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Abstract
In this paper, we propose to postulate an asymmetric relation over
weighted equivalence classes as a formalization of rational behavior. In
light of the theory of Utility of von Neumann and Morgenstern, this corresponds to a modification of their "first natural operation", which postulates
an asymmetric relation over equivalence classes. In terms of interpretation,
we attempt to integrate the influence of the subject's "values" on behavior,
a subject who would be concerned by both "what is measured" and "how
it is measured". Such a stance amounts to combining cardinal and ordinal
notions of utility in a formalization that might better respect the volitional
character of rational human behavior. The existence of a correspondence
between equivalence classes and numbers is justified by maintaining the
assumption that there exist situations where only "what is measured" matters. However, uniqueness of such a correspondence is restricted to the
group of positive scaling transformations, which corresponds to a singularity at origin of the qualitative structure.
*I thank in particular Jean-Blaise Grize, Anil Gaba, Christoph Loch and Ludo Van der Heyden for their interest and support, as well as participants of informal seminars held at INSEAD.
This work being exploratory, further discussions, critique and recommendations addressed to
the author are welcomed.

1. Introduction
This paper is an attempt to convey some of my ideas about the formalization
of rational behavior. In particular, it is aimed at providing some justification
for the use of weighted von Neumann Morgenstern utilities as an appropriate
formalization for the comparison of representations. An example of such use is the
formalization of preferences over acts, as couples of an action and its consequence
according to a consequence function, which sheds light on the discrepancy between
descriptive and normative approaches of rationality in the Allais paradox and the
Prisoners' Dilemma (Le Menestrel, 1998).
Because of the lack of maturity of these ideas, and also because of the use
of von Neumann and Morgenstern own notation and terminology, this work has
proved to be difficult to access. Readers who are familiar with a later rendition
of the von Neumann and Morgenstern theory, but not with the original or with
commentaries that connect the two are encouraged to read the "Retrospective on
the Utility Theory of von Neumann and Morgenstern" of Fishburn (1989).

2. Preliminary considerations
Scientific activity relies on the reliability of a measuring device for the study
of properties or attributes of objects. For instance, we can use a balance (a
measuring device) in order to study mass (a property) of objects. The reliability
of the measuring device means that the measuring process does not depend on
the specific properties of the balance itself, but only on the masses of the objects
that are measured. The measuring process then consists in assigning numbers in
a consistent way to the masses of objects.
Prior to this measuring process, it is implicit to first represent qualitative objects as monotonic and continuous variables. Such variables are then no more real
objects but idealizations, although "ones that are ubiquitous throughout all of science" (Luce and Narens, 1987: 1527). Fortunately, the reliability of the measuring
device enables to verify empirically that the substitution between real objects and
their represented monotonic and continuous variables does not influence the measuring process. As an example, the measurement of masses requires that we can
substitute an object on a balance by its equivalent in terms of the quantity of
a continuous and homogeneous substance that will serve as a "standard" . The
mass of an object then refers implicitly to the equivalence class of objects that
have the property of balancing the measuring device when placed in front of this
quantity. To this purpose, it is assumed that the substance is made of infinitely
divisible parts that are not distinguishable by their properties: that the substance
is a continuum. As a result of this substitution, the measuring process can re2

