist's price in the simple
neoclassic model without waiting costs.
Lemma 2 below describes how prices would be set by a. social planner who
wants to maximize the welfare of the "economy" as a. whole. This means in
our case the total customer value derived from the firm's goods minus total
waiting costs. Because prices paid stay within the system, they do not appear
in the objective function; their only role is to give customers the incentive to
place the "right" order volume. Thus, the social planner's problem is
/Max over A 1 , ... , A / : CZ ..- g P(x)dx — E l... 1 cAiWi(Ai)
(WEL)
subject to:
pi = P(A) — clFi (A,) > 0 for all i,
0 < A i , A2.
Lemma 2 As long as PO is downward sloping and liC(•) is convex increasing for all i, the optimal volumes in (WEL) are uniquely characterized by

P(A) — c[Wi (Ai )

= 0.

(4)

The associated equilibrium prices are
pi = cAiI4/(Ai).

(5)

If all facilities have the same capacities, i.e., p i = p for all i, then again all
volumes (and prices) are the same, i.e., Ai = A for all i.

Proof
First, ignore all constraints and maximize the objective function of (W EL)
over A i (i = 1,2). The objective function is again strictly concave in all arguments and thus has a unique maximum. Taking the FOC with respect to
A i yields Equation (4). The value of the first derivative is positive for A i = 0
and negative for p i = 0. Therefore, the maximum is interior.
Equation (4) and the demand relationship lead directly to Equation (5).
This price falls by construction into the feasible range, and therefore the
optimal A is achieved by setting this price.
Again, if all the p i are the same, then all the FOC are the same and so
must, therefore, be the volumes A i .
0
Comparison between lemmas 1 and 2 shows that the monopolist charges a
higher price and thus undercongests the system in comparison to the welfare
maximizing solution. This result is consistent with the literature in different
settings (e. g., Naor (1969), De Vany and Saving (1983), and Mendelson
(1985)). The monopolist also undercongests the system in comparison to the
monopolist in a time-insensitive market. This is the impatience-effect: less
volume means less revenue-generating orders, but because of a reduction in
congestion it also means lower waiting cost, which allows the firm to increase
its price. We now return to the duopoly case. The following proposition
characterizes the form of the equilibrium of (B) and (C):
Proposition 1 Assume all firms are M IG 11 queues and P(•) is concave. If
F , then. there exists a unique
the firms have sufficient capacity, i.e., IA > *
equilibrium for both (B) and (C). For (B), the equilibrium must satisfy for
all i (i = 1,2):
P(A) + AiPI(A)

6471(Ai)
—P'(A) + c1471(A)

cRt ri (.X i )

A i l47:(A i )] = 0,

(6)

and for (C), the equilibrium quantity must satisfy for all i
P(A) + A i P(A) -

c[Wi (A i ) A i IVAA;)]

0,

(7)

where A = E2j=. 1 A, is the total industry output.
> /1 2 implies that A > A2 , i.e., higher capacity implies higher volume.
Moreover, the equilibrium industry outputs AZ .) solving the optimization problems (W EL), (B), (C) and (M) are related as follows:
A (W EL) > A*
(C) > A'(1lf)•
(B) > A*
13

If all firm have equal capacities, i.e., if p i = it for all i, then all firms produce
the same volumes and charge the same prices in the equilibrium of both (B)
and (C).
Proof. The proof appears in the appendix.
The following corollary shows that the faster (higher capacity) firm will
not only capture a higher market share in equilibrium, but be able to charge
a premium price as well. In other words, it does not pay for the faster firm
to increase market share so much that congestion drives its price down to
the level of the slower firm. In this sense, fast cycle time causes "diminishing
returns" for market share.
Corollary 1 If pi > pi , then not only .X, > Ai , but also pi > p3 in (C).
Proof
Let i < j, i.e., pi > 1.13 . Since Ai > A; from the proposition, equations (7)
can be written as (suppressing the arguments of the functions):
P — A i P'
— Ai Wi'
Wi
pi

<P—
< —
< 147;
< W.;
(by convexity and monotonicity)
P — cWi > p3 = P — cW3.