fled the extent to which objects differ. We say that the measure is cardinal while
it would have remained ordinal without referring to an homogeneous substance.
For instance, when we dispose of a continuous and homogeneous substance, we
can assign numbers to the mass of objects such that these numbers also reflect
by "how much" these masses differ. Predictions are then greatly enhanced since
we can predict the outcome of the experiment when adding or removing objects
on the balance, predictions that could not have been made without substituting
equivalence class for real objects.
When von Neumann and Morgenstern proposed an axiomatization of Expected
Utility theory (von Neumann and Morgenstern, 1953) 1 , they postulated an asymmetric relation among utilities. As explained by Malinvaud (1952) and discussed
in details in Fishburn (1989), these utilities are equivalence classes, which consist
of combinations of events with probabilities. Events play the role of objects in the
above discussion and utilities are the equivalence classes that are substituted for
events. The combination of events with probabilities plays the role of the union
or disunion of objects 2 . As pointed in Fishburn and Wakker (1995), this substitution is verbally explicit in the heuristic preparation of their axiomatic treatment
(vNM, 1953: 20):
"We have assumed only one thing -and for this there is a good empirical evidence- namely that imagined events can be combined with
probabilities. And therefore the same must be assumed for the utilities
attached to them,-whatever they may be."
Such a postulate then relies on what we will call the "neutrality" of the substitution process between events and utilities and on the transfer of the operation
among events to the operation among utilities. Fishburn and Wakker (1995: 1133)
discuss such a principle, which is a special instance of a general mathematical principle that refers to a set of objects endowed with an operation and an equivalence
relation:
"The operation can be transferred from objects to equivalence classes
only if a compatibility condition of the following sort is satisfied: if
the operation is applied to a number of elements, then replacing any
element by an equivalent one should not affect the equivalence class
resulting from the operation."
'The complete axiomatic treatment appeared in the second edition, dated 1947.
2 We use the analogy with the measurement of mass to ease the interpretation of our ideas.
Note here that the two operations (for masses and for utilities) are very different. The key
of von Neumann and Morgenstern approach is precisely to use a convexity-like operation of
combinations of utilities with probabilities as the internal operation among equivalence classes
(see Fishburn, 1989; Luce and Narens, 1987 for a more precise exposition).
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Indeed, von Neumann and Morgenstern justify their use of this principle by
excluding any effect of complementarity and substitutability (vNM, 1953:18, see
also Fishburn and Wakker, 1995:1132):
"We stress that the two alternatives are mutually exclusive, so that
no possibility of complementarity and the like exists."
As a result, the consideration of simple axioms of completeness and transitivity
for the asymmetric relation, of archimedean and monotonicity properties for the
system of equivalence classes, and of commutativity and distributivity for the
operation of combination with probabilities lead to the existence of a one-to-one
mapping from the system of equivalence classes onto the set of real numbers that
is unique up to a positive linear transformation (unique except for the choice of
scale and origin). In other words, the system of equivalence classes postulated by
von Neumann and Morgenstern is a homogeneous continuum (Luce and Narens,
1987: 1528). The substitution of events for utilities is a necessary step towards
numerical measurement.
Although such a substitution process has been empirically legitimated in natural sciences, it might be responsible for the discrepancy between empirical and
formal analysis in Expected Utility theory. Referring to Marschak (1950: 135-137)
for a first statement of this idea, Fishburn and Wakker recognize that the choice
of utilities as primitive in the axiomatic system of von Neumann and Morgenstern
is unfortunate because lotteries, and not equivalence classes of lotteries, are the
natural empirical primitives (1995: 1133).
The mathematical operation by which entities (here events, or combinations
of events with probabilities) are represented as equivalence classes is called an
"abstraction of qualities". When events are replaced by equivalence classes, some
"qualities" of the events must be abstracted. In our example of the measurement of
the mass of objects, the substitution of an object by its equivalence class amounts
to abstract the qualities of the object that are not relevant for the behavior of the
balance. For instance, it is not relevant for the behavior of the balance whether
a particular object is black or white. Moreover, the properties or attributes that
matter do not depend on the balance: it is assumed that any measuring device
behaves in the same manner. This "invariance" of the measuring device is the
"background knowledge" that is required to legitimate empirically the substitution
process.
This discussion leads us to distinguish between two stages in assigning numbers to objects or events: the formal process of measurement, according to which
a number is assigned to an equivalence class; and the cognitive process of representation, according to which an equivalence class is substituted for a "real" or
"empirical" object or event. Figure 2.1. tries to depict such a distinction.
4

Figure 2.1: The distinction between Representation and Measurement

Representation
Equivalence
Classes

A

Measurement

Numbers

REALITY
(in context)

FORMALISM
(out of context)

We think this distinction is interesting in light of the consideration that, in the
theory of Expected Utility, individuals are themselves the measuring devices. It
might be too restrictive to consider that individuals are invariant with respect to
their representation process. Indeed, there are good reasons as well as empirical
evidence to think that representation processes are responsible for modifications
of the measurement of the same events by different individuals or in different
contexts (Tversky and Kahneman, 1981). From the point of view of the individual
who acts, the failure to take account of the influence of the representation process
might obliterate a qualitative judgement pertaining to the specificity of a particular
act of choice by a particular individual in a particular context. From the point
of view of the observer, it might generate a qualitative error, due to the implicit
hypothesis that there is no qualitative distinction in the mind of the individual who
acts between the actual act of choice and its representation through a preference
relation among equivalence classes.
Our purpose is thus to explore the possibility of combining the cardinal measurement of equivalence classes with the influence of the representation process.
In other words, we want to integrate the subject and look for a model that would
consider rational behavior as influenced by both "what is measured" and "how it
is measured" .
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3. A new Postulate for Choice under Risk
Although any formalization must start somewhere with the acceptance of some
propositions as postulates, this does not prevent us to propose a verbal justification for the choice of these postulates. Such an attempt should not restrict
the possibilities of using or exploring the mathematical properties of a given postulate, but might help to interpret meaningfully the primitive symbols that are
proposed 3 . We present here three considerations and an illustration.
First, we want to take behavior as the observable primitive. Given a choice,
behavior refers to the observation that the subject did choose one possibility over
the other. In our postulate, this amounts to consider a binary asymmetric relation.
Second, we want to maintain the von Neumann and Morgenstern idea that
"what is chosen" can be measured. As we have seen, such a measurement requires
a representation process, i.e. a substitution of an idealized object —an equivalence
class or utility, for "what is chosen" in the reality. These equivalence classes
are defined with respect to an "internal" operation among them, which mirrors
the operation among the "real objects" they represent. As in von Neumann and
Morgenstern, we rely on the linear and convex combination of utilities with weights
as the internal operation among equivalence classes that reflect the combination of
events with probabilities. In other words, there are situations where equivalence
classes or utilities "fully capture" the asymmetric relation that is observed through
behavior. In other words, no property that is influencing behavior is abstracted
by substituting a member of an homogeneous continuum for "what is chosen" .
Said again differently: considering a choice between entities made up of elements
that are not distinguishable among themselves does not leave out any influencing
property pertaining to "what is really chosen".
Third, and this is where we depart from von Neumann and Morgenstern, we
want to restrain this second consideration to particular situations that are not influenced by the context. In general, we attribute to the specificity of the context
of choice the influence of the properties that are abstracted during the representation process. Since, by construction, there is no homogeneous continuum that
is substituted for them, these properties are only ordinally measurable. This does
not mean that they are never cardinally measurable, it just means that taking
as observable the behavior of one individual at a given time is not sufficient to
ensure their cardinal measurement 4 . The key of our approach is to start from
3 1n von Neumann and Morgenstern, this corresponds to the discussion of "natural operations".
4 A cardinal measurement of these properties would require to form another continuum, for
instance by considering them invariant for a population of individuals at a given time, or during
a series of behaviors of one individual accross time. Although such assumptions can be highly
relevant, they are not part of the present work that restricts itself to a strict methodological
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a particular system of equivalence classes and consider the properties that are
abstracted as properties of the representation process itself. They then appear as
properties of a relation between what is represented and the subject who represents it. We consider such a relation or representation process to be unique to a
specific context of choice. Since we do not make the additional step to consider
a homogeneous continuum of representation processes, the measurement of the
properties of the representation process remains ordinal s .
As an illustration, consider an individual who compares "lying and expecting
to earn a probability distribution of amounts of money p" versus "not lying and
expecting to earn a probability distribution of amounts of money q" . By these
statements, we suppose that the consequences of "lying" imagined by the individual are reflected in the distribution p, and we suppose that the consequences of
"not lying" imagined by the individual are reflected in the distribution q. Then,
we find interesting to provide a model according to which, even if p and q are
equivalent (for instance same amounts with same probabilities), the individual
might still prefer not to lie. One reason he would do so might be because he does
not like to lie per se, as a matter of taste or values. This can also be seen as a
judgment about his representation process: even if p is equivalent to q, he prefers
not to rely only on this representation and considers that he takes "less risk" in
aiming for q. 6 Here, we maintain the representation of choice with a continuum of
equivalence classes composed of combination of amounts of money with probabilities. As a result, we maintain cardinal measurement of probability distributions.
However, we do not rely on a continuum that represents the dichotomy "lying,
not lying". In other words, individual preferences for not lying do not have a substance over which to construct a cardinal measurement. They are specific to each
context and change in different contexts, for example when the individual faces
another individual who has been dishonest before. We propose to take account of
such preferences in a qualitative manner — i.e. ordinally, and to combine their
influence on behavior with cardinally measured preferences.
3.1. Representation