4 Summary and Conclusion
This paper has examined the nature of oligopolistic equilibria in impatient
markets. The results tell us roughly the following story.
Differentiation in the behavior of different firms can only be explained by
differences in the firms' capabilities. The managerial conclusions are that two
gas stations across the street from each other will n ot differentiate themselves,
unless one of them really has more or faster running gas pumps; and the
example company in Stalk and Hout (1990) will not be able to occupy the
attractive niche of impatient customers, unless it is able to develop some
unique capabilities that allow it to deliver faster and that cannot immediately
be replicated by the competition. In a recent article, Stalk (1993) confirms
the need for differentiating capabilities in time competition, citing examples
of Japanese firms who have turned time competition into a "commodity".
14

The analysis in this paper also suggests that oligopolistic time competition makes firms more aggressive than a monopolist would be and is thus
socially superior. If firms engage in price competition, they tend to be more
aggressive in equilibrium than if they engage in quantity competition. However, in impatient markets, price competition does not result in the socially
optimal output levels and elimination of short term profits, which is predicted
by the traditional models of Bertrand competition in industrial organization
theory.
One may suspect that the existence of different customer segments with
differing levels of impatience could bring about the emergence of oligopolistic
equilibria with differentiation. This situation is described in a companion
paper (Loch 1994), where I show that the firms' actions remain symmetric,
even in the case where the customers have private information about their
identities. Moreover, it is possible to show in numerical examples that the
firm with superior speed (capacity) will enjoy a. market share advantage in
all customer segments. The faster firm will not choose to concentrate on one
segment only in equilibrium.
In the present paper, the only measure of capabilities is capacity. An important extension of this research is the consideration of other representations
of firm capability. Examples of important capabilities influencing throughput times are setup times, lot sizes, process variability, machine breakdowns,
and specificity of processing resources. No strict assumptions have been
made in the model of this paper concerning the nature of the service time
distributions. The above capability parameters can, therefore, in principle
be incorporated into the analysis. Moreover, the analysis in this paper can
be extended to a GI/G/x queue with general input patterns, which is also
characterized by strictly convex increasing throughput times, even though
the exact functional form of the Pollaczek-Khintchine formula used here only
holds approximately (or in heavy traffic). Therefore, demand management is
another managerial action that can be modeled in the framework of this paper. However, a more complicated model than GlIGIx has to be employed to
analyze the effects of carrying stock, breadth of product line, or just-in-time
processes. There exist models in the literature that address these effects, but
they have not been combined with the analysis of time competition.
Inclusion of at least some of the phenomena described above would make
the model much richer, allowing the researcher to make comparisons between
managerial decisions. Thus, normative conclusions and empirically testable
hypotheses may be derived.
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A Proof of Proposition 1
I derive the equilibrium for (C) first. The feasible action set of firm 1 is the
interval [0, A l : P(A)—cWi(A/) > 0], which is by concavity of P and convexity
of W a nonempty, compact, convex and continuous correspondence of the
action A2 of firm 2. By symmetry, the same holds for firm 2. Furthermore,
consider the payoff function of firm 1 on the feasible action set:
[P(A) — c1,171(A1)]Ai
U17.1)
-6aAi
171= P(A) — cH71 (A i ) + [P'(A) — c147;(Ai)JA/
Sue= 2[P'(A) — cW;(A 1 )] + [P"(A) — ci47;'(A 1 )1A 1 < 0.
Thus, the payoff function is strictly concave and therefore pseudo-concave
on the feasible action set. 2 By symmetry, the same holds again for firm 2.
We have thus verified that a generalization of Nash's famous existence result
applies, and that an equilibrium to the quantity competition game exists.3
In order to show uniqueness, we observe that by the above properties of
the payoff functions, solving for the Nash equilibrium is equivalent to solving
the following variational inequality problem: 4
F T (A`)(A — A*) > 0 VA E X,
where X C R 2 is the strategy space,
and where F : X —> R 2 with F(A) = —V(U(A)).
I showed above that the payoff functions are strictly concave for both firms.
This implies directly strict monotonicity of the function F. Therefore, , Proposition 3.2. on page 171 in Harker and Pang (1990) applies, and the variational
inequality problem has at most one solution. Uniqueness of the equilibrium
together with symmetry of the payoff functions implies symmetry of the
equilibrium.
In order to derive the equilibrium condition (7), consider the fact that
A 1 = A2 in the FOC 'aAi11- = 0. The FOC simplifies now in a straightforward
manner to equation (7).
2 See Mangasarian (1979), p. 140 If, and Harker and Pang (1990), p. 170, for definitions
of pseudoconcavity and monotonicity.
3 For Nash's original result see Nash (1950). The extension refers to the fact that
the feasible action set of firm 1 changes with the action A 2 of firm 2. The extended
existence result requires that firm l's action set is an upper and lower semicontinuous
correspondence. The extended result can be found in Harker and Pang (1990), Proposition
7.4. on page 200.
4 See Harker and Pang 1990, Proposition 7.3. on page 200.
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I now turn to the equilibrium of the price competition game (B). One
can again easily show that the feasible action set of firm 1 is the interval
[0, P(A2 (p2) : al = 0)], which is a nonempty, compact, convex and continuous correspondence of the action p2 of firm 2. The payoff function U(pi),
however, is generally not concave. It has typically a shape as depicted in
Figure 2 below.

Payoff U = p

Price p

Figure 2: Payoff Function in the Symmetric Price Competition Game
It needs to be shown that U is pseudoconcave. From the demand relationship
= p2 +cW2 (A2) and the implicit function theorem, we can calculate
P(Ai
aA 2

P'(A)
°Ai —P'(A) cW4(A2)

E (-1.

0 ).

(8)

Taking the derivative of this expression with respect to A i again shows that
A 2 is a concave decreasing function of A 1 when p2 is constant, i.e. 24 < 0. I
refrain from giving the full expression of this second derivative here, because
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it is lengthy. Using the implicit function theorem again and P(A i + A 2 ) =
+ cWi (Ai ), we can derive

1

(9A, _
op' P'(A)(1

_ MIN) <11

Then firm 1's payoff function and FOC can be written as follows:
Ui(P1)
U1(p1)

=

ey

A

rl

P'( A )( 1 i-m-l
'j1 )-c li g( A i)

+

A1 = 0'

which yields an alternative expression for aA2/aA1:
8A 2—

cl4''(Ai)

1+
—
aA iP'(A)

(9)

Combining the two expressions (8) and (9) for DA 2 /aA 1 results in an alternative version of firm l's FOC:
Ai P'(A)
(10)
Pl = —A 1 7(A) -1- cAiW;(Ai)
-1

C

W402)

P'(A)

Taking the derivative of the right hand side with respect to pi (or just inspection) reveals now that the right hand side of this expression strictly
decreases with pi . The FOC can, therefore, only have one solution. Moreover, we know that q(o) (aAdam)(o) + A i > 0 and that M p im...) =
(oAdapi)(pi...) + 0 < 0. The solution of the FOC must therefore be a
unique maximum, which establishes pseudo-concavity of the payoff function
By symmetry, firm 2's payoff function is also pseudo-concave. Thus, the
generalized existence result in Harker and Pang (1990) cited above guarantees
again existence of an equilibrium.
In order to show uniqueness of the equilibrium, we can unfortunately
not use the corresponding variational inequality problem as we did for the
quantity competition game. The function F(p) in the variational inequality
turns out not to be strictly monotone, because the payoff function of the
game is not concave (as is demonstrated in Figure 2). We need, therefore, a
direct argument to show uniqueness.
I proceed in three steps. First, I show symmetry of the equilibrium for
the case p i = E12 . Consider the FOC's of both firms

aA,
aAi

Pl + [P(A)(i + —) — cwp,)},\,
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o

P2 + [P(A)(1

+

aA,

--

—
6A 2-) —

cM(A 2 )1A 2 = 0.

(11)

Assume now that p i > 292 in equilibrium. That implies A i < A2 by the
demand relationship, which in turn implies t
by the fact that these
two functions are concave decreasing. Inspecting the two FOC's now shows
that the first left hand side is larger than the second, which is a contradiction
to both being zero. Of course, by symmetry the p -verse cannot be the case,
either. Therefore, p1 = p 2 must hold in equilibrium.
In the second step, I now show uniqueness of the symmetric equilibrium.
We substitute the expression fora and the fact that A i = A2 = A into the
FOC (11):
1
i j.
(12)
Ps = [
1
1 + cIV:(A)]A i ;

a >a

c117;(),j )

INA)

We can now take the derivative of the right hand side with respect to p
and find that it is negative (the full expression is again omitted because it
is lengthy). Hence, there can only be one solution to the symmetric FOC,
and the equilibrium must be unique. Formula (6) is a rearrangement of the
symmetric FOC (12).
As the third step, observe that the FOC (12) is monotone in p i and /12,
which establishes uniqueness for the nonsymmetric case.
Finally, I show the ranking of the equilibrium industry outputs of monopolist, social planner, and oligopolists competing on price or quantity. For all
formulas, (2), (4), (6), and (7), we have shown above that the lefthand sides
have only one zero in A. Furthermore, all lefthand sides have the expression
P(A) — c[Wi (A) + AIP(A)] in common. We list only the expressions that are
different:
(WEL): 0 >
(B):
AP(A)(1 +
>
(C):
AP'(A) >
(M):
AP'(A).
This ranking together with the fact that each formula has only one zero
implies that the zeros have the same ranking as well. This concludes the
proof of the proposition.
0
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