As a starting-point of our formalization, we postulate that:
individualism and considers "one-shot" individual behavior as its observable primitive (see Kahneman, Wakker and Sarin, 1997 for an approach of an intensive utility that would be measurable
by invoking such assumptions).
5 The reader should note that, by going further and assuming a continuum of representations,
we would have to abstract some specific qualities of representations and thus would be obliged
to assume that such a second order representation process is neutral, or to reflect its influence.
6 Such a "risk" is then psychological in nature, and is not captured by the curvature of the
utility function.
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"behavior reveals an asymmetric relation among weighted equivalence classes."
Formally, we propose as primitives the propositions:
au >- (1 — a)v

(3.1)

where : 0 < a < 1,
where u, v...are entities of a system U such that:

for any 0 < A < 1, Au + (1 — A)v is an element of U.

(3.2)

(i) The Formal System U is composed of elements u, v, w... which are equivalence classes —or utilities, and represent events'.
(ii) a, 1 — a are weights and reflect the intensity of the influence of the representation process.
(iii) au, (1 — a)v are multiplicative combinations of utilities with weights.
Each one is composed of a class (utility) and of a relation (weight). We call them

representations.
(iv) >- is a preference relation among representations. It is empirically observed.
(v) Au+ (1— A)v are combination of utilities u and v with weights A and 1— A.
They can be interpreted as combinations of utilities with probabilities.
This proposed postulate and interpretation is depicted in Figure 3.1. The
subject is depicted as a square and each equivalence class or utility as a sphere.
The weights affect the relations between the subject and utilities. They reflect
the process of representation or the properties of the subject as a "measuring
device" .8
'Two events belong to the same equivalence class if and only if the subject is indifferent
between them when the representation is "neutral" . Such indifference relation is not axiomatized
here.
8 If we want to pursue the analogy with the measurement of mass, we propose to model
human rational behavior with a balance whose fulcrum is not necessarily at the middle, and is
not observable. The position of the fulcrum, as a property of the measuring device, is therefore
not cardinally measurable (we would need another measuring device). It is however ordinally
measurable through its influence on the behavior of the balance, which is of course an observable.
Finally, we think that maintaining the use of equivalence classes with such a measuring device
corresponds to the assumption that objects do have a mass, defined in specific and neutral
situations where the fulcrum of the balance is assumed to be at the middle.
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Figure 3.1: Postulate and proposed interpretation
Rational Behavior reveals au >- (1- a)v
u

v
u, v are equivalence classes representing events
a , 1- a with 0 < a < 1 reflect values of the subject

3.2. Neutral Representation

In the perspective of measurement of utilities of von Neumann and Morgenstern,
it is assumed that the representation process does not influence behavior. In other
words, individuals are like "Robinson Crusoe" and act outside of a social context
(vNM, 1953: 9). Moreover, there are situations where the events are composed
of continuous and indistinguishable parts, like money, such that the postulate
of considering an asymmetric relation among equivalence classes still provides a
formalization consistent with empirical observations 9 . We propose to group these
situations under the label of "neutral representation".
Such a neutral representation enables us to formally define an asymmetric
relation > U among the utilities postulated above. Such a relation is not revealed
in general by behavior, but only by assuming that the representation is neutral.'
Formally, suppose a = .- :
We defined thus:
1
1
-/L >- – v
2
1

1

--u -- v

u >u v

(3.3)

u <u v

(3.4)

9 Money and objective probabilities are not sufficient to legitimate a neutral representation.
In the Allais paradox, the sustitution of a sum of money for a combination of money with
probabilities proved to influence behavior (for a discussion in light of the approach developed
here, see Le Menestrel, 1998).
19 In some sense, we require to make explicit that, in a particular situation, it is assumed that
rational behavior is not influenced by the representation process.
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1
1
- u r`a — V
u=V
(3.5)
2
2
We use the straight symbol > U instead of >-- because we want to emphasize
that > u is a relation over all entities of U, i.e. over an infinity of entities'.
For the sake of simplicity, we propose now to regroup in the usual way the
three symbols >-, -<, and ,-, in the symbol >- . Similarly,we will use the symbol
_ u to regroup the symbols > U , < /l and = .
3.3. Axioms

Once we have considered the relation _ u , we require it to satisfy von Neumann
and Morgenstern axioms (vNM, 1953: 26):
AI: Completeness
Al.a: either u > II v, or u < 11 v, or u = v.
Al.b: If u > u v and v > u w, then u > U w.
A2: Monotonicity and Archimedean
A2.a: u ‹ U v implies that u ‹ U Au + (1 - A)v.
A2.a': u > rj v implies that u > u Au + (1 - A)v.
A2.b: u < u w < U v implies the existence of a A with Au + (1 - A)v < u w.
A2.b': u > u w > U v implies the existence of a A with Au + (1 - A)v > u w.
AS: Algebra of combining
A3.a: Au + (1 - A)v = (1 - A)v + Au.
A3.b: A(//u + (1 - ii)v) + (1 - A)v = AILU ± (1 - Atc)v.
3.4. Measurement

From von Neumann and Morgenstern, there exists a correspondence (or value
function) v : u --- v (u) where v (u) is a number, which satisfies the requirements:
u  U v -e--> v (u) v (v)

(3.6)

v (Au + (1 - A)v) = Av (u) + (1 - A)v (v).

(3.7)

and
Moreover, such correspondence v (.) is unique up to a positive linear transformation 12 . As a result, it is always possible to choose v 0 such that:
for all u in U, v (u) > 0.

(3.8)

11 We distinguish between ›-which is an empirical relation among representations (it is revealed
by behavior) and > which is a formal relation among the members of U.
12 We use v (.) for denoting the correspondence while v (u) denotes a number.
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3.5. Rationality Hypothesis
Suppose au >-- (1 — a)v, then we have av (u) (1 — a)v (v) if and only if:
a

3 (v)
3 (u) + v (v).

(3.9)

3 (v)
3 (u) + v (v).

(3.10)

(u)+(v)
The condition a
(v) whenever au ›.- (1 — a)v is called the Rationality
Hypothesis.
Similarly, whenever au -- (1 — a)v, the Rationality Hypothesis becomes:
a

The Rationality Hypothesis is a condition on the weights a, 1 — a such that
the measurement of utilities remains consistent with empirical observation. It is
a translation of the descriptive principle of rationality that individuals do what
they prefer.
3.6. Uniqueness
Consider two correspondences v (.) and v' (.). Consider now, for a unique observation au >- (1 — a)v the two Rationality Hypothesis:
a

3 (v)
3 (u) + v (v)'

(3.11)

and:
v' (v)
a(3.12)
v' (u) + v' (v).
These two conditions are simultaneously verified for all u, v if and only if:
v (v)v' (v)
=
v (u) + v (v)
v' (u) + v' (v).

(3.13)

Since v' (.) must a positive linear transformation of v (.), we must have:

<

v (v )wov (v ) +wi
.
v (u) + v (v)
wov (u) + wov (v) + 2c.o1

(3.14)

> 2w 1 v (v) = w 1 [v (u) + v (v)] since wo > 0.

(3.15)

0:
(i) Suppose w 1
Then the above equation is satisfied if and only if:
11

v (u) = v (v).

(3.16)

(ii) Suppose w 1 = 0 :
Then the above equation is always satisfied.
As a result, if a correspondence v (.) satisfying the Rationality Hypothesis
exists at all, then it is determined up to a positive scaling transformation'.
3.7. Properties of Rationality14

Consider an empirical preference relation >-- and a representation with a formal
system U of equivalence classes u, v, w which are measured by a correspondence
v (.) : U --- R_E* satisfying the Rationality Hypothesis.
Then we have the following properties:
3.7.1. P1: Neutral Representation

If a =1, then we have:
au >-- (1 — a)v -e,--;,. v (u)

v (v).

(3.17)

This is true by construction.
Neutral representation thus leads to a cardinal measurement.
3.7.2. P2: Identical Equivalence Classes

If u = v, then we have:
au>-- (1 — oz)v <--> a 1.
2
This comes directly from the Rationality Hypothesis.
Identity of formal entities thus leads to an ordinal measurement.

(3.18)

3.7.3. P3: Optimality

If u ._ u v and a .. then we have:
au ›- (1 — a)v,

(3.19)

13 At this preliminary stage, we refer to the work of Luce 1992 and Luce and Narens 1985
for discussion and references about the presence of a singularity at origin in the qualitative
structure.
14 Here are the three properties of rationality assumed in Le Menestrel (1998).
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and:
av (u) ? (1 — a)v (v).
To show this implication property, consider that u _ u v and a

(3.20)
with

au .- (1— a)v. Then by the Rationality Hypothesis, we must have av (u)+v
(v)
(v) "
Since u _..0 v, we have also v (u) v (v) and thus (u)±v
v (v) (v)
1
2 which leads to a
contradiction.
In general, measurement without neutral representation is a combination of
a cardinal and of an ordinal measurement. In other words, a representation is
deemed to possess an extensive and cardinal dimension ("number of units of utility") and an intensive and ordinal dimension relatively to another representation
("first rank versus second rank").
3.8. Illustration
When an individual has to choose between representations, he chooses as if comparing x units (here units are abstract and usually called "utiles") of the first rank
against y units of the second rank. When rankings are ex aequo, the representation is neutral and only the number of units matters. When the number of units
is the same, the ranking determines the choice. When it is 5 units of the first
rank against 3 units of the second rank, the choice is optimal and determined.
However, when it is 5 units of the first rank against 8 units of the second rank,
the choice is not formally determined. In other words, it can be only observed,
not predicted. We propose that such a formal indeterminacy serves as a reflect of
the volitional character of rational behavior (Sen, 1997).
In particular, this type of reasoning might help to analyze choice when the
process to obtain, say amounts of money, is carrying a value-judgment. For instance, if a subject can earn an amount of money x by lying or an amount of
money y by not lying, it is likely that not lying has the first rank while lying has
the second rank. Then, his behavior is formally determined whenever x < y.

4. Concluding remarks
In this paper, we try to take into account the influence of the cognitive process
by which subjects represent events in order to measure them. We propose to integrate the subject as a "measuring device" in the modelling of rational behavior.
In other words, we attempt to reflect the different nature and influence of the
properties of "what is measured" , and of "how it is measured" . To this purpose,
we postulate an asymmetric relation among weighted equivalence classes. As it
13

has been traditionally considered, equivalence classes or utilities represent events
or objects. They give rise to a cardinal measurement. On the other hand, weights
reflect an intensity, a relation between represented events (or objects) and a subject, which is unique to the specific context of choice. As a result, weights are not
cardinally measurable in themselves but can be ordinally revealed. We propose
to interpret such a framework by the intuitive distinction between the values of
objects or events, captured by the representation as equivalence classes, and the
values of subjects, reflected by a system of weights over equivalence classes.
The postulate we have proposed tries to explore a broader range of social
situations, from neutral representations to influencing ones. It is however left
undetermined in many situations, where neither neutrality, identity of equivalence
classes, nor optimality apply. This should not seen as weaker form of Expected
Utility since it is an equivalent approach in all the situations covered by the
theory of von Neumann and Morgenstern (the case of neutral representations).
In the other cases, optimality is an additional property that might strengthen the
understanding of rational behavior. Expected Utility theory is necessary to this
approach in the sense that there must be a representation process in order to
reflect its influence. In that respect, our model tries to combine the notion of
cardinal utility with the notion of utility proposed by Pareto (1906) where only
the ordinal dimension is considered.
This work is exploratory in nature and we hope that further research, critique
and discussion will help to clarify and refine it.
